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TKAISLATOE'S PEEFACE. 



In 1h52, 1 pimphlet, entitled Thi' Computation of an Oibif finm Thep Complete 
Observalions, was pubiishi,d, undei the authoiity of the Nivv Depdrtment, tor the use 
of the Amencan Ephemeiis and NcMittcal Almanac, the object ot which was to e^-cerpt 
irorn vaiious parts of GatJos''^ Theona Motub, and to arrange in pioper oider the numer- 
ous details which combine to torm thl^ tomphcated problem To thc&e were added an 
Appendix contiinmg the results of Piofeoior ENfKr^ investi2;ation^ Ueber den Ausnak- 
mefail etner doppelten Bahnbestimmiin^ aus denselbea diet geocenti lichen Oertem (Ab- 
handlungen det Akademie der Wissenschaften zu Beihn, 184H), and also Professor Peikie's 
Graphic Delineations of the Curves showing geometrically the roots of GrAUsa's Equa- 
tion IV. Article 141. 

After this pamphlet was completed, the opinion was expressed by scientific friends 
that a complete translation of the Theoria Motm should be undertaJcen, not only to meet 
the wants of the American Ephemeris, but those also of Astronomers generally, to whom 
this work (now become very rare and costly) is a standard and permanent authority. 
This undertaJcing has been particularly encxjuraged by the Smithsonian Institution, 
which has signified its high estimate of the importance of the work, by contributing to 
its publication. And by the authority of Hon. J. C, Dobbin, Secretary of the Navy, this 
Translation is printed by the joint contributions of the Nautical Almanac and the Smith- 
sonian Institution. 

The notation of Gauss has been strictly adhered to throughout, and the translation 
has been made as nearly literal as possible. No pains have been spared to secure typo- 
graphical accuracy. All the errata that have been noticed in Zach's Mmatliche Corre- 
spondenz, the Berliner Astronomisches Jahrbuch, and the Astronomische Nachrichten, have 
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VI TEAMSLATOli'S PEEFACE. 

be^n corrected, and in addition to these a considerable number, a list of which will be 
found in Goiild's Astronomical Journal, that were discovered by Professor Chauvenet 
of the United States Naval Academy, who has examined the formulas of the body of 
the work with great eaie, not only by comparison with the original, but by independent 
verification. The proof-sheets have also been carefully read by Professor PiriLLiPS, of 
Chapel Hill, North Carolina, and by Mr. Eunkle and Professor Winlock of the Nautical 
Almanac office. 

The Appendix contains the results of the investigations of Professor Enckb and 
Professor PBmcB, irom the Appendix of the pamphlet above referred to, and other mat- 
ters which, it is hoped, will be found iateresting and useful to the practical computer, 
among which are several valuable tables : A Table for the Motion in a Parabola from 
LbVerrier's Annales de L' Observcdoire Imperial de Paris, Bbssbl's and Posselt's 
Tables for Ellipses and Hyperbolas closely resembling the Parabola, and a convenient 
Table by Professor Huubaed for facilitating the use of Gauss's formulas for Ellipses and 
Hyperbolas of which the eccentricities are nearly equal to unity. And in the form of 
notes on their appropriate articles, useful formulas by Bbssbl, Nicolai, Enckb, Gauss, 
and Peikce, and a summary of the formulas for computing the orbit of a Comet, 
with the accompanying Table, from OlBers's Abhandlut^ ueber die hir.hteste wad be- 
quemste Methode die Balm eines Cometen zu berecknen. Weimar, 1847. 
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PREFACE. 



After the laws of planctaiy motion were discovered, the genius of Kbplbe 
was not without resources for deriving from observations the elements of mo- 
tion of individual planets. Tycho Beahr, by whom practical astronomy had 
been carried to a degree of perfection before unknown, had observed all the 
planets through a long series of years with the greatest care, and with so 
much perseverance, that there remained to Kepleii, the most worthy inheritor 
of such a repository, the trouble only of selecting what might seem suited 
to any special purpose. The mean motions of the planets already deter- 
mined with great precision by means of very a,ncient observations dimmished 
not a little this labor. 

Astronomers who, subsequently to Kepler, endeavored to determine still 
more accurately the orbits of the planets with the aid of more recent or 
better observations, enjoyed the same or even greater facilities. For the 
problem was no longer to deduce elements wholly unknown, but only 
shghtly to correct those already known, and to define them within nan-ower 
limit". 

The principle of universal gravitation discovered by the illustrious Newton 
b (ix) 
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opened a field entirely new, and ahowed that all the heavenly bodies, at 
least those the motions of which are regulated by the attraction of the sun, 
must necessarily, conform to the same laws, with a slight modification only, 
by which Kepler had found the five planets to be governed. Kepler, rely- 
ing upon the evidence of observations, had announced that the orbit of every 
planet is an ellipse, in which the areas are described uniformly about the 
sun occupying one focus of the ellipse, and in such a manner that in differ- 
ent ellipses the times of revolution are in the sesquialteral ratio of the semi- 
axes-major. On the other hand, Newton, starting from the principle of 
universal gravitation, demonstrated d, priori that aU bodies controlled by the 
attractive force of the sun must move in conic sections, of which the planets 
present one form to us, namely, ellipses, while the remaining forms, parabo- 
las and hyperbolas, must be regarded as being equally possible, provided 
there may be bodies encountering the force of the sun with the requisite 
velocity; that the sun must always occupy one focus of the conic section; 
that the areas which the same body describes in different times about the 
sun are proportional to those times; and finally, that the areas described 
about the sun by different bodies, in equal times, are in the subduplicate 
ratio of the semiparameters of the orbits; the latter of these laws, identical 
in elliptic motion with the last law of Kepler, extends to the parabolic and 
hyperbolic motion, to which Kepler's law cannot be applied, because the rev- 
olutions are wanting. The clue was now discovered by following which it 
became possible to enter the hitherto inaccessible labyrinth of the motions of 
the comets. And this was so successful that the single hypothesis, that their 
orbits were parabolas, sufficed to explain the motions of all the comets which 
had been accurately observed. Thus the system of universal gravitation had 
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paved the way to new and most brilliant ti'iumphs in analysis; and the 
comets, np to that time wholly unmanageable, or soon breaking from the 
restraints to which they seemed to be subjected, having now submitted to 
control, and being transformed from enemies to guests, moved on in the 
paths marked out by the calculus, scrupulously conforming to the same eter- 
nal laws that govern the planets. 

In determining the parabolic orbits of comets from observation, difficul- 
ties arose far greater than in determining the elliptic orbits of planets, and 
principally from this source, that comets, seen for a brief interval, did not 
aiford a choice of observations particularly suited to a given object: but the 
geometer was compelled to employ those which happened to be furnished 
him, so tliat it became necessary to make use of special methods seldom 
applied in planetary calculations. The great Newton himself, tlie first geome- 
ter of his age, did not disguise the difficulty of the problem: as might have 
been expected, he came out of this contest also the victor. Since the time 
of Newton, many geometers have labored zealously on the same problem, 
with various success, of course, but still in such a manner as to leave but 
little to be desired at the present time. 

The truth, however, is not to be overlooked that in this problem the 
difficulty is very fortunately lessened by the knowledge of one element of 
the conic section, since the major-axis Is put equal to infinity by the very 
assumption of the parabolic orbit. For, all parabolas, if position is neg- 
lected, differ among themselves only by the greater or less distance of the 
vertex from the focus; while conic sections, generally considered, admit of 
infinitely greater variety. There existed, in point of fact, no sufficient reason 
why it should be taken for granted that the paths of comets are exactly . 
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PREFACE. 



parabolic: on the contrary, it must be regarded as in the highest degree 
improbable tjiat nature should ever have favored such an hypothesis. Since, 
nevertheless, it was known, that the phenomena of a heavenly body moving 
in an ellipse or hyperbola, the major-axis of which is very great relatively to 
the parameter, differs very little near the perihelion from the motion in a 
parabola of which the vertex is at the same distance from the focus; and 
that this diiference becomes the more inconsiderable the greater the ratio of 
the axis to the parameter : and since, moreover, experience had shown that 
between the observed motion and the motion computed in the parabolic 
orbit, there remained differences scarcely ever greater than those which might 
safely be attributed to eiTors of observation (errora quite considerable in 
most cases): astronomers have thought proper to retain the parabola, and 
very properly, because there are no means whatever of ascertaining satis- 
factorily what, if any, are the differences from a parabola. We must except 
the celebrated comet of Halibt, which, describing a very elongated ellipse and 
frequently observed at its return to the perihelion, revealed to us its periodic 
time ; but then the major-axis being thus linown, the computation of the re- 
maining elements is to be considered as hardly more difBcult than the determi- 
nation of the parabolic orbit. And we must not omit to mention that astrono- 
mer.,, in the case of some other comets observed for a somewhat longer time, 
have attempted to determine the deviation from a parabola However, all 
the methods either proposed or used for this object, rest upon the assumption 
that the variation from a parabola is inconsiderable, and hence m the trials 
referred to, the parabola itself, previously computed, furnished an approximate 
idea of the several elements (except the major-axis, or the time of revolu- 
tion depending on it), to be corrected by only slight changes. Besides, it 
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must be acknowledged, that the whole of these trials hardly served in any 
case to settle amy thing with certainty, if, perhaps, the comet of the year 
1770 is excepted. 

As soon as it was ascertained that the motion of the new planet, discov- 
ered in 1781, could not be reconciled with the parabolic hypothesis, astrono- 
mers undertook to adapt a circular orbit to it, which is a matter of simple 
and very easy calculation. By a happy accident the orbit of this planet had 
but a small eccentricity, in consequence of which the elements resulting from 
the circular hypothesis sufficed at least for an approximation on which could 
be based the determination of the elliptic elements. There was a concur- 
rence of several other very favorable circumstances. For, the slow motion of 
the planet, and the very small inclination of the orbit to the plane of the 
ecliptic, not only rendered the calculations much more simple, and allowed 
the use of special methods not suited to other eases; but they removed the 
apprehension, lest the planet, lost in the rays of the sun, should subsequently 
elude the search of observers, (an apprehension which some astronomers might 
have felt, especially if its light had been less brilliant); so that the more 
accurate determination of the orbit might be safely deferred, until a selection 
could be made from observations more frequent and more remote, such as 
seemed best fitted for the end in view. 

Thus, in every case in which it was necessary to deduce the orbits of 
heavenly bodies from observations, there existed advantages not to be de- 
spised, suggesting, or at any rate permitting, the application of special 
methods; of which advantages the chief one was, that by means of hypo- 
thetical assumptions an approximate knowledge of some elements could be 



Hosted by 



Google 



obtained before the computation of the elHptic elements was commenced. 
Notwithstanding this, it seems somewhat strange that the general problem, — 

To determine the orbU of a heaven^ ho^, vnthmd ai 
from ohservc&ns not embracing a great period of time, and : 
tvith a vim to the applkatwn of special mdJiods, was almost wholly neglected up 
to the beginning of the present centm-y; or, at least, not treated by any one 
in a manner worthy of its importance; since it assuredly commended itself 
to mathematicians by its difficulty and elegance, even if its great utility in 
practice were not apparent. An opinion had universally prevailed that a 
complete determination from observations embracing a short interval of time 
was impossible,' — -an ill-founded opinion, — for it is now clearly shown that 
the orbit of a heavenly body may be determined quite nearly from good 
obsei-vations embracing only a few days; and this without any hypothetical 
assumption. 

Some ideas occurred to me in the month of September of the year 1801, 
engaged at the time on a very dilTerent subject, which seemed to point to 
the solution of the great problem of which I have spoken. Under such cir- 
cumstances we not imfrequently, for fear of being too much led away by 
an attractive investigation, suffer the associations of ideas, whicli, more atten- 
tively considered, might have proved most fruitful in results, to be lost from 
neglect. And the same fate might have befallen these conceptions, had t,hey 
not happily occurred at the most propitious moment for their preservation 
and encouragement that coidd have been selected. For just about this time 
the report of the new planet, discovered on the first day of January of that 
year with the telescope at Palermo, was the subject of universal conversation; 
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and soon afterwards the observations made by that distinguished astronomer 
PiAzzi from the above date to the eleventh of February were pubUshed. No- 
where in the annals of astronomy do we meet with so great an opportunity, 
and a greater one could hardly be imagined, for showing most strikingly, the 
value of this problem, than in this crisis and urgent necessity, when all hope 
of discovering in the heavens this planetary atom, among innumerable small 
stars after tlie lapse of nearly a year, rested solely upon a sufficiently ap- 
proximate knowledge of its orbit to be based upon these very few observa^ 
tions. Coiild I ever have found a more seasonable opportunity to test the 
practical value of my conceptions, than now in employing them for the de- 
termination of the orbit of the planet Ceres, which during these forty-one 
days had described a geocentric arc of only three degrees, and after the 
lapse of a year must be looked for in a region of the heavens very remote 
from that in which it was last seen ? This first application of the method 
was made in the month of October, 1801, and the first clear night, when 
the planet was sought for* as directed by the numbers deduced from it, re- 
stored the fugitive to observation. Throe other new planets, subsequently 
discovered, furnished new opportunities for examining and verifying the effi- 
ciency and generality of the method. 

Several astronomers wished me to publish the methods employed in these 
calculations immediately after the second discovery of Ceres; but many 
things — other occupations, the desire of treating the subject more fully at 
some subsequent period, and, especially, the hope that a further prosecution 
of this investigation would raise various parts of the solution to a greater 

*Bj' de Zach, December 7, 1801. 
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degree of generality, simplicity, and elegance, — prevented my complying at 
the time with these friendly solicitations. I was not disappointed in this ex- 
pectation, and have no cause to regret the delay. For, the methods first 
employed have undergone so many and such great changes, that scarcely 
any trace of resemblance remains between the method in which the orbit of 
Ceres was first computed, and the form given in this work. Although it 
would be foreign to my purpose, U) narrate in detail all the steps by 
which these investigations have been gradually perfected, still, in several 
instances, particularly when the problem was one of more importance than 
usual, I have thought that the earlier methods ought not to be wholly sup- 
pressed. But in this work, besides the solutions of the principal problems, 
I have given many things which, during the long time I have been en- 
gaged upon the motions of the heavenly bodies in conic sections, struck 
me as worthy of attention, either on account of their analytical elegance, 
or more especially on account of their practical utility. But in every case 
I have devoted greater care both to the subjects and methods, which are 
peculiar to myself, touching lightly and so far only as the connection seemed 
to require, on those previously known. 

The whole work is divided into two parts. In the First Book are de- 
veloped the relations between the quantities on which the motion of the 
heavenly bodies about the sun, according to the laws of Keplek, depends; 
the two first sections comprise those relations in which one place only is 
considered, and the third and fourth sections those in which the relations 
between several places are considered. The two latter contain an explanation 
of the common methods, and also, and more particularly, of other methods, 
greatly preferable to them in practice if I am not mistaken, by means of 
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which we pass &om the known elements to the phenomena ; the former treat 
of many most important problems which prepare the way to inverse pro- 
ce^es. Since these very phenomena result from a certain artificial and intri- 
cate complication of the elements, the nature of this texture must be thor- 
oughly examined before we can undertake with hope of success to disentangle 
the threads and to resolve the fabric into its constituent parts. Accordingly, 
in the First Book, the means and appliances are provided, by means of which, 
in the second, this difficult task is accomplished; the chief part of the labor, 
therefore, consists in this, that these means should be properly collected to- 
gether, should be suitably arranged, and directed to the proposed end. 

The more important problems are, for the most part, illustrated by appro- 
priate examples, taken, wherever it was possible, from actual observations. 
In this way not only is the efficacy of the methods more fully established 
and their use more clearly shown, but also, care, I hope, has been taken that 
inexperienced computers should not be deterred from the study of these sub- 
jects, which undoubtedly constitute the richest and most attractive part of 
theoretical astronomy. 

GoTTiNGEN, Marcli 28, 1809. 
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FIRST BOOK. 



GENERAL DELATIONS BETWEEN THOSE QUANTITIES BY WHICH THE 
MOTIONS OF HEAVENLY BODIES ABOUT THE SUN ARE DEFINED. 



FIRST SECTION. 

EELATI0K3 PEETAJNING SIMPLY TO POSITION IN TILE ORBIT. 



1. 

In this work we shall consider the motions of the lieaYenly bodies so far only 
as they are controlled by the attractive force of the sun. All the secondary 
planets are therefore excluded from our plan, the perturbations which the 
primary planets exert upon each other are excluded, as is also all motion of 
rotation. We regard the moving bodies themselves as mathematical points, and 
we assume that all motions are performed in obedience to the following laws, 
which are to be received as the basis of all discussion in this work, 

I. The motion of every heavenly body takes place in the same fixed 
plane in which the centre of the Bun is situated. 

n. The path described by a body is a conic section having its focus in the 
centre of the sun. 

in. The motion in this path ia such that the areas of the spaces described 
about the sun in different intervals of time' are proportional to those intervals. 
Accordingly, if the times and spaces are expressed in numbers, any space what- 
ever divided by the time in which it is described gives a constant q^uotient. 
1 
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2 RELATIONS PEETAmiNG SIMPLY [BoOK I. 

IV. For diffei'cnt bodies moving about the sun, the squares of these qxiotients 
are in the compound ratio of the parameters of their orbits, and of the sum of the 
masses of the sun and the moving bodies. 

Denoting, therefore, the parameter of the orbit in which the body moves by 

2p, the mass of this body by fi {the mass of the sun being put = 1), the area it 

describes about the sun in the time ^ by ia, then —, — ^,-7^-1 — r will be a constant 

for all heavenly bodiea Since then it is of no importance which body we use 

for determining this number, we will derive it from the motion of the earth, the 

mean distance of which from the sun we shall adopt for the unit of distance ; the 

mean solar day will always be our unit of time. Denoting, moreover, by jt the 

ratio of the circumference of the circle to the diameter, the area of the entire 

ellipse described by the earth will evidently be ti ^p, which must therefore be 

put = iff, if by i is understood the sidereal year; whence, our constant becomes 

=^ ■ ,, ''. ■■■■ . In order to ascertain the numerical value of this constant, here- 

after to be denoted by k, we will put, according to the latest determination, the 

sidereal year or ^:;:^ 365.2563835, the mass of the earth, or u^^ ^^, „,„ =!: 
*' ' ' • 354710 

0.0000028192, whence results 

logSTt 0.7981798684 

Compl. log;; 7.4374021852 

CompLlog. v/(l+/i) . . . 9.9999993878 

log ^ 8.2355814414 

k= \ 0.01720209895. 



The laws above stated diifcr from those discovered by our own Keplek 
in no other respect than this, that they are given in a form apphcable to all kinds 
of conic sections, and that the action of the moving body on the sun, on which 
depends the factor ^(l-|-/i), is taken into account. If we regard these laws aa 
phenomena derived from innumerable and indubitable observations, geometry 
shows what action ought in consequence to be exerted upon bodies moving about 
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Sect. 1.] to rosiTios in the orbit. 3 

the sun, in order that these phenomena may be continually produced. In this 
way it is found that the action of the sun upon the bodies moving about it is 
exerted just as if an attractive force, the intensity of which is reciprocally 
proportional to the square of the distance, should urge the bodies towards the 
centre of the sun. If now, on the other hand, we set out with the assumption of 
such an attractive force, the phenomena are deduced from it as necessary 
consequences. It is sufficient here merely to have recited these laws, the con- 
nection of which with the principle of gravitation it will be the less necessary to 
dwell upon in this place, since several authors subsequently to the eminent 
Newton have treated this subject, and among them the illustrious La Place, in 
that most perfect work the M^canique Celeste, in such a manner as to leave 
nothing further to be desired. 



Inquiries into the motions of the heavenly bodies, so far as they take place in 
conic sections, by no means demand a complete theory of this class of curves ; 
but a single general equation rather, on which all others can be based, will answer 
our purpose. And it appears to be particularly advantageous to select that one 
to which, while investigating the curve described according to the law of attrac- 
tion, we are conducted as a characteristic equation. If we determine any place 
of a body in its orbit by the distances x, y, from two right lines drawn in the 
plane of the orbit intersecting each other at right angles in the centre of the 
sun, that is, in one of the foci of the curve, and further, if we denote the distance 
of the body from the aun by r (always positive), we shall have between r, z,y, 
the linear equation r-j-c3;-|-|5^=:/, in which «, ^, y represent constant quan- 
tities, y being from the nature of the case always positive. By changing the 
position of the right lines to which. a;,^, are referred, this position being essentially 
arbitrary, provided only the lines continue to intersect each other at right angles, 
the form of the equation and also the value of y will not be changed, but the 
values of a and /i will vary, and it is plain that the position may be so determined 
that /5 shall become := 0, and a, at least, not negative. In this way by putting for 
«, y, respectively e, J5, our equation takes the form r-|~ea;—^. The right Ime to 
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4 EELATIOHS PEEXAINISO SDIPLY BoOK I 

which the distances^ are referred in this case, is called the Une of apsides, p is the 
mni^rftmder, e the ecceiiirieUi/ ; tinally the conic section is distinguished by the 
name of ellipse, parabola, or hyperhoU, according as c is less than unity, equal to 
unity, or greater than unity. 

It is readily perceived that the position of the line of apsides would be 
flilly determined by the conditions mentioned, with the exception of the single 
case where both a and [i were =0; in which ease r is always z=p, whatever the 
right lines to which x, y, are referred. Accordingly, since we have « = 0, the 
curve (which will be a circle) is according to our deihiition to be assigned to 
the class of ellipses, but it has this peculiarity, that the position of the apsides 
remains wholly arbitrary, if mdeed we choose to extend that idea to such a case. 



4. 

Instead of the distance x let us introduce the angle v, contained between the 
line of apsides and a straight line drawn from the sun to the place of the body 
{tU radim vector), and this angle may commence at that part of the Ime of apsides 
at which the distances X are positive, and may be supposed to increase in the 
direction of the motion of the body. In this way we have 2; = (-cos», and thus 
our formula becomes r= j-ipfs^, from which immediately result the following 
conclusions : — 

I. For »= 0, the value of the radius vector i- becomes a minimum, that is, 
~ T+e '• *^^^ P"^™* ^^ c'Aliiil the pcrihehon. 

II. For opposite values of !>, there are corresponding equal values of r; con- 
sequently the line of apsides divides the conic section into two equal parts. 

III. In the ellipse, v increases continuously from v = 0, until it attains its 
maximum value, j-tj, in o;)&«»i, corresponding to » = 180"; after aphelion, it 
decreases in the same manner as it had increased, until it reaches the perihelion, 
corresponding to D= 360". That portion of the line of apsides terminated at one 
extremity by the perihelion and at the other by the aphelion is called the rmfor 
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axis; hence the semi-axis major, called also the mean distance, = r^— ; the di^ 
tance of the middle point of the axis {the centre of the dlifse) from the focns will 
^^ Y^^e ^^ ^^^' denoting by a the semi-axis major. 

IV. On the other hand, the aphelion in its proper sense is wanting in the 
parabola, but r is increased indefinitely as v approaches -\- 180°, or — 180°. For 
^ = dl 180° the value of r becomes infinite, which shows that the curve is not cut 
by the line of apsides at a point opposite the perihelion. Wherefore, we cannot, 
with strict propriety of language, speak of the major axis or of the centre of the 
curve ; but by an extension of the formulas found in the ellipse, according to the 
established usage of analysis, an infinite value is assigned to the major axis, and 
the centre of the curve is placed at an mfinite distance from the focus. 

V. In the hyperbola, lastly, v is confined within still narrower limits, in fact 
between f — — (180° — t/;), and a^^^ (180° — i/;), denoting by i/Uhe angle of 
which the cosine =-. For whilst v approaches these limits, r increases to 
infinity ; if, in fact, one of tliese two limits should be taken for v, the value of r 
would result infinite, which shows that the hyperbola is not cut at all by a right 
line inclined t« the line of apsides above or below by an angle 180° — y. For 
the values thus excluded, that is to say, from 180° — tfj to 180° + t//, our formula 
assigns to r a negative value. The right line inclined by such an angle to the 
line of apsides does not indeed cut the hyperbola, but if produced reversely, 
meets the other branch of the hyperbola, which, as is known, is wholly separ 
rated from the first branch and is convex towards that focus, in which the sun is 
situated. But in our investigation, which, as we have already said, rests upon the 
assumption that r is taken positive, we shall pay no regard to that other branch 
of the hyperbola in which no heavenly body could move, except one on which 
the sun should, according to the same laws, exert not an attractive but a repulsive 
force. Accordingly, the aphelion does not exist, properly speaking, in the hyper- 
bola also ; that point of the reverse branch which hes in the line of apsides, 
and which corresponds to the values v^rrlSO", r^ ^, might be consid- 
ered as analogous to the aphelion. If noW; we choose after the manner of the 
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ellipse to call the value of the expression j^— , even here where it becomes 
negative, the semi-axis major of the hyperbola, then this quantity indicates 
the distance of the point just mentioned from the perihelion, and at the 
same time the position opposite to that which occurs in the ellipse. In the 
same way r-^^, that is, the distance from the focus to the middle point between 
these two points (the centre of the hyperbola), here obtains a negative value on 
account of its opposite direction. 



We call the angle v the true anomaly of the moving body, which, in the 
parabola is confined within the limits — 180° and -[-180°, in the hyperbola 
between — (180° — ic) and -|- (180° — if), but which in the ellipse runs through 
the whole circle in periods constantly renewed. Hitherto, the greater number of 
astronomers have been accustomed to count the true anomaly in the ellipse not 
from the perihelion but from the aphelion, contrary to the analogy of the parabola 
and hyperbola, where, as the aphelion is wanting, it is necessary to begin from the 
perihelion : we have the less hesitation in restoring the analogy among all classes 
of conic sections, that the most recent French astronomers have by their example 
led the way. 

It is frequently expedient to change a little the form of the expression 

T = r-7-^ *. the following forms will be especially observed : — 

l-j-ecosv' ° .'^ •' 



Accordingly, we have in the parabola 

___?'__ . 

in the hyperbola the following expression is particularly convenient, 

pCOStl! 
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Let us proceed now to the comparison of the motion with the time. Putting, 
as in Art, 1, the space described about the sun in the time i^^^g, the mass of the 
moving body =(i,\h&i of the sun being taken ^i^l, we have g^Jct\jp\l {\-\-^'). 
The differential of the space ■^^ h rrdv, from which there results ht\lp\l{'\. -j- fi) 
^frrdiV, this integral being so taken that it will vanish for ^ ;= 0. This integral 
tion must be treated differently for different kinds of conic sections, on which 
account, "we shall now consider each kind separately, beginning with the ELLIPSE, 

Since r is determined from v by means of a fraction, the denominator of which 
consists of two terms, we will remove this inconvenience by the introduction of a 
new quantity in the place of v. Eor this purpose we will put tan i v-sj ~_~ =l 
tan J E, by whiph the la^t formula for r in the preceding article gives 

Moreover we have -;^^g ^^co^^V l^' ^^^ consequently dr^ fj a — ee) ' 
hence 

v/(i_..) (i_„)i^ 
and integrating, 

{1-8.)* 
Accordingly, if we place the beginning of the time at the perihelion passage, where 
v:=Q, jE=0, and thns constant =; 0, we shall have, by reason of ^zTe'^ ^^ ^ > 

^_.sin^='-^^^fi^. 

In this equation the auxiliary angle U, which is called the eccentric arwnmly, 
must be expressed in parts of the radius. This angle, however, may be retained 

. in the same manner ; 



these quantities will be expressed in seconds of arc if they are multipHed by the 
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number 206264.81. "We can dispense with the multiplication by the last quan- 
tity, if we employ directly the quantity h expressed in seconds, and thus put, 
instead of the value before given, k = 3548".18761, of which the logarithm = 
3.5500065746. The quantity - — 3 expressed in this manner is called the 

mean anomaly, which therefore increases in the ratio of the time, and indeed every 
day by the increment *^ a ' called the niean daUy motion. We shall denote 
the mean anomaly by M. 

7. 

Thus, then, at the perihelion, the true anomaly, the eccentric anomaly, and the 
mean anomaly are = ; after that, the true anomaly increasing, the eccentric 
and mean are augmented also, but in such a way that the eccentric continues to 
be less than the true, and the mean less than the eccentric up to the aphelion, 
where all three become at the same time :^ 180°; but from this point to 
the perihelion, the eccentric is always greater than the true, and the mean 
greater than the eccentric, until in the perihelion all three become = 360°, or, 
which amounte to the same thing, all are again :=: 0. And, in general, it is 
evident that if the eccentric E and the mean M answer to the true anomaly v, 
then the eccentric 360° — E and the mean 360° — M correspond to the true 
360° — V. The difference between the true and mean anomalies, v — M, is called 
the equation of the cerdre, which, conseqiiently, is positive from the perihelion 
to the aphelion, is negative from the aphelion to the perihelion, and at the 
perihelion and aphelion vanishes. Since, therefore, v and M run through an 
entire circle from to 360° in the same time, the time of a single revolution, 
which is also called the periodic time, is obtained, expressed in days, by dividing 
360° by the mean daily motion V" 7 from which it is apparent, that for dif- 

ferent bodies revolving about, the sun, the squares of the periodic times are pro- 
portional to the cubes of the mean distances, so far as the masses of the bodies, 
or rather the inequality of their masses, can be neglected. 
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Let us now collect together those relations between the anomalies anil the 
radius vector which deserve particular attention, the derivation of which will 
present no difficulties to any one moderately skilled in trigonometrical analysis. 
Greater elegance is attained in most of these formulas by introducing in the 
place of e the angle the sine of which = e. This angle being denoted by <f, we 
have 

y/'(l — ee) = cos(p, \/(l-\-e)^ cos (45° — icp)s/^, 

\/{l — e) = 003(45"+ * 9) s/2, ^^ = tan (45" — ^ y), 
<^(l-\-e)-\-)/{l — e) = 2 cos i 9, \/ (1 + e) — \/(l — e) = 2 sin ^ 9. 
The following are the principal relations between a, p, r, e, (p, v, E, M. 



m. r=:ct(l — ecos^) 
ly. coaE = 4 



V. sni^II=:s/ ^ [l — COS U) = Bin. i V )J Yzr-—- 

VL cosJ^=VKl+coB-E')=cosi.^j^^^ 

r^ cos I e; y/'^^^J^ :=z cos i ?; ^^^^^ 

VII. tan J-E':=tan^t;tan(45'' — ly) 

VHI. sin-g=— """""^ ^-^^^^^ 
p a cos gj 

IS. rcosy=:a(cos^ — e) :== 2 « cos(^ -S+ 1 9 + 45°) 008(^^^—^9 — 45°) 

X. sin ^(v — ^) = Bin ^yeinyW - = sin ^9 8in.£^*/^ 

XI. sin i{v-\- B) = cos|fpsinyi/-=zzcos Jfpsin^i/^ 

XII. M=I!—ednU. 
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9. 



If a perpendicular let fall from any point whatever of the ellipse upon the 
line of apsides is extended in the opposite direction until it meets the circle 
described with the radius a about the centre of the ellipse, then the inclination to 
the line of apsides of that radius which corresponds to the point of intersection 
(understood in the same way as above, in the case of the true anomaly), will 
be equal to the eccentric anomaly, as is inferred without difficulty from equation 
IX. of the preceding article. Further, it is evident that ?• sin ji is the distance of 
any point of tlie ellipse from the line of apsides, which, since by equation VIII. it 
^ C6 cos 9 sin -ff, will be greatest for E = 90°, that is in the centre of the ellipse. 
This greatest distance, which v=ia(iOs(f:= -^ = sjap, is called the semi-axis mmor. 
In the focus of the ellipse, that is for v = 90°, this distance is evidently =jo, or 
equal the semi-parameter. 

10. 

The equations of article 8 comprise all that is requisite for the computation 
of the eccentric and mean anomalies from the true, or of the eccentric and true 
from the mean. Formula VII. is commonly employed for deriving the eccentric 
from the true ; nevertheless it is for the most part preferable to make use of 
equation X. for this purpose, especially when tlie eccentricity is not too great, in 
which case E can be computed with greater accuracy by means of X. than of 
VII. Moreover, if X. is employed, the logarithm of sine U required in XII. is 
had immediately by means of VIII, : if VII. were used, it would be neces- 
sary to take it out from the tables; if, therefore, tliis logarithm is also taken 
from the tables in the latter method, a proof is at once obtained that the calcula- 
tion has been correctly made. Tests and proofs of this sort are always to be 
highly valued, and therefore it wiU be an object of constant attention with us to 
provide for them in all the methods delivered in this work, where indeed it can 
be conveniently done. We annex an example completely calculated as a more 
perfect illustration. 
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Given z>= 310° 56' 29".64, y = 14° 12' 1".87, : 
are required. 

in(f . . . . 9.3897262 
!05» . . . . 9.8162877 



;r = 0.3307640; p, a, E, U, 



9,2060189 whence « COS !>= 0.1606993 



og{l + «cos!i) . . 0.0647197 
r 0.3307640 



.ogjo 0.39548S7 

.ogcos^^D .... 9.9780448 



'a ..... 0.4224389 



og sin !) . . . . 9.8782740 n* 
ogi/J .... 0.0323698.5 



log dn i 9 



9.8469141.5™ 
9.0920395 



logsinJ(!> — .S) . 8.9379636.5«, lionce}{ii_i) = _4°68'22'.94; 



f — *= — 9°66'46' 
]?urtlier, we liave " 

log e . . . . 9.3897262 
log 206264.8 . 6.814 4261 
log e in seconds 4.7041513 
log sin _B. . . 9.8000767n 



8; .B=320°62'16".62. 



Cidculalion of log sin i? by formula VHI. 

-sini) . . . . 9.813564311 



log cos «f 



gsini 9.800076711 

4.6042280)!, henceesin.B in seconds = S1932'.14= 8° 62' 
12".14; and Jf = 829° 44' 2y".66. 

The computation of E by formula VII. would be as follows : — 

j!>=166°27'44".82 log tan J» .... 9.6694679a 

45° — Jy = 87°53'59".065 log tan (46° — Jy) . 9.8912427 

log tan li . . . . 9.6607006)1 
whence iE= 160°26'7".76, and E= S20°62'16".52, as above. 



* The letter n affixed fo a bgarithm s: 



'S that the numher correspondmg to it is negative. 
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11. 

The inverse problem, celebrated under the title of Keple/s problem, that of 
finding the true anomaly and the radius vector from the mean anomaly, is much 
more freq^uently used. Astronomers are in the habit of putting the equation of 
the centre in the form of an infinite series proceeding according to the sines of the 
angles M,1M,ZM, etc., each one of the coefficients of these sines being a series 
extending to infinity according to the powers of the eccentricity. "We have con- 
sidered it the less necessary to dwell upon this formula for the equation of the 
centre, which several authoi-s have developed, because, in our opinion, it is by 
no means so well suited to practical use, especially should the eccentricity not be 
very small, as the indirect method, which, therefore, we will explain somewhat 
more at length in that form which appears to us most convenient. 

Equation XII., E = M~\~ e sin E, which is to be referred to the class of tran- 
scendental equations, and admits of no solution by means of direct and complete 
methods, must be solved by trial, beginning with any approximate value o£U, which 
is corrected by suitable methods repeated often enough to satisfy the preceding 
equation, that is, either with all the accuracy the tables of sines admit, or at least 
with sufficient accuracy for the end in view. If now, these corrections are intro- 
duced, not at random, but according to a safe and established rule, there is scarcely 
any essential distinction between- such an indirect method and the sohition by 
series, except that in the former the first value of the unknown quantity is in a 
measure arbitrary, which is rather to be considered an advantage since a value 
suitably chosen allows the corrections to be made with remarkable rapidity. Let 
us suppose £ to be an approximate value of U, and x expressed in seconds the cor- 
rection to be added to it, of such a value as will satisfy our equation U=^ii ~\^w. 
Let e sin e, in seconds, be computed by logarithms, and when this is done, let the 
change of the log sin s for the change of 1" in c itself be taken from the tables; 
and also the variation of log e sin e for the change of a unit in the number e sin e ; 
let these changes, without regard to signs, be respectively X, fi, in which it is 
hardly necessary to remark that both logarithms are presumed to contain an 
equal number of decimals. Now, if e approaches so near the correct value o£ £ 
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that the changes of the logarithm of the sine from s to s-\-X) and the changes of 
the logarithm of the number from e sin e to e sin (e -|- »), can be regarded as 
uniform, we may evidently put 

e sin (s -|- a;) = ^ sin £ + ^~, 

the upper sign belonging to the first and fourth quadrants, and the lower to the 
second and third. "Whence, since 

t-\-x = M-j- e sin (e -|- a:), we have a; =: -~ { Jf -|- ^ sin s — e), 

and the correct value of _ff,or 

E + a^ =z Jf -|- e sin e + -1-y (if + e sin e — s), 

the signs being determined by the above-mentioned condition. 

Finally, it is readily perceived that we have, without regard to the signs, 
fi:X = l:e cos e, and therefore always ft ]> ^, whence we infer that in the first and 
last quadrant M-\- e sin e lies between e and t-\-z, and in the second and third, 
B-\-x between e and M-\^ e sin e, which rule dispenses with paying attention to the 
signs. If the assumed value e differs too much from the truth to render the fore- 
going considerations admissible, at least a much more suitable value will be found 
by this method, with which the same operation can be repeated, once, or several 
times if it should appear necessary. It is very apparent, that if the difference 
of the first value e from the truth is regarded as a quantity of the first order, the 
error of the new value would be referred to the second order, and if the operation 
were further repeated, it would be reduced to the fourth order, the eighth order, 
etc. Moreover, the less the eccentricity, the more rapidly will the successive 
corrections converge. 

12. 

The approximate value of ^, with which to begin the calculation, will, in mast 
cases, be obvious enough, particularly where the problem is to be solved for 
several values of M of which some have been already found. In the absence 
of other helps, it is at least evident that E must fall between M and M± e, (the 
eccentricity e beings expressed in seconds, and the upper sign being used in the 
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first and eecond quadrants, the lower in the third and fourth), wherefore, either 
M^ or its value increased or diminished by any estimate whatever, can be taken 
for the first value of E. It is hardly necessary to ohserve, that the first calcu- 
lation, when it is commenced with a value having no pretension to accuracy, does 
not require to be strictly exact, and that the smaller tables * are abundantly suffi- 
cient. Moreover, for the sake of convenience, the values selected for e should be 
guch that their sines can be taken from the tables without interpolation ; as, for 
example, values to minutes or exact tens of seconds, according as the tables 
used proceed by differences of minutes or tens of seconds. Every one will be 
able to determine without assistance the modifications these precepts undergo if 
the angles are expressed according to the new decimal division. 

13. 

Example. — Let the eccentricity be the same as in article 10. i!f =: 332° 28' 
54".77. There the logein seconds is 4.7041513, therefore e= 50600"— M°3'20". 
Now since E here must be less than M, let us in the first calculation put t =^ 326°, 
then we have by the smaller tables 

logsine 9.74756?*, Ctagefon' . . . 19,ivhenoea=0.32. 

log e in seconds . . 4.70415 

4.45171 «; 

hence e sin e = 28295" =:= 7° 51' 35". ClmngBonogaritliniforaunitorfJiBtablewMchishere 

j^+esiuE 324 37 20 ett.»i to lO seconds ... le, .hene«^=^l.a. 

differing from £ , . . . 1 22 40 — 4960". Hence, 

^ X 4960" = 1240" = 20'40". 

"Wherefore, the corrected value of E becomes 324° 37'20" — 20' 40" = 324° 16'40", 
with which we repeat the calculation, making use of larger tables. 

log sine .... 9.7663058b 1 = 2935 

loge 4.7041513 

4.4704571)? « — 147 



' Such as those which tlie ilhisfrio 
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e sin 8 =— 29543".18 = — 8° 12'23".18 
M+eamt .... 324 1681.69 
cUffering from e . . . 8 .41. 

This difference being multiplied by ^^ = tj^jt gives 2".09, whence, ilnalljj the 
corrected value of j5' = 324"16'31".69 — 2".09 = 324"16'29".60, which is exact 
within 0".01. 

14. 

The equations of article 8 fumisli acveral methods for deriving the true 
anomaly and the radius vector from the eccentric anomaly, the best of which we 
will explain. 

I. By the common method v is determined by equation VIL, and aftenvards 
r by equation II.; the example of the preceding article treated in this way 
is as followsj retaining for^ the value given in article 10. 

^_ff=162<'8'14".75 loge 9.8897262 

log tan ^-fi". . . . 9.5082198« log cos «> .... 9.8496597 
log tan (45"— ^9) . 9.8912427 — —— ^s'gggsg 

logtan^f . . . . 9.6169771« ecoszj —0.1735345 

H = 157" 30'41".50 i^^^ 0.3954837 

V = 315 1 23 .00 log (1 + e cos ;-) . . 0.0694959 
logr 0.3259878. 

II. The following method is shorter if several places are to be computed, 
for which the constant logarithms of the quantities s/ a{l ■-{- e), ^''''(l — e) should 
be computed once for all. By equations Y. and VI. we have 

wi h V )/ r =::= sin i JE i/aJl-\-e) 

cos^ziy'r:^ cos h E\j~a\i — e) 
from wliich i v and log \J r are easily determined. It is true in general that if we 
have Fein Q=^A, Paos Q^B, Q is obtained by means of the formula tan 
Q^=-o, and then P by this, P = ^-q, or by P =: — „ : it is preferable to use 
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the former when sin Q is greater than cos Q ; the latter when cos Q is greater than 
sin Q. Commonly, the problems in which equations of this kind occur (such as 
present themselves most frequently in this work), involve the condition that P 
shonld be a positive quantity ; in this case, the doubt whether Q should be taken 
between and 180°, or between 180° and 360°, is at once removed. But if such 
a condition does not exist, this decision is left to our judgment. 
We have in our example e := 0.2453162. 
logsini-E . . . 9.4867632 log cos I ^ . . . 9.9785434« 

log/a{l-f-e) . . 0.2588593 logv/«(l_e) . . 0.1501020. 

Hence 

logdniv^r . . 9.745G225 1 whence, log tan i!;:^ 9.6169771 h 
logcosi^V ■ ■ 0.12864545JJ ^«; ^157°30'4r'.50 

logcosiy . . . 9.9656515?* !>— 315 123.00 

logy/?- . . . . 0.1629939 
logr 0.3259878 

III, To these methods we add a third which is almost equally easy and expe- 
ditious, and is much to be preferred to the former if the greatest accuracy should 
be required. Thus, ris first determined by means of equation Ill^and after that, 
V by X. Below is our example treated in this manner. 

lege 9.3897262 log sin £ .... 9.7663366w 

logcos^ . . . 9.9094637 log ^(1 — ecos.^) . 9.9517744 

9.2991899 9.8145622n 

ecos^= . . . 0.1991544 log sin ^9 .... 9,0920395 

logffl 0.4224389 log sin ^{z; — ^} . . 8.9066017n 

Iog(l — ecosi^). 9.9035488 h{v—i:)=—i°ST33"M 

logr 0.325987V t;— -£'=—9 15 6.48 

^'=315 123.02 
Formula VIII., or XI., is very convenient for verifying the calculation, par- 
ticularly if V and r have been determined by the third method. Thus ; 
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log-^siu^ . . . 9.86278T8K logsin.E'v'^ . . . 9.8145622« 

log cosy .... 9.9865224 log cos i 9 . . . . 9.9966567 

9.8493102tt 9.8112189« 

logsintp .... 9.8493102« log dn i {v -\- £) . . 9.8112189)j 



15. 

Since, as we have seen, the mean anomaly M is completely determined by 
means of v and f, in the same manner a,3 vhy M and (p, it ia evident, that if all 
these quantities are regarded as variable together, an equation of condition ought 
to exist between their differential variations, the investigation of which will not 
be euperfluous. By differentiating first, equation VII., article 8, we obtain 

d^ dv d9° 

siDjS sini> cos ip' 

hj differentiating likewise equation XII., it becomes 

d.M= (1 — e cos_£^) dE — rniEcostpd^. 
If we eliminate d_E^from these differential equations we have 

dM=^- '^-^- '-Av — (sml^coscpH---— ^^ — -^Jdip, 

sinu \ '1 C039 / ' ' 

or by substituting for sin I!,l — e cos ^ their values from equations VIII., IIL, 

dM— ^^^ dy — ~*^+"|^^'dt;, 
or lastly, if we express both coefficients by means of v and y only, 

Inversely, if we consider v asa, function of the quantities M, ff, the equation has 
this form : — 

rr ' cosq) ' ' 

or by introducing U instead of v 

dv = ^^^dM~\-~^(2~ecoaII—ee)BmEdf, 
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16. 

The radius vector r is not fully determined by v and g), or by M and y, but 
depends, besides these, upon p ox a; its differential, therefore, will consist of three 
parts. By differentiating equation 11, of article 8, we obtain 

— ^ +^r-i d«; — ,;— i-^:^ — —dtp. 

By putting here 

■'' p da o J. 1 

L ;^ __ — I t3,n (Baa 



(lp_ 



(which follows from the differentiation of equation I.), and expressing, in con- 
formity with the preceding article, Av hj means of d it/" and d <j>, we have, after 
making the proper reductions, 

— ::= 1- - tan q:) sin y d il/ cos 9) cosy dy, 

d.rt=i- dia -{- atantp mivAM — « cos 9 cos «i d qj . 

Finally, these formulas, as well as those which we developed in the preceding 
article, rest upon the supposition that v, 9, and M, or rather d y, d 9, and d M, 
are expressed in parts of the radius. If, therefore, we choose to express the vari- 
ations of the angles v, 9, and M, in seconds, we must either divide those parts of 
the formulas which contain dy, dy, or dil^ by 206264.8, or multiply those which 
contain d r, d jo, d a, by the same number. Consequently, the formulas of tlie pre- 
ceding article, which in this respect are homogeneous, will require no change. 

17. 

It will be satisfactory to add a few words concerning the investigation of the 
greatest equation of the centre. In the first place, it is evident in itself that the dif- 
ference between the eccentric and mean anomaly is a maximum for _£^::ri: 90°, 
where It becomes = e (expressed in degrees, etc.) ; the radius vector at this point 
= a, whence v r:= 90° -[- 9, and thus the whole equation of the 'dfet^rB°^S;-Y-j- e, 



Hosted by 



Google 



Sect. 1.1 to position is the orbit. 10 

which, nevertheless, is not a maximum here, since the difference between v and 
^ may still increase beyond (p. TJds last difference becomes a maximum for 
3 (■;? — ^ ) = or for d y := d ^, where the eccentricity is clearly to be regarded 
as constant. With this assumption, since in general 
Av_ _ AM 

it is evident that we should have sin » r^ sin ^ at that point where the difference 
between v and .£^ is a maximum; whence we have by equations VIII., III., 

r = CECOS^, ecos-£^=l — coscp, or cos J/ ^-f- tan iq>. 
In like manner cos v:^= — tan i<p is found, for which reason it will follow * that 

V = 90° -|- arc sin tan hf, E ^^ 90" — arc sin tan i fp ; 
hence again 

sin ^ ^ V (1 — tan' ^ 9) ^ £-> 
so that the whole equation of the centre at this point becomes 

2 arc sin tan | 91 -j- 2 sin ^ cp \/ cos ip, 
the second term being expi-essed in degrees, etc. At that point, finally, where 
the whole equation of the centre is a maximum, we must have Av^AM, and 
so according to article lb, r^a\j cos (p; hence we have 

1 — costal T^ 1 — t/cosm 1 — cosqj tanim 

e e eCl+v'cosqj) l-f-y-cos^' 

by which formula E can be determined with the greatest accuracy. E being 
found, we shall have, by equations X., XII., 

equation of the centre ^ 2 arc sin '—^- — — -|- e sin E. 

We do not delay here for an expression of the greatest equation of the centre by 
means of a series proceeding according to the powers of the eccentricities, which 
several authors have given. As an example, we annex a view of the three 
maxima which we have been considering, for Juno, of which the eccentricity, 
according to the latest elements, is assumed = 0.2554996. 



* It is not necessary fo consider those maxima, ■whicb lie between the aphelion and perilielion, 
because they evidently diiTer in the signs only from those which ai-e situated between the perihelion and 
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RELATIONS PERTAINING SIMPLY 



[Book I. 



'Masimura. 


E 


E-M 


V~E 


t-M 


v—E 

v — M 


90= 0' (f 
82 32 9 
86 14 40 


14°38'20".57 
14 30 54 .01 
14 36 27 .39 


ir48'n".48 
14 55 41 .79 
14 53 49 .57 


29''26'S2".05 
29 26 35 .80 
29 30 16 .96 



18. 

In the PARABOLA, the eccentric anomalyj the mean anomaly, and the mean 

motion, become ::= ; here therefore these ideas cannot aid in the comparison of 

the motion with the time. In the parabola, however, there is no necessity for an 

auxiliary angle in integrating rrtiv; for we have 

J ppdv ppdtuniv , /I 1 J. 91 \ J. 1 

rrav =^ ■ : . . =^ -^ — „ , " = i p» ( i + tan-' t v\ dtan tv; 

and thus, 

/rrdv = hpp {tan hv-\- ^ tan* ^v)-\- Constant. 

If the time is supposed to commence with the perihelion passage, the Constant 

= ; therefore we have 

by means of which formula, t may be derived from v, and v from t, when p and 
fi, are known. In the parabolic elements it is usual, instead of p, to make use of 
the radius vector at the perihelion, which is J p, and to neglect entirely the mass 
II. It will scarcely ever be possible to determine the mass of a body, the orbit of 
which is computed as a parabola ; and indeed all comets appear, according to the 
best and most recent observations, to have so little density and mass, that the 
latter can be considered insensible and be safely neglected. 

19. 

The solution of the problem, from the true anomaly to find the time, and, in 
a still greater degree, the solution of the inverse problem, can be greatly abbrevi- 
ated by means of an auxiliary table, such as is found in many astronomical works. 
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But the Barkerian is by far the most convenient, and is also annexed to the 
admirable work of tlie celebrated Olbers> {Ahhandlung uler die leichiesie und 
leqiiemste Methode die Bahn ernes Comden su berechnen: "Weimar, 1797.) It contains, 
under the title of the mean motion, the value of the expression 75tan i y-j- 25 
tan^ ^ V, for all true anomalies for every five minutes from to 180°. If 
therefore the time corresponding to the true anomaly v is required, it will be 
uecessary to divide the mean motion, taken from the table with the arguments, 



true anomaly is to be computed from the time, the latter expressed in days wiU 
be multiplied by —5—, in order to get the mean motion, with which the correspond- 

ing anomaly may be taken from the table. It is further evident that the same 
mean motion and time taken negatively correspond to the negative value of the v ; 
the same table therefore answers equally for negative and positive anomalies. If 
in the place of jo^'we prefer to use the perihelion distance ^p = q, the mean daily 

hd 2812 5 
motion is expressed by - ^ ^ - ' , in which the constant factor .^-y* 2812.5 = 

0.912279061, and its logarithm is 9.9601277069. The anomaly v being found, 
the radius vector will be determined by means of the formula already given. 



20. 

By the diiferentiation of the equation 

tan J y -^ J tan^ iv=2> i}cp-i, 
if all the quantities v, t,f^ are regarded as variable, we have 

■^^^^ — "ncp-^^^ — Btkp-idp, 
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If the variations of the anomaly v are wanted in seconds, both parts also of 
dv must be expressed in this manner, that is, it is neceseary to talte for k the value 
3548".188 given in article 6. If, moreover, ^^^j^ is introduced instead of ^, the 
formula will have the following form : 

rr rrsl^q ^' 

in wliich are to be used the constant logarithms 

log A \/ 2 :^ 3.7005215724, \ogSk>^i = 3.8766128315. 

Moreover the differentiation of the equation 

r= P 

furnishes 

— ^ — -(- tan kvAv, 
^ J, \ 

or by expressing dy by means of d^ and d^, 

By substituting for if its value in v, the coefficient of dj:) is changed into 

^W — ~^r^ ^^ - (^ + i tan^ kv — f sin^ \v — \ sin^ \ v tan^ iv)=z ^ j 

but the coefiicient of d^ becomes — r— . From this there results 

or if we introduce §■ for j? 

The constant logarithm to be used here is log/f sf i =: 8.0850664436. 

21. 

In the HYPERBOLA,^ and £ would become imaginary quantities, to avoid 
which, other a,uxiliary quantities must be introduced in the place of them. "We 
have already designated by t/' the angle of which the cosine =-, and we have 
found the radius vector 
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'— 2«co3i(«-«.)cosi(«+tf,)- 
'FoTv^zQ, tlie factors cos ^ (y — ip), and cos ^(;'-f-j^), in the denominator of thia 
fraction become equal, the second vanishes for the greatest positive value of v, 
and the first for the greatest negative value. Putting, therefore, 

we shall have m := 1 in perihelion ; it will increase to infinity as v approaches its 
limit 180° — 1^ ; on the other hand it will decrease indefinitely as v is supposed 
to return to its other limit — (180" — i//) ; so that reciprocal values of w, or, what 
amounts to the same thing, values whose logarithms are complementary, corre- 
spond to opposite values of v. 

This quotient u ie very conveniently used in the hyperbola as an auxiliary 
quantity ; the angle, the tangent of which is 



tan i 



^v 



-1 



can be made to render the same service with almost equal elegance ; and in order 
to preserve the analogy with the ellipse, we will denote this angle by i F. In 
this way the following relations between the quantities v, r, u, F are easily brought 
together, in which we put o = — 5, so that 5 becomes a positive quantity. 



I. 

II. 

HI. 

IV. 

V. 



h =:p cotan^ i// 



■-l + ,co,.~2co 
tan iJ'^ tan ivu 

c<„i(, + ,f) — 
5^= »(«+;) = 



^^ = tan iv tan J ip = 



1— tani^ 

l-|-coai^ 



tan {45° 



+ 1 

C-|-COSM 



By subtracting 1 from both sides of equation V. we get, 
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In the same manner, by adding 1 to both sides, it becomes 
VII. co8^W = cosil'^^^-^^^^^^coa*^^^-i=l^* 

By dividing VI, by VII. we should reproduce III. : the multiplication produces 
Vm. ?- sin y =1 ^ cotan i^ tan F^h tan i^ tan F 

= ip cotan xjj (u )^ H tan tji [ti ) . 

From the combination of the equations II. V. are easily derived 
IX. rcosv=b(e — ^) = Ui2e~u—l), 



22. 

By the differentiation of the formula IV. (regarding i/' as a constant quantity) 
we get 

— = i (ifm i {v -\- tj)) — tan i{v — ijJUd v = ''—^ dv; 
hence, 

rrAv= -^ — du, 

or by substituting for r the value taken from X. 

rrdy^; 5 5 tan -^ ( Je{l -j ) fdu- 

Afterwards by integrating in such a manner that the integral may vanish at the 
perihelion, it becomes 

The logarithm here is the hyperbolic ; if we wish to use the logarithm from 
Brigg's system, or in general from the system of which the modulus = X, and 
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the mass fj, (wliich we can assume to be indeterminable for a body moving in an 
hyperbola) is neglected, the equation assumes the following form ; — 

XI. He'^^^^ — }ogu = ^, 
or by introducing i^, 

;.etanJ'— logtan(45° + iJ')^^. 
Supposing Brigg's logarithms to be used, we have 

log I ^ 9.6377843113, log lk=^ 7.8733657527 ; 
but a little greater precision can be attained by the immediate application of the 
hyperbolic logarithms. The hyperbolic logarithms of the tangents are found in 
several collections of tables, in those, for example, which Schijizb edited, and still 
more extensively in the Magnus Oanon Triangulor. LogarUhniicus of Benjamin Uesin, 
Cologne, 1624, in which they proceed by tens of seconds. 

Finally, formula XL shows that opposite values of t correspond to reciprocal 
values of u, or opposite values of F and v, on which account equal parts of the 
hyperbola, at equal distances from the perihelion on both sides, are described in 
equal times. 

23. 

If we should wish to make use of the auxiliary quantity u for finding the 
time from the true anomaly, its value is most conveniently determined by means 
of equation IV. j afterwards, formula II. gives directly, without a new calculation, 
p by means of r, or r by means of p. Having found u, formula XI. wiil give the 
quantity -^-, which is analogous to the mean anomaly in the ellipse and will be 
denoted by iVJ from which will follow the elapsed time after the peiihelion transit. 
Since the first term of N, that is "'.'"'" ) may, by means of formula VIH. be 
made ^=^ h&iav, ' ^^^ double computation of this quantity will answer for testing 
its accuracy, or, if preferred, N can be expressed without u, as follows ; — 
■vTt T\T X tan Ml sin !j , 
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Emmpk. — Let e— 1.2618820, or tfi = 57' B5' 0", y=18°51'0", log r = 
0.0333585. Then the compiitation for if, jd, b, W, t, is as follows: — 



log COS^!' — t/') . 

log COS h{v -{-■^l) . 
logr 


. 9.99417061 
. 9.946057V 1 
. 0.0333585 


hence, 


logM . . . 


0.0491129 
1.1197289 
1.2637928 


log2e . . 




. 0.4020488 








log^ . . . 




. 0.3746356 




log cotan^ If 




. 0.2274244 


log(«! 


The other cale 

-1) . . . 




log5 . . . 
log^ . . . 




. 0.6020600 
. 9.4312985 


9.404479S 


log sin V . . 
logX . . . 




. 9.5093268 
. 9.6377843 


Compl. log u . . . 
log I 


9.9508871 
9.6377843 


Compl. log sin 1]) , 


. 0.2147309 


logie 




9.7990888 






8.7931396 






8.7931396 


Pirsttermof JVr= 


. 0.0621069 








log u = 




0.0491129 


logiV 






N = 




0.0129940 


8.1137429 


logX* . . 
|logJ . . 




. 7.8733658) 
. 0.90309001 


Difference .... 


6.9702768 




log^ . 




1.1434671 








t = 




13.91448 



24. 

If it has been decided to carry out the calculation with hyperbolic logarithms, 
it is best to employ the auxiliary quantity F, which will be determined by equa^ 
tion III., and thence N by SI. ; the semi-parameter will be computed from the 
radius vector, or inversely the latter from the former by formula VIII. j the 
second part of iV can, if desired, be obtained in two ways, namely, by means of the 
formula hyp. log tan {45° -f- h F), and by this, hyp. log cos i (y — !/<) — hyp. log 
cos n^ "h V)- Moreover it is apparent that here where i ^ 1 the quantity N 
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will come out greater in the ratio 1 : X, than if Brigg's logarithms were used. 
Our example treated according to this method is aa follows : — 
log tan ^i;; .... 9.5318179 



log tuniv . . . 


. . 9.2201009 


log tan J -P . . 


. . 8.7519188 


, 


0.1010188 


log tan 1" . . . 


. . 9.0543366 



9.1553554 

etml-^ 0.14300638 

hyp.log tan (45"+ i J") = 0.11308666 
]}^= ...... 0.02991972 

logy£ 8.2355814) 

flog 5 0.9030000 i 



^i^:^3n3'58'a2 



C. hyp. log cos i{v — If/) ^ 0.01342266 
C. hyp. log cos i (v + 1/;) ^ 0.12650930 



]ogi\^ 8.4759575 

Difference 7.3324914 

'i^f 1.14346'6T 

t=::^ 13.91445 



25. 

For the solution of the inverse problem, that of determining the true anomaly 
and the radius vector from the time, the auxiliary q^uantity m or i^ mu.st be first 
derived from jV^^ X k b'^^t by means of equation XL The solution of this tran- 
scendental equation will be performed by trial, and can be shortened by devices 
analogous to those we have described in article 11. But we suffer these to pass 
without further explanation ; for it does not seem worth while to elaborate as 
carefully the precepts for the hyperbolic motion, very rarely perhaps to be exhib- 
ited in celestial space, as for the elliptic motion, and besides, all cases that can 
.possibly occur may be solved by another method to be given below. After- 
wards F or u will be found, thence v by formula III., and subsequently r will be 
determined either by II. or VIII. ; v and r are still more conveniently obtained 
by means of formulas VI. and VII. ; some one of the remaining formulas can be 
called into use at pleasure, for verifying the calculation. 
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26. 

Example. — Retaining for e and h the same values as in tlie preceding example, 
let t = 65.41236 : v and r are required. Using Briggs's logarithms we have 

logi 1.8166698 

lagXtt-i .... 6.9702768 

log iV^ 8.7859356, -whence if= 0.06108614. From this it is 

seen that the equation JY^letanF — log tan (45'* 4" i .^) is satisfied by 

F=^ 25''24'27".66, whence we have, by formula III., 

log tan i J? . . . . 9.3530120 

log tan J 1// . . . . 9.6318179 

log tan J f .... 9.8211941, and thus J o = 33° 31' 29".89, and ti = 

67°2'69".78. Hence, there follows, 

Clogcosn. + y) . 0.21374761 ^^^ 

„ ^ ^' logtan(i5= + ii') . . . 0.1992280 

log^ 9.9725868 ^ K T ^ ) 

\Qgr ..,..„ 0.2008541. 

27. 

If equation IV. is differentiated, considering u, v, ^, as variable at the same 
time, there results, 

dw_ sini^dt; + siin>dip ^ rtantp , , rsinv -, 
« — 2co.i(.-i^)cosi(.-i-^)~ p "^"-Tpco.^^l'' 

By differentiating in lilie manner equation XL, the relation between the 

differential variations of the quantities ti, i/', iVJ becomes, 

— = (j^(l-]--)— -)dH+ ' 2^J.^ ^^Wp 
or 

-,- =7— a!(-j-i dw. 
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Hence, by eliminating d u by means of the preceding ecLuation we obtain 

= ~~ dy + (l + -)-, — -dw, 

or 

V = -^ ^dJV — {-+ - J -"-dw 

Irr \r ' p/ cosiJi ~ 



By differentiating equation X., all the qnantities r, h, e, u, being regarded as 
variables, by substitnting 

de= \^ dy, 

and eliminating dw with the help of the equation between diV^ dw, di^, given in 
the preceding article, there results, 

The coeflicient of diV is transformed, by means of equation VIII., into ^—^ ■ but 
the coeflicient of d t/', by substituting from equation IV., 

u (ein 1/) — sin z;) ^ sin (i/; — v), - (sin i/; -}- sin t') := sin {i^ -j- zj), 

is changed into 

Jsin^cosr pcosw 

cos> ~~ sint/) ' 
SO that we have 



dr~ ^ as + f^ dir+^^^'d;y. 
So far, moreover, as N is considered a function of h and /, we have 

t ^ h ' 

which value being substituted, we shall have d r, and also d z) in the preceding 
article, expressed by means of d !^, d 5, d y. Finally, we have here to repeat our 
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previous injunction, that, if tlie variationa of the angles v and if* are conceived to 
be expressed, not in parts of the radius, but in seconds, either all the terms con- 
taining dv, dill, must be divided by 206264.8, or all the remaining terms must be 
multiplied by this number. 

29. 

Since the auxiliary quantities (p, E, 31, employed in the ellipse obtain 

imaginary values in the hyperbola, it will not be out of place to investigate their 

connection with the real quantities of which we have made use : we add therefore 

the principal relations, in which we denote by i the imaginary quantity \/ — 1. 

1 
sunf^^e'^^ ■ 

tan (45° — h(f)^\J Y^^~i\J^-^^=^iia.-ah^ ' 

tanq)r:= i cotan(45'' — itp) — ^ tan (45" — i(f)= r^ 

cos (p = i tan i^ 

9 ^ 90" -^ i log (sin (p-\-i cos (j>) = 90" — i log tan {45° -\- if) 
tan i E= i tan i F = *-^^f^ 
-,— =-::^ icotan k E-\- ^tani J£':rxi — {cotan J^, 
or 

sin^={tan F= ''^"^"^^ 

cotan^^r^ ^cotan^.S—Han J j?=:— -r^, 
or 

tan .g — e sin 1* — ' ^^^Tp 



>sF = 



_ «,*+! 



t ^=; log (cos 1^ -|- { sin _£■) = log i, 
or 

_Er=nogM=nog(45--fi_?') 

The logarithms in these formulas are hyperbolic. 
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30. 

Since none of the numbers which we take out from logarithmic and trigo- 
nometrical tables admit of absolute precision, but are all to a certain extent 
approximate only, the results of all calculations performed bj the aid of these 
numbers can only be approximately true. In most cases, indeed, the common 
tables, which are exact to the seventh place of decimals, that is, never deviate 
from the truth either in excess or defect beyond half of an unit in the seventh 
figure, furnish more than the requisite accuracy, so that the unavoidable errors 
are evidently of no consequence: nevertheless it may happen, that in special 
cases the effect of the errors of the tables is so augmented that we may be 
obliged to reject a method, otherwise the best, and substitute another in its place. 
Cases of this kind can occur in those computations which we have just explained; 
on which account, it will not be foreign to our purpose to introduce here some 
inquiries concerning the degree of precision allowed in these computations by 
the common tables. Although this is not the place for a thorough examination 
of this subject, which is of the greatest importance to the practical computer, yet 
we will conduct the investigation sufficiently far for our own object, from which 
point it may be further perfected and extended to other operations by any one 
requiring it. 

31. 

Any logarithm, sine, tangent, etc. whatever, (or, in general, any irrational 
quantity whatever taken from the tables,) is liable to an error which may amount 
to a half unit in the last figure : we will designate this limit of error by o», which 
therefore is in the common tables := O.OOOOOOnS. If now, the logarithm, etc., 
cannot be taken directly from the tables, but must be obtained by means of inter- 
polation, this error may be slightly increased from two causes. Jn the firsA phce, it is 
usual to take for the proportional part, when (regarding the last figure as unity) it 
is not an integer, the next greatest or least integer ; and in this way, it is easily 
perceived, this error may be increased to just within twice its actual amount. But 
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we shall pay no attention to this augmentation of the error, since there is no 
objection to our affixing one more than another decimal figure to the propor- 
tional part, and it is very evident that, if the proportional part is exact, the inter- 
polated logarithm is not liable to a greater error than tlie logarithms given 
directly in the tables, so far indeed as we are authorized to consider the changes 
in the latter as uniform. Thence arises another increase of the error, that this 
last assumption is not rigorously true ; but this also we pretermit, because the 
effect of the second and higher differences (especially where the superior tables 
computed by Taylor are used for trigonometrical functions) is evidently of no 
importance, and may readily be taken into account, if it should happen to turn 
out a little too great. In all cases, therefore, we will put the maximum unavoid- 
able error of the tables = vi, assuming that the argument (that is, the number the 
logarithm of which, or the angle the sine etc. of which, is sought) is given with 
strict accnracy. But if the argument itself is only approximately known, and 
the variation ta' of the logarithm, etc. (which may be defined by the method of 
differentials) is supposed to correspond to the greatest error to which it is liable, 
then the maximum error of the logarithm, computed by means of the tables, can 
amount to (u -|- (o'. 

Inversely, if the argument corresponding to a given logarithm is computed 
by the help of the tables, the greatest error is equal to that change in the argu- 
ment which corresponds to the variation a in the logarithm, if the latter is cor- 
rectly given, or to that which corresponds to the variation o) -j- w' in the loga^- 
rithm, if the logarithm can be erroneous to the extent of w'. It will hardly be 
necessary to remark that cu and to' must be affected by the same sign. 

If several quantitiesj correct within certain limits only, are added together, 
the greatest error of the sum will be equal to the sum of the greatest individual 
errors affected by the same sign ; wherefore, in the subtraction also of quantities 
approximately correct, the greatest error of the difference will be equal to the 
sum of the greatest individual errors. In the multiplication or diyision of a 
quantity not strictly correct, the maximum error is increased or diminished in the 
same ratio as the quantity itself. 
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32. 

Let us proceed now to the application of these principles to the most useful 
of the operations above explained. 

I. If (p and .£" are supposed to be exactly given in using the formula VII., 
article 8, for computing the true anomaly from the eccentric anomaly in the 
elliptic motion, then in log tan (45° — ^ y) and log tan :J _£^, the error o> maybe 
committed, and thus in the difference ==: log tan I y, the error 2 ai ; therefore the 
t error in the determination of the angle i v will be 



X denoting the modulus of the logarithms used in this calculation. The error, 
therefore, to which the true anomaly v is liable, expressed in seconds, becomes 

^pl 206265 = 0".0712 sin v, 

if Brigg's logarithms to seven places of decimals are employed, so that we may 
be assured of the value off within 0".07 ; if smaller tables to five places only, are 
used, the error may amount to 7".12, 

II. If e cos E is computed by means of logarithms, an error may be committed 
to the extent of 



therefore the quantity 

1 — e cos E, or - , 

will be liable to the same error. In com[mting, accordingly, the logarithm of this 
quantity, the error may amount to (1 4^ d) o>, denoting by 5 the quantity 



taken positively : the possible error in log r goes up to the same limit, log a being 
assumed to be correctly given. If the eccentricity is small, the quantity ^ is 
always confined within narrow limits; but when e diflFers but little from 1, 
1 — ecosE remains very small as long as E is small; consequently, 5 may 
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increase to an amount not to be neglected : for tMs reason formula III., article 8, 
is less suitable in this case. The quantity d may be expressed thus also, 

r l — ee ' 

which formula shows still more clearly when the error {1 -]-d) w may be neglected. 

III. In the use of formula X., article 8, for the computation of the true from 
the mean anomaly, the log i/ - is liable to the error (^ -j- ^ ^) '"; ^^^ ^^ ^^^ ^^g 
sin ^9)sin^t/- to that of (f -|- l^i^) w ; hence the greatest possible error. in the 
determination of the angles v — Eovv'va 

or expressed in seconds, if seven places of decimals are employed, 

(0".166 + 0".024 d) tan ^ (i> — _E) . 
When the eccentricity is not great, b and tan \{v — E) will be small quantities, 
on account of which, this method admits of greater accuracy than that which 
we have considered in I. : the latter, on the other hand, will be preferable 
when the eccentricity is very great and approaches nearly to unity, where 8 and 
tan i (^| — -fi") may acquire very considerable values. It will always be easy to 
decide, by means of our formulas, which of the two methods is to be preferred. 

IV. In the determination of the mean anomaly from the eccentric by means 
of formula XII., article 8, the error of the quantity e sin E, computed by the help 
of logarithms, and therefore of the anomaly itself, M, may amount to 



which limit of error is to be multiplied by 206265" if wanted expressed in 
seconds. Hence it is readily inferred, that in the inverse problem where ^ is to 
be determined from M by trial, E may be erroneous by the quantity 

^^^^^T- — ■ Tii- 206265'''=:; '^ ^ ° sin _ ^ 206265", 
}. AM Xr ' 

even if the equation E — esmE= M should be satisfied with all the accuracy 
which the tables admit. 
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35 



The true anomaly therefore computed from the mean may be incorrect in 
two ways, if we consider the mean aa given accurately; first, on account of the 
error committed in the computation of v from U, which, as we have seen, is of 
slight importance ; second, because the value of the eccentric anomaly itself may 
be erroneous. The effect of the latter cause will be expressed by the product of 
the error committed in U into vp; which product becomes 



, 206265" = - 



. 206265"^ 



-) 0".0712, 



if seven places of decimals are used. This error, always small for small values of 
e, may become very large when e differs but little from unity, as is shown by the 
following table, which exhibits the maximum value of the preceding expression 
for certain values of e. 





m^i„,u™e.o,.. 


e 


■..ximum.™. 


« 


m^^mum^rror. 


0.90 


0"A2 


0.94 


0".73 


0.98 


2".28 


0.91 


0.48 


0.95 


0.89 


0.99 


4.59 


0.92 


.54 


0.96 


1 .12 


0.999 


46.23 


0.93 


0.62 


0.97 


1 .50 







V. In the hyperbolic motion, if v is determined by means of formula III., 
article 21, from F and ifi accurately known, the error may amount to 

^— . 206265"; 

but if it is computed by means of the formula 

tan hv 



_ (u — l)tanl*/i 



u and If being known precisely, the limit of the error will be one third greater, 
that la, 

^^^. 206265" =0".09 sin y 

for seven places. 

VI. If the quantity 



is computed by means of formula XI., article 22, with the aid of Briggs's loga- 
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rithms, assuming e and m or e and F to be known exactly, the first part will be 
liable to tlie error 

if it bas been computed in the form 



or to the error 



if computed in the form 



3(«"+i)^ 



kX&ti 



or to the error 3 e £u tan F if computed in the form X e tan F, provided we neglect 
the error committed in log }. or log ^ X. In the first case the error can be 
expressed also by 5 e (o tan F, in the second by -^-%, whence it is apparent that 
the error is the least of all in the third case, but will be greater in the first or 
second, according aa m or - >■ 2 or <; 2, or according as + J'>- 36° 52' or ■< 36° 52'. 
But, in any case, the second part of N will be liable to the error ai. 

VII. On the other hand, it is evident that if m or J* is derived from N by 
trial, u would be liable to the error 

(o + 5 e tu tan J')-Y^, 



according as the first term in the value of iV is used separated into factors, or into 
terms ; F, however, is liable to the error 

(w + 3ewtan^)i^. 



The upper signs serve after perihelion, the lower before perihelion. Now if 
T-7f is substituted here for ^^ or for -r-;:^, th 
the determination of v, which therefore will be 



■^ is substituted here for -tjt or for j-^, the effect of this error appears in 
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litm-\ii(l±8eta.nF)m hhtanip(l'\-3e»eoF)w 
" "' ' 'Xrr **^ Xrr ' 

if tte auxiliary quantity u has been eniployed ; on the other hand, if _f has been 

used, this effect becomes, 



ibta.iit!! {I ±8 etwn F) ta 



If the error is to be expressed in seconds, it ia necessary to apply the factor 
206265". It is evident that this error can only be considerable when Tf is a small 
angle, or e a little greater than 1, The following are the greatest values of thia 
third expression, for certain values of e, if seven places of decimals are employed : 



* 


n...i.„™e.«. 


1.3 


0".34 


1.2 


0.54 


1.1 


1 .31 


1.05 


3.03 


1.01 


34.41 


1.001 


1064.65 



To this error arising from the erroneous value of-J'orM it is necessary to 
apply the error determined in V. in order to have the total uncertainty of v. 

Vm. If the equation XL, article 22, is solved by the use of hyperbolic loga- 
rithms, I" being employed as an auxiliary quantity, the effect of the possible 
error in this operation in the determination of v, is found by similar reasoning 
to be, 

(l+.co s»)H/ , 3.sin^( l+.co.i>)w 
tail' iJJ — ■ I tan^ ifi ' 

where by to' we denote the greatest uncertainty in the tables of hyperbolic loga- 
rithms. The second part of this expression is identical with the second part of 
the expression given in VII.; butthe first part in the latter is less than the first 
in the former, in the ratio Xo>': o, that is, in the ratio 1 : 23, if it be admissible 
to assume that the table of Ursin is everywhere exact to eight figures, or 
w' = 0.000000005. 
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33. 



The methods above treated, both for the determination of the 'true anomaly 
from the time and for the determination of the time from the true anomaly,* do 
not admit of all the precision that might be required in those conic sections of 
which the eccentricity differs but little from unity, that is, in ellipses and hyper- 
bolas which approach very near to the parabola ; indeed, unavoidable errors, 
increasing as the orbit tends to resemble the parabola, may at length exceed all 
limits. Larger tables, constructed to more than seven figures would undoubtedly 
diminish this uncertainty, but they would not remove it, nor would they prevent 
its surpassing all limits as soon as the orbit approached too near the parabola. 
Moreover, the methods given above become in this case very troublesome, since a 
part of them require the use of indirect trials frequently repeated, of which 
the tediousness is even greater if we work with the larger tables. It certainly, 
therefore, will not be superfluous, to furnish a peculiar method by means of 
which the uncertainty in this case may be avoided, and sufficient precision may 
be obtained with the help of the common tables. 

34. 

The common method, by which it is usual to remedy these inconveniences, 
rests upon the following principles. In the ellipse or hyperbola of which e is the 
eccentricity, p the semi-parameter, and therefore the perihelion distance 
P 

let the true anomaly v correspond to the time t after the perihelion; in the 
parabola of which the semi-parameter = 2 ^, or the perihelion distance = q, let 
the true anomaly tv correspond to the same time, supposing in each case the 
mass ft to be either neglected or equal. It is evident that we then have 



* Since tlie time contains tlie factor (fi or 5^, the greater the values of a 
i more the error iu Mot iVwill be increased. 
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the integrals commencing from y :n= and «/ ^ 0, or 

Denoting Y~Tr ^J "' ^^^ iv hj ^, the forroer integral is found to be 

V(l+«). (d-hl^^Cl — 2«) — ifl^(2« — 3««)-h}^H3«« — 4«^)--etc.), 
the latter, tan i w -\- Han^ i to. From this equation it is easy to determine w 
by a and v, and also y by es and w by means of infinite series: instead of a may 
be introduced, if preferred, 

Since evidently for a :^ 0, or i? ^ 0, we have v :^ w, these series will have the 
following form : — ■ 

^o = v^^1/ -\- dSv" -f- 8^v"' -j- etc. 

where /, v", v'", etc. will be functions of v, and «/, w", iw"', functions of w;. When 
d is a very small quantity, these series converge rapidly, and few terms suffice for 
the determination of w from v, or of v from w. t is derived from iv, or w from t, 
by the metliod we have explained above for the paraboHc motion. 

35. 

Our Bessel has developed the analytical expressions of the three first coeffi- 
cients of the second series w', w", v/", and at the same time has added a table con- 
structed with a single argument w for the numerical values of the two first w' 
and w", ( Yon Zach MojudUche Correspondens, vol. XII., p. 197). A table for the 
first coefficient w\ computed by Simpson, was already in existence, and was 
annexed to the work of the illustrious Oibers above commended. By the use 
of this method, with the help of Bessel's table, it is possible in most cases to 
determine the true anomaly from the time with sufiicicnt precision; what remains 
to be desired is reduced to nearly the following particulars : — 
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I. In the inverse problem, the determination of the time, that is, from the 
true anomaly, it is requisite to have recourse to a somewhat indirect method, and 
to derive w from v bj trial. In order to meet this inconvenience, the first series 
should be treated in the same manner as the second : and since it may he readily 
perceived that — v' is the same function of v as tv' of w, so that the table for «/ 
might answer for v' the sign only being changed, nothing more is required than 
a table for v'% by which either problem may be solved with equal precision. 

Sometimes, undoubtedly, cases may occur, where the eccentricity differs but 
little from unity, such that the general methods above explained may not appear 
to afford sufficient precision, not enough at least, to allow the effect of the third 
and higher powers of d in the peculiar method just sketched out, to be safely 
neglected. Cases of this kind are possible in the hyperbolic motion especially, in 
which, whether the former methods are chosen or the latter one, an error of 
several seconds is inevitable, if the common tables, constructed to seven places of 
figures only, are employed. Although, in truth, such cases rarely occur in prac- 
tice, something might appear to be wanting if it were not possible in all cases to 
determine the true anomaly within 0".l, or at least 0".2, without consulting the 
larger tables, which would require a reference to books of the rarer sort. "We 
hope, therefore, that it will not seem wholly superfluous to proceed to the exposi- 
tion of a peculiar method, which we have long had in use, and which will also 
commend itself on this account, that it is not limited to eccentricities differing but 
little from unity, but in this respect admits of general application, 

36. 

Before we proceed to explain this method, it will be proper to observe that 
the uncertainty of the general methods given above, in orbits approaching the 
form of the parabola, ceases of itself, when E ov F increase to considerable mag- 
nitude, which indeed can take place only in large distances from the sun. To 
show which, we give to 

^j^ea^^ 206265", 

the greatest possible error in the ellipse, which we find in article 32, IV., the 
following form, 
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~ey/(l- 



,«).s] 



206265" J 



from which is evident of itself that the error is always circtimseribed within 
narrow limits when H acquires considerable value, or when cos JU recedes further ' 
froin unity, however great the eccentricity may be. Tliis will appear still more 
distinctly from the following table, in which we have computed the greatest 
numerical' value of that formula for certain given values of U, for seven decimal 
places. 



10° 


masimum error ^= 3".04 


•M 


0.76 


30 


.34 


40 


.19 


SO 


.12 


60 


.08 



The same thing takes place in the hyperbola, as is immediately apparent, if the 
expression obtained in article 32, VII,, is put into this form, 

-»-^(~-^+'""-!:>y< ^l=i> 206266". 

i,(e — COS Jf )' 
The following table exhibits the greatest values of this expression for certain 
given values of F. 



- 




m.^r.»r....r. 


10= 


1.192 


0.839 


8"M 


20 


1.428 


0.700 


I .38 


30 


1.732 


0.577 


0.47 


40 


2.144 


0.466 


0.22 


50 


2.747 


0.364 


0.11 


60 


3.732 


0.268 


,0.06 


70 


5.671 


0.176 


0.02 



When, therefore, E ov F exceeds 40° or 50° {which nevertheless does not easily 
occur in orbits differing but little from the parabola, because heavenly bodies 
moving in such orbits at such great distances from the sun are for the most part 
withdrawn from our sight) there will be no reason for forsaking the general 
method. For the rest, in such a case even the series which we treated in article 
6 
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34 might converge too slowly ; and therefore it is by no means to be regarded 
as a defect of the method about to bo explained, that it is specially adapted 
to those cases in which E or F has not yet increased beyond moderate values. 

37. 

Let us resume in the elliptic motion the equation between the eccentric 
anomaly and the time, 

where we suppose E to be expressed in parts of the radius. Henceforth, we 
shall leave out the factor y/{l -f-/i); if a case should occur where it is worth 
while to take it into account, the symbol t would not express the time itself after 
perihelion, but this time multiplied by \/(l -|-|U.). We designate in future by § the 
perihelion distance, and in the place of E and sin ^, we introduce the quantities 

^ — sin 4 and E-'-^{E—smE) = -^ E + ^'tf si^i -^ = 
the careful reader will readily perceive from what follows, our reason for selecting 
particularly tiiese expressions. In this way our equation assumes the following 
form : — 

(l-«)(J^«+Asm^) + {A + A«)(-B-™*) = «C-T^)*' 
As long as E is regarded as a quantity of the first order, 

AjS+J,sin_B=j;-,V-E' + iAi-B=-etc. 
will be a quantity of the iirst order, while 

will be a quantity of the third order. Putting, therefore, 

44 = «»-A-B'-TA<r^'-etc. 
will be a quantity of the second order, and 

-5=l + ^/«-^*-etc. 
will differ from unity by a quantity of the fourth order. But hence our equation 
becomes 
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B{i{l-e)A- + i,(l + 'ie)A') = kti^-^Y . . . 

By means of the common trigonometrical tables, ^E-\--^m\E may be com- 
puted with sufficient accuracy, but notE — sin E when ^ is a small angle; in this 
way therefore it would not be possible to determine correctly enough the quan- 
tities A and B. A remedy for this difficulty would be furnished by an appro- 
priate table, from which we could take out with the argument E, either B or the 
logarithm of B ; the means necessary to the construction of such a table will 
readily present themselves to any one even moderately versed in analysis. By 
the aid of the equation 

\l A can be determined, and hence i by formula [1] with all desirable precision. 

The following is a specimen of such a table, which will show the slow increase 
of log B ; it would be superfluous to talie the trouble to extend this table, for 
further on we are about to describe tables of a much more convenient form. 



£ 


log 5 


E 


logB 


F. 


tog-B 


0= 


0.0000000 


25° 


0.0000168 


50° 


0.0002675 


5 


00 


30 


0349 


55 


3910 


10 


04 


35 


0fi45 


60 


5526 


15 


22 


40 


1099 






20 


69 


45 


1758 







38. 

It will not be useless to illustrate by an example what has been given in the 
preceding article. Let the proposed true anomaly =^ 100°, the' eccentricity 
= 0.96764687, log j = 9.7666600. The following is the calculation for E, B, 
A, and t : — 

log tan i!) 0.0761865 

logv/i^ 8.1079927 

logtan}.E 9.1841792, whence 3«= 8°41'19".32, andi' = 
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17"22'38".64. To this value of « corresponds log S = 0.0000040 ; next is found 
in parts of the radius,.E'= 0.8082928, sin «= 0.2986643, whence ^'^ H + -g\ lin £ 
= 0.1514150, the logarithm of which = 9.1801689, and so log 4* = 9.1801640. 
Thence is derived, by means of formula [1] of the preceding article, 

logj^ . . . 2,4689614 lo^JL^l+lli{^f . . . 8.76OIO88 
logil* 9.1801649 logil* 7.5404947 



log48.66386= . . 1.6891263 logl9.98014= 1.3005986. 

19.98014 

63.64400 = t. 
If the same example is treated according to the common method, e sin JH in 
seconds is found 3^ 59610".79 ^ 16°83'80".79, whence the mean anomaly =^ 
49'7".86 = 2947':86. And hence from 



.gi(? — -")'= 1.6664302 



lo! 

is derived t = 63.54410. The difference, which is here only x-p o^-fnt P'*''''' ^^ * ^^Tj 
might, by the errors concurring, easily come out three or four times greater. 
It is further evident, that with the help of such a table for log B even the inverse 
problem can be solved with all accuracy, SJ being determined by repeated trials, 
30 that the value of t calculated from it may agree with the proposed value. 
But this operation would be very troublesome : on account of which, we will now 
show how an auxiliary table may be much more conveniently arranged, indefinite 
trials be altogether avoided, and the whole calculation reduced to a numerical 
operation in the highest degree neat and expeditious, which seems to leave 
nothing to be desired, 

39. 

It is obvious that almost one half the labor which those trials would require, 
could be saved, if there were a table so arranged that log .5 could be immedi- 
ately taken out with the argument A. Three operations would then remain ; 
the first indirect, :iamely, the determination of J, so as to satisfy the equation 
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[1], article 37 ; tlie second, the determination of E from A and B, which may be 
done directly, either by means of the equation 

or by tliis, 

the third, the determination of v from E by means of equation VII., article 8. 
The first operation, we will bring to an easy calculation free from vague trials ; 
the second and third, we will really abridge into one, by inserting a new quantity 
C in our table by which means we shall have no need of E, and at the same 
time we shall obtain an elegant and convenient formula for the radius vector. 
Each of these subjects we will follow out in its proper order. 

Pirst, we will change the form of equation [1] so that the Barkerian table 
may be used in the solution of it. For this purpose we will put 

from which comes 

75 tan | ;(. + 25 tan ^ ?/ = I^Mli±ll) ^ « ', 



denoting by a the constant 



2Bq^ 



If therefore B should be known, 20 could be immediately taken from the Barkerian 
table containing the true anomaly to which answers the mean motion ■= ; A will 
be deduced from w by means of the formula 

A^=: ^ tan^ i w, 
denoting the constant 

5 — 5e . a 

1+9^ ^y^- 

Now, although B may be finally known from A by means of our auxiliary table, 
nevertheless it can be foreseen, owing to its differing so little from unity, that if 
the divisor B were wholly neglected from the beginning, w and A would be 
affected with a sliglit error only. Therefore, we will first determine roughly to 
and A, putting B^l; with the approximate value of A, we will find B in our 
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auxiliary table, with which we will repeat more exactly the same calculation ; 
most frequently, precisely the same value of B that had been found from the 
approximate value of A will correspond to the value of A thus corrected, so that a 
second repetition of the operation would be superfluous, those cases excepted in 
which the value of E may have been very considerable. 

Finally, it is hardly necessary to observe that, if the approximate value of B 
should in any other way whatever be known from the beginning, (which may 
always occur, when of several places to be computed, not very distant from each 
other, some few are already obtained,) it is better to make use of this at once in 
the first approximation : in this manner the expert computer will very often not 
have occasion for even a single repetition. We have arrived at this most rapid 
approximation from the fact that B differs from unity, only by a difl^erence of the 
fourth order, and is multiplied by a very small numerical coefficient, which advan- 
tage, as will now be perceived, was secured by the introduction of the quantities 
E — miE,^T^E-^^ sin E, in the place of E and sin E. 

40. 

Since, for the third operation, that is, the determination of the true anomaly, 
the angle E is not required, but the tan I E only, or rather the log tan h E, that 
operation could be conveniently joined with the second, provided our table sup- 
plied directly the logarithm of the quantity 

which differs from unity by a quantity of the second order. We have preferred, 
however, to arrange our table in a somewhat different manner, by which, not- 
withstanding the small extension, we have obtained a much more convenient 
interpolation. By writing, for the sake of brevity, T instead of the tan^ i E, the 
value of ^, given in article 37, 

15 (g— sing) 

is easily changed to 
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in which the law of progression is obvious. Hence is deduced, by the inversion 
of the series, 

Putting, therefore, 

^ = l-iA+0, 

C will be a quantity of the fourth order, which being included in our table, we 
can pass directly to v from A by means of the formula, 



tan 






denoting by y the constant 



;6 + 6_. 

Vl + 9.- 



In this way we gain at the same time a very convenient computation for the 
radius vector. It becomes, in fact, (article 8, VI.), 

_ ?co.'ig , _(l- M + g)? 

41. 

Nothing now remains but to reduce the inverse problem also, that is, the 
determination of the time from the true anomaly, to a more expeditious form of 
computation : for this purpose we have added to our table a new column for T. 
T, therefore, will be computed first from v by means of the formula 

then A and log B are taken from our table with the argument T, or, {which is 
more accurate, and even more convenient also), G and log B, and hence A by 
the formula 

■ -I — (i+^ll. 

^~ i + jr ' 

finally t is derived from A and B by formula [1], article 37. If it is desired to 
caE into use the Barkerian table here also, which however in this inverse problem 
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has less effect in facilitating the calculation, it is not necessary to pay any regard 
to A, but we have at once 

tan iw=^ tan i v y^-^-^^^-, 
and hence the time t, by midtiplying the mean motion corresponding to the true 
anomaly, zo, in the Barkerian table, by — , 

42. 

We have constructed with sufficient fulness a table, such as we have just 
described, and have added it to this work, (Table L). Only the first part pertains 
to the ellipse; we will explain, further on, the other part, which includes the. 
hyperbolic motion. The argument of the table, which is the quantity A, proceeds 
by single thousandths from to 0.300; the log B and G follow, which quantities 
it must be understood are given in ten millionths, or to seven places of decimals, 
the ciphers preceding the significant figures being suppressed; lastly, the fourth 
column gives the quantity T computed first to five, then to six figures, which 
degree of accuracy is quite sufficient, since this column is only needed to get the 
values of log £ and G corresponding to the argument T, whenever i is to be 
determined from v by the precept of the preceding article. As the inverse prob- 
lem which is much more frequently employed, that is, the determination of v and 
r from t, is solved altogether without the help of T, we have preferred the quan- 
tity A for the argument of our table rather than T, which would otherwise have 
been an almost equally suitable argument, and would even have facilitated a little 
the construction of the table. It will not be unnecessary to mention, that all the 
numbers of the table have been calculated from the beginning to ten places, and 
that, therefore, the seven places of figures which we give can be safely relied upon; 
but we cannot dwell here upon the analytical methods used for this work, by a 
full explanation of which we should be too much diverted from our plan. 
Finally, the extent of the table is abundantly sufficient for all cases in which it 
is advantageous to pursue the method just explained, since beyond the limit 
J.:^0.3, to which answers y^^ 0.392374, or E^M°7', we may, as has been 
shown before, conveniently dispense with artificial methoda 
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43. 

We add, for the better illustration of the preceding investigations, an example 
of the complete calculation for the true anomaly and radius vector from the time, 
for which purpose we will resume the numbers in article 38. We put then e = 
0.9674567, log g':^ 9.7656500, ii'^ 63.54400, whence, we first derive the constants 
log a ^ 0.03052357, log (? == 8.2217364, log y = 0.0028755. 

Hence we have logo; i! =^ 2.1083102, to which corresponds in Barker's table 
the approximate value of t<!=z 99" 6' whence is obtained A=^ 0.022926, and from 
our table log B = 0.0000040. Hence, the correct argument with which Barker's 
table must be entered, becomes log^ = 2.1083062, to which answers za = 99° 6' 
13".14 ; after this, the subsequent calculation is as follows: — 

logtanHw . . . 0.1385934 log tan He 0.0692967 

logfj ..... 8.2217364 log/ 0.0028755 

fog^ 8.36'ol298 i Comp. log(l~ iA^C). 0.0040143 

A= 0.02292608 log^t^iiTy . . . TT~. 0.0761865 

hence log B in the same manner as before ; ^ ;?z=; 50°0'0" 

C= . 0.0000242 V— 100 

\ — AA-\-C= . 0.9816833 log-? 9.7656500 

\j^iA-\-C— . 1.0046094 2 Comp. log cos ^ w . . . 0.3838650 

Iog(l— l^-f-C). . . . 9.9919714 

G.\og{l^-lA-\-0). . . 9.9980028 

log?- 0.1394892 



If the factor B had been wholly neglected in this calculation, the true anomaly 
would have come out affected with a very slight error (in excess) of 0".l only. 

44. 

It will be in our power to despatch the hyperbolic motion the more briefly, 
because it is to be treated in a manner precisely analogous to that which we 
have thus far expounded for the elliptic motion. 

7 
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We present the equation between the time i and the auxihary quantity u in 
the following form : — 

(''-l)(A(»-;) + Alog«) + (A+,V^)(i(»-i)-log»)=«(^)*. 
in which the logarithms are hyperbolic, and 

sVCw — -) + TVlogM 
is a quantity of the first order, 

J {„_!)_ log., 

a quantity of the tliird order, when log u may be considered as a small quantity 
of the first order. Putting, therefore, 

6(i(» — ;) — log») A(» — ;) + Tol"g« 

5V(''-;)+AIog» ^"1^ 

A will be a quantity of the second order, but B will differ from unity by a differ- 
ence of the fourth order. Our equation will then assume the following form : — 

^(2(.-1)^* + ^^(1 + 9.)^*)^k(^')^ [2] 

which is entirely analogous to equation [1] of article 37. Putting moreover, 

T will be a quantity of the second order, and by the method of infinite series 
will be found 

F=i + |4 + t?i!4'-T!i4' + iiUfi4*-iA¥i¥ir-i' + eto. 

Wherefore, putting 

O will be a quantity of the fourth order, and 

Finally, for the radius vector, there readily follows from equation VII, ai-ticle 21, 

r = I _ (l + i ^+O)'? 

(l_r)e„,.i,— (t-ii+Ocos'i.- 
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45. 

The latter part of the table annexed to this work belongs, as we have remarked 
above, to the hyperbolic motion, and gives for the argument A (common to both 
parts of the table), the logarithm of 3 and the quantity G to seven places of 
decimals, (the preceding ciphers being omitted), and the quantity T to five and 
afterwai'ds to six figures. The latter part is extended in the same manner as 
the former to ^ = 0.300, corresponding to which is r= 0.241207, m^ 2.930, 
or ^ 0.341, ^z=+52°19'; to extend it further would have been superfluous, 
(article 36). 

The following is the arrangement of the calculation, not only for the determi- 
nation of the time from the true anomaly, but for the determination of the true 
anomaly from the time. In the former problem, T will be got by means of the 
formula 

with T our table will give log B and 0, whence will follow 

.^Ci + C)?-. 
^ — -f— IT"' 

finally i is then found from the formula [2] of the preceding article. In the last 

problem, will first be computed, the logarithms of the constants 

„ 5.-5 
^ = l+lTc 

A will then be determined from t exactly in the same manner as in the elliptic 
motion, so that in fact the true anomaly to may correspond in Barker's table to 
the mean motion ^, and that we may have 

A=(iim^^w; 
the approximate value of A will be of course first obtained, the factor B being 
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either neglected, or, if tlie means are at hand, being estimated ; our table will 
then furnish the approximate value of B, with which the work will be repeated ; 
the new value of B reBulting in this manner will scarcely ever suffer sensible cor- 
rection, and thus a second repetition of the calculation will not be necessary. O 
will be taken from the table with the corrected value of A, which being done we 
shall have, 

t 1 _ j'ti' "i«' _ _ (i+f^ +0)g 

From this it is evident, that no difference can be perceived between the formulas 
for elliptic and hyperbolic motions, provided that we consider /3, A, and T, in the . 
hyperbolic motion as negative quantities. 

46. 

It will not be unprofitable to elucidate the hyperbolic motion also by some 
examples, for which purpose we will resume the numbers in articles 23, 26. 

I. The data are « = 1.2618820, log? = 0.0201657, »=18°61'0": t is 
required. We have 

2 log tan J !) . . . . 8.4402018 log T 7.60S8376 

logi=i 9.0636357 ^«Si.l+0). . . 0.0000002 

_^_!+i C.log(l — fT) . 00011099 

log I- ...... 7.5038375 i^gJ7TTTTM049476" 

T= 0.00319034 

logJ= 0.0000001 

C= ..... 0.0000005 ■ 

^"^m^,- ■ ■ 2-3866444 ,og.-4t^(A)'- • ■ 2.8843682 

logjl* 8.7624738 log .4* 6.2674214 

log 13.77684 = . . 1.1391182 log 0.138605= 9.1417796. 

0.18861 
13.91446 = i. 

II. B and q remaining as before, there is given t ^ 65.41236 ; v and r are 
required. We find the logarithms of the constants, 
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log a = 9.9758345 
log I? = 9.0261649 
log / = 9.980Y846. 

Next we have log ai^ 1.7914943, whence hy Barker's table the approximate 
value of w=70°31'44", and hence 4 = 0.052983. To this A in our table 
answers log .B = 0.0000207 ; from which, log '— = 1.7914736, and the corrected 
value oi w^:^ 70°31'36".86. The remaining operations of the calculation are as 
foUows : — 

log tan 1 » ...... 9.8494699 

log/ 9.9807646 

}C. log(l + |4+e) . 9.9909602 



2 log tan J n 
log |3 . . 



log A, , . . 
A= .... 
log B as before, 

C = 
l + iA+0 = 
l-lA+0 = 



9.6989398 
9.0261649 



8.7241047 
0.05297911 



0.0001262 
1.0425085 
0.9896294 



log tan It. 9.8211947 

J»= . . . 33°31'30".02 
v= ... 67 3 .04 

log? 0.0201657 

2 Clog cos i» . . . . 0.1580378 
log{14-i^+C) . . 0.0180796 
C.log(l — ^il+C) . . 0.0045713 



lege 0.2008644 

Those which we found above (article 26), »= 67°2'69".78, log r = 0.2008641, 
are less exact, and v should properly have resulted ^ 67°3'0".00, with which 
assumed value, the value of i had been computed by means of the larger tables. 
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47. 

In the first section, the motion of heavenly bodies in their orbits is treated 
without regard to the position of these orbits in space. For determining this 
position, by which the relation of the places of the heavenly body to any other 
point of space can be assigned, there is manifestly required, not only the position 
of the plane in which the orbit lies with reference to a certain known plane (as, 
for example, the plane of the orbit of the earth, the ecUpUc), but also the position 
of the apsides in that plane. Since these things may be referred, most advanta- 
geously, to spherical trigonometry, we conceive a spherical surface described 
with an arbitrary radius, about the sun as a centre, on which any plane passing 
through the sun will mark a great circle, and any right line drawn from the 
snn, a point. For planes and right lines not passing through the sun, we draw 
through the sun parallel planes and right lines, and we conceive the great circles . 
and points in the surface of the sphere corresponding to the latter to represent 
the former. The sphere may also be supposed to be described with a radius 
infinitely great, in which parallel planes, and also parallel right lines, are repre- 
sented in the same manner. 

Except, therefore, the plane of the orbit coincide with the plane of the ecliptic, 
the great circles corresponding to those planes (which we will simply call the orbit 
.ind the ecliptic) cut each other in two points, which are called nodes ; in one of 
these nodes, the body, seen from the sun, will pass from the southern, through the 
ecliptic, to the northern hemisphere, in the other, it will return from the latter to 
the former ; the former is called the ascending, the latter the descending node. "We 
(54) 
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fix the positions of the nodes in the ecliptic by means of their distance from the 
mean vernal equinox {bngHude) counted in the order of the signs. Let, in fig. 1, 
S be the ascending node, A9, B part of the ecliptic, CUD part of the orbit; 
let the motions of the earth and of the heavenly body be in the directions from A 
towards B and from C towards D, it is evident that the spherical angle which U D 
makes with a B can increase from to 180°, but not beyond, without S2 ceasing 
to be the ascending node : this angle we call the inclinaiion of the orhU to the 
ecliptic. The situation of the plane of the orbit being determined by the longi- 
tude of the node and the inclination of the orbit, nothing further is wanted 
except the diirtance of the perihelion from the ascending node, which we reckon 
in the direction of the motion, and therefore regard it aa negative, or between 
180° and 360°, whenever the perihelion is south of the ecliptic. The following 
expressions are yet to bo observed. The longitude of any point whatever in 
the circle of the orbit is counted from that point which is distant just so far back 
from the ascending node in the orbit as the vernal equinox is back from the same 
point in the ecliptic : hence, the hngUude of the periheMon will be the sum of the 
longitude of the node and the distance of the perihelion from the node ; also, the 
true hngUude in orbit of the body will be the sum of the true anomaly and the 
longitude of the perihelion. Lastly, the sum of the mean anomaly and longitude 
of the periheUon is called the mean longitude: tliia last expression can evidently 
only occur in elliptic orbits. 



In order, therefore, to be able to assign the place of a heavenly body in space 
for any moment of time, the following things must be known. 

L The mean longitude for any moment of time taken at will, which is called 
the epoch: sometimes the longitude itself is designated by the same name. For 
the most part, the beginning of some year is selected for the epoch, namely, noon 
of January 1 in the bissextile year, or noon of December 31 preceding, in the 
common year. 

XL The mean motion in a certain interval of time, for example, in one mean 
solar day, or in 365, 3651, or 36525 days. 
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III. The semi-axis major, which indeed might be omitted when the mass of 
the body ia known or can be neglected, since it is already given by the mean 
motion, (article 7) ; both, nevertheless, are usually given for the sake of con- 
venience. 

IV. Eccentricity. V. Longitude of the perihelion. VI. Longitude of the 
ascending node. VII. Inclination of the orbit. 

These seven things are called the elements of the motion of t!ie body. 

In the parabola and hyperbola, the time of passage through the perihelion 
serves in place of the first element ; instead of II., are given what in these 
species of conic sections are analogous to the mean daily motion, (see article 
19 ; in the hyperbolic motion the quantity X k i~^, article 23). In the hyperbola, 
the remaining elements may be retained the same, but in the parabola, wbere 
the major axis is infinite and the eccentricity ^ 1, tlie perihelion distance alone 
will be given in place of the elements III. and IV. 

49. 

According to the common mode of speaking, the inclination of the orbit, 
which we count from to 180°, is only extended to 90°, and if the angle made 
by the orbit with the arc Q B exceeds a right angle, the angle of the orbit with 
the arc S A, which is its complement to 180°, is regarded as the inclination of 
the orbit; in this case then it will be necessary to add that the motion h,rdrograde 
(as if, in our fiigure, E9,F should represent a part of the orbit), in order that it 
may be distinguished from the other case where the motion is called direct The 
longitude in orbit is then usually so reckoned that in a it may agree with the 
longitude of this point in the ecliptic, but decrease in the direction Q F; the initial 
point, therefore, from which longitudes are counted contrary to the order of 
motion in the direction Q, F, is just so far distant from SJ, as the vernal equinox 
from the same S in the direction 8 A Wherefore, in this case the longitude of 
the perihelion will be the longitude of the node diminished by the distance of 
the perihelion from the node. In this way either form of expression is easily con- 
verted into the other, but we have preferred our own, for the reason that we 
might do away with the distinction between the direct and retrograde motion, 
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and use always the same formulas for botli, while the common form may fre- 
quently require double precepts. 



50. 

The most simple method of determining the position, with respect to the 
ecliptic, of any point whatever on the surface of the celestial sphere, is by means 
of its distance from the ecliptic {Mitude), and the distance from the equinox of 
the point at which the ecliptic is cut by a perpendicular let fall upon it, {longi- 
tude). The latitude, counted both ways from the ecliptic up to 90°, is regarded as 
positive in the northern hemisphere, and as negative in the southern. Let the 
longitude X, and the latitude ^, correspond to the heliocentric place of a celestial 
body, that is, to the projection upon the celestial sphere of a right line drawn 
from the sun to the body ; let, also, u be the distance of the heliocentric place 
from the ascending node (which is called the argument of the latitude), i be the 
inclination of tiie orbit, Q, the longitude of the ascending node ; there will exist 
between i,u,^,X — Q, which quantities will be parts of a righirangled spherical 
triangle, the foUowing relations, which, it is easily shown, hold good without any 
restriction : — 

I. tan(^ — £i)^cositanM 
IT. tanfJ =tanisin(l — S) 

III. sin ^ = sin i sin u 

IV. cos M:= cos (5 cos (J. £J ). 

When the quantities i and u are given, X — Q will be determined from them by 
means of equation I., and afterwards [i by II! or by III., if (? does not approach 
too near to + 90° ; formula IV. can be used at pleasure for confirming the cal- 
culation. Formulas I. and IV. show, moreover, that X — Q, and u always lie in 
the same quadrant when i is between 0° and 90°; X — £J and 360° — u, on the 
other hand, will belong to the same quadrant when i is between 90° and 180°, or, 
according to the common usage, when the motion is retrograde : hence the ambi- 
guity which remains in the determination of jL— S by means of the tangent 
according to formula I., is readily removed. 
8 
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The following formulas are easily deduced from tlie combmation of the pre- 
ceding : — 

- 2 sin^ I i sin ii cos (X — Q,) 

- tan I / sin ^ cos {l — S ) 

- tan h i tan ^ con u 
) ^iz 2 cos^ J { sin M cos {I — 9,) 

- cotan i « sin /? cos (J. — Q,) 

- cotan i i tan (9 cos u. 



(..-1+8) 


(«-l+S) 


{.. — 1+8) 


(» + l-a) 


(« + l-8) 


(» + l-8) 



V. 

VI. sin (i 
VII. 
VIII. 

IX. sin (i 
X. sin (i 

The angle u — J. -|- Q , when i is less than 90°, or zt -f- ^ — 9,, when i is raore 
than 90°, called, according to common usage, the reduction to the ecliptic, is, in fact, 
the difference between the heliocentric longitude 1 and the longitude in orbit, 
which last is by the former usage Q + «, by ours S + u- "When the inclination 
is small or differs but little from 180", the same reduction may be regarded as a 
quantity of the second order, and in this case it will be better to compute first fi 
by the formula ITL, and afterwards 1 by VII. or X., by which means a greater 
precision will be attained than by formula. I. 

If a perpendicular is let fall from the place of the heavenly body in space 
upon the plane of the ecliptic, the distance of the point of intersection from the 
sun is called the curtate distance. Designating this by r, the radius vector likewise 
by r, we shall have 

XL /=3rcos(3. 



51. 

As an example, we will continue further the calculations commenced in arti- 
cles 13 and 14, the numbers of which the planet Juno furnished. We had 
found above, the true anomaly 315°r23".02, the logarithm of the radius vector 
0.3259877; now let » — 13°6'44".10, the distance of the perihelion from the 
node =3 241°10'20".57, and consequently m — 196''ir43".59 ; finally let fi — 
171" 7'48"'.73. Hence we have : — 

logtanw .... 9.4630573 log sin(;.— a) . . . . 9.4348691^ 

log COS! .... 9.9885266 logtan^ 9.3672305 

logtan(X— S). . 9.4515839 log tan /^ . '." .... 8.8020996 h 
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I— a = 


196°4V'40".26 


(?= — 3°3Y'40".02 


1 = 


6 66 28 .98 


log cos (3 9.9991289 


log I- ... . 


. . 0.326987V 


log cos).— a ... 9.9832862 » 


log COS /5 . . . 


. . 9.9991289 


9.9824141tj 


log/ . . . . 


. . 0.3261186 


log cos a 9.9824141n. 


The calculation by 


means of formnlas III., VII. would be as follows : — 


log sin w . . 


. . 9.4464714» 


log tan 1 ! 9.0604269 


log sin i . . . 


. . 9.3667670 


log tan ^ 8.8020996» 


log sin (? . . 


. . 8.8012284n 


log cos B 9.9824U1» 


t> = 


— 3°3V'40".02 


log8in(ti — J.+ a) . 7.8449396 

» — 1.4- 8= 0°24' 3".34 

J,— a= 196 47 40.25. 



52. 

Regarding i and ti as variable quantities, the differentiation of equation III., 
article 50, gives 

cotan ^dji = cotan ^d^' -|- cotanwdw, 
or 

XIT. d[S—sm(X — a)dz-|-sin2'cos(X — 9.]dti. 
In the same manner, by differentiation of equation I. we get 
Xm. <l(X~Q) = — tanlUos{}.— Q)di-\-^du. 
Finally, from the differentiation of equation XI. comes 
dr = cos /J dr — r 8in(5d(3, 



XIV. dr' ^= cos fi dr — rsinfJsin{J. — S) df — r smj^ sin; cos (?. — S)dM. 
In this last equation, either the parts that contain d{ and dw are to be divided by 
206265", or the remaining ones are to be multiplied by this number, if the 
changes of i and u are supposed to be expressed in minutes ajid seconds. 
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The position of any point whatever in space is moat conveniently deter- 
mined by means of its distances from three planes cutting each other at right 
angles. Asauming the plane of the ecliptic to be one of these planes, and denot- 
ing the distance of the heavenly body from this plane by z, taken positively on 
the north side, negatively on the south, we shall evidently have 2^^/tan |3 n:^ 
r sin (3 ^ r sin { sin w. The two remaining planes, which we also shall consider 
drawn through the sun, will project great circles upon the celestial sphere, which 
will cut the ecliptic at right angles, and the poles of which, therefore, will lie in 
the ecliptic, and will be at the distance of 90° from each other. We call that pole 
of each plane, lying on the side from which the positive distances are counted, 
the positive pole. Let, accordingly, N and iV"-|- 90° be the longitudes of the 
positive poles, and let distances from the planes to which they respectively 
belong be denoted by x andy. Then it will be readily perceived that we have 
x==.r' cos{l —N) 
z=rcos^ cos {X — a ) cos {A^ — S3 ) + ?• cos ,3 sin (^ — Q) sin (iV — Q ) 

— r cos |5 sin (X — Q.) cos (iV — Q) — r cos ^ cos (X — Q.) sin [JY — S ), 
which values are transformed into 

jp _. ^ cos (JY — £i) cos u-\-r cos i sin (JV — Q)smu 

y ^ r cos 8 cos (iV— Q) sin M — >■ sin (iV — Q,)cosu. 

If now the positive pole of the plane of a: is placed in the ascending node, so that 

iV= Q, we shall have the most simple expressions of the coordinates x, y, g, — 

x=r cos u 

y^=.r cos i sin %i 

s-^r sin? sin u. 

But, if this supposed condition does not occur, the formulas given above will 

still acquire a form almost equally convenient, by the introduction of four 

auxiliary quantities, a, b. A, B, so determined as to have 
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COS (iV— Q ) ^^ o sin J. 
cost sin {iV — Q,)^ a COS A 
— sin (iV" — 8 )= A sin 5 
coa i cos (iV — Q,)^=^b cos B, 
(see article 14, II.). We shall then evidently have 
x^^ra sin (u -\- A) 
y::^rl) sin (m -|- B') 
3 ^ r ain i sin u . 

54. 

The relations of the motion to the ecliptic explained in the preceding article, 
will evidently hold equally good, even if some other plane should be substituted 
for the ecliptic, provided, only,the position of the piano of the orbit in respect 
to this plane be known ; but in this ease the expressions longitude and latitude 
must be suppressed. The problem, therefore, presents itself: M-om the known 
position of the plane of the orbit and of another new plane in respect to the ecliptic, to 
derive the position of the plane of the orbit in respect to the new plane. Let nQ>, S £3 ', 
wSJ' be parts of the great circles which the plane of the ecliptic, the plane of the 
orbit, and the new plane, project upon the celestial sphere, (fig. 2), In order 
that it may be possible to assign, without ambiguity,the inchnation of the second 
circle to the third, and the place of the ascending node, one direction or the other 
must be chosen in the third circle, analogous, as it were, to that in the ecliptic 
which is in the order of the signs; let this direction in our figure be from n toward 
Q,'. Moreover, of tlie two hemispheres, separated by the circle nQ,', it will be 
necessary to regard one as analogous to the northern hemisphere, the other to 
the southern ; these hemispheres, in fact, are already distinct in themselves, since 
that is always regarded as the northern, which is on the right hand to one moving 
forward * in the circle according to the order of the signs. In our figure, then, G , 
n, £3', are the ascending nodes of the second circle upon the first, the third upon 
the first, the second upon the third; 180° — n9,9,', UnQ',nQ' Q the inchnar 



r Burface, that is to say, of the sphere represented by our figure. 
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tioiis of the second to the first, the third to the first, the second to the third. 
Our problem, therefore, depends upon the solution of a spherical triangle, in 
which, from one side and the adjacent angles, the other parts are to be deduced. 
"We omit, as sufficiently well known, the common precepts for this case given 
in spherical tiigonometrj : another method, derived from certain equations, which 
are sought in vain in our works on trigonometry, is more conveniently employed. 
The following are these equations, which we shall make frequent use of in future : 
a, h, c, denote the sides of the spherical triangle, and A, B, O, the angles oppo- 
site to them respectively : — 

I. 



,i„J(S_„, , 




.ini(6 + .) c 


mUB-O) 


co.i(5— ) , 


■•'i^S+C) 


CO.!. 


CM 


oo.i(J + o) c 


"iiS+C) 



Although it is neoessory, for the sake of brcTity, to omit here the (Jemonstration 
of these propositions, any one can easily verify them in triangles of which neither 
the sides nor the angles exceed 180°. But if the idea of the spherical triangle is 
conceived m its greatest generality, so that neither the sides nor the angles are 
confined within any limits whatever (which affords several remorkable advan- 
tages, but requires certain preliminary explanations), cases may exist in which it 
is necessary to change the signs in all the preceding equations; since the former 
signs are evidently restored as soon as one of the angles or one of the sides is 
increased or diminished 860°, it will always be safe to retain the signs as we 
have given them, whether the remainmg parts are to be determined from a side 
and the adjacent angles, or from an angle and the adjacent sides ; for, either 
the values of the quantities sought, or those differing by 860° from the true val- 
ues, and, therefore, equivalent to them, will be obtained by our formula-s. We 
reserve for another occasion a fuller elucidation of this subject : because, in the 
meantime, it will not be difBcult, by a rigorous induction, that is, by a complete 
enumeration of all the casefi to prove, that the precepts which we shall base upon 
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these formulas, both for the solution of our present problem, and for other pur- 
poses, hold good in all cases generally. 

55. 

Designating as above, the longitude of the ascending node of the orbit upon 
the ecliptic by S, the inclination by i ; also, the longitude of the ascending node 
of the new plane upon the ecliptic by n, the inclination by t ; the distance of the 
ascending node of the orbit upon the new plane from the ascending node of the 
new plane upon the ecliptic (the arc w S' in fig. 2) by 9,', the inclination of the 
orbit to the new plane by i' ; finally, the arc from 9, to 9,' in the direction of the 
motion by J : the sides of our spherical triangle will be 9, — n, 9,', J, and the 
opposite angles,?'', 180° — i, e. Hence, according to the formulas of the preceding 
article, we shall have 

ain i { &hi ^ (9' -\- J) ^ dn i (9 —n)ein i (i-\-E) 
sin iz'cos J(S' + z/)^cos^S — w)sin i (i — e) 
cos ii' sin i(9' — J) =:sin ^ (S — n)cosi(i-\- t) 
eosa^z'cos^ [9' — J) =1 cos ^{9 — n)coai {{■ — ■ e). 
The two first equations will furnish h (9' -{- J) and sin H'; the remaining two, 
i{Q' — ^) and cos H''; from ^9' -\- J) and ^{9'— J) will follow S'lmd//; 
from sin ^ ^'' and cos i { (the agreement of which will serve to prove the calcula- 
tion) will result «'. The uncertainty, whether ^(Q'-|-^) and ^{9' — J) should 
be taken between and 180° or between 180° and 360°, will he removed in this 
manner, that both sin ^ i', cos i *', are positive, since, from the nature of the case, i! 
must fall below 180°. 

56. 

It will not prove unprofitable to illustrate the preceding precepts by an 
example. Let S — 172°28'13".7, i= 34°38'l".l; let also the new plane be 
parallel to the equator, so that n =z 180° ; we put the angle e, which will be the 
obliquity of the ecliptic ^^ 23°27'55".8. We have, therefore. 
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9,—n^ — 7''31'46".3 ^(a_„)^ —3° 45' 53".] -5 

i-\-s^ 58 5 56.9 h{i-\-f.)= 29 2 58.45 

i~i== 1110 5,3 ^{i^^)^ 5 35 2.65 

]ogsini(S~«) . . 8.8173026ra logcos i (S — ;;) . . 9.9990618 

]ogam^(2+s) . . . 9.6862484 logsini(* — e) . . . 8.9881405 

logcosi(« + E) . . . 9.9416108 log cos ^ (^ — e) . . . 9.9979342. 

Hv'Di c v.'f.' have 

log sin h /sin ^ ( S'-j- z/) 8.5035510« log cos i i' sin i ( a'— z/) 8.7589134)i 

log8mH°cos^(S'4-z/) 8.9872023 logcos ^^''oos ^£3'— //) 9.9969960 

whence ^ (S'+z/) = 34r49'19".01 whence i { S' — ^) :^ 356''4r31".43 

logsin ^*" 9.0094368 logcoa ^/ 9,9977202. 

Thna we obtain ^ «" — 5° 51' 56".445, «'^ ir43'52".89, S3' — 338°30'50".43, 
j^-- — 14= 52' 12".42. Finally, the point n evidently corresponds in the celestial 
sphere to the autumnal equinox ; for which reason, the distance of the ascending 
node of the orbit on the equator from the vernal equinox (its right ascension) 
will be 158"80'50".43. 

In order to illustrate article 53, we will continue this example still further, 
and will develop the formulas for the coordinates with reference to the three 
planes passing through the sun, of which, let one be parallel to the equator, and 
let the positive poles of the two others be situated in right ascension 0° and 90": 
let the distances from these planes be respectively s, x, y. If now, moreover, 
the distances of the heliocentric place in the celestial sphere from the points S2, 
£3', are denoted respectively by m, ?(', we shall have w'^it — z^=m-[-14''52'12'''.42, 
and the quantities which in article 53 were represented by i, N — £J, u, will here 
be f, 180° — Q', m'. Thus, from the formulas there given, follow, 

logffsin.4 . . . . 9.9687I97« log ^ sin 5 . . . . 9.5638058 
logacos^ .... 9.5546380/i log5cos-S .... 9.9595519k 
whence ^^ 248''55'22".97 whence .Sz^ 158° 5' 54".97 

log« 9.9987923 log i 9.9920848. 

Wo have therefore, 
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ar=a?-siii(w'+248°55'22".97) — «?■ sin (« + 263°47'35".S9) 
^=ir sin {ti'-{-15S 5 54 .97) = 5r sin (m + 172 58 7.39) 
s = crsmii = er sin [u -j- 14 52 12 .42) 

in which log e — log sin i = 9.3081870. 

Another solution of the problem here treated is fonnd in Von Zach's MomiUehe 

Oorresponderis, B. IX. p. 385. 

57. 

Accordinglj, the distance of a heavenly body from any plane passing through 
the Sim can be reduced to the form kr sin [v -\- K), v denoting the true anomaly ; 
k will be the sine of the inclination of the orbit to this plane, K the distance 
of the periheHon from the ascending node of the orbit in the same plane. So far 
as the position of the plane of the orbit, and of the line of apsides in it, and also 
the position of the plane to which the distances are referred, can be regarded as 
constant, k and K will also be constant. In such a case, however, that method 
will be more frequently called into use in which the third assumption, at least, is 
not allowed, even if the perturbations should be neglected, which always affect 
the first and second to a certain extent. This happens as often as the distances 
are referred to the equator, or to a plane cutting the equator at a right angle 
in given right ascension: for since the position of the equator is variable, owing to 
the precession of the equinoxes and moreover to the nutation {if the true and not 
the mean position should be in question), in this case also k and K wUl be subject 
to changes, though undoubtedly slow. The computation of these changes can be 
made by means of differential formulas obtained without difficulty: but here 
it may be, for the sake of brevity, sufficient to add the differential variations 
of*', S' and J, so far as they depend upon the changes of SJ — n and e. 
d «' := sin £ sin S ' d ( 2 — «) — cos Si ' d e 

Bins' *■ ■' I tauj 



■-d(S— «)+''°H-dE. 



Finally, when the problem only is, that several places of a celestial body with 
9 
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respect to such variable planes may be computed, which places embrace a mod- 
erate interval of time (one year, for example), it will generally be most con- 
venient to calculate the quantities a, A, b, B, e, O, for the two epochs between 
which they fall, and to derive from them by simple interpolation tlie changes for 
the particular times proposed. 



Our formulas for distances from given planes involve v and r ; when it is 
necessary to determine these quantities first from the time, it will be possible to 
abridge part of the operations still more, and thus greatly to lighten the labor. 
These distances can be immediately derived, by means of a very simple formula, 
from the eccentric anomaly in the ellipse, or from the auxiliary quantity F or u 
in the hyperbola, so that there wUl be no need of the computation of the true 
anomaly and radius vector. The expression kr sin {v -\- K) is changed ; 

I. For the ellipse, the symbols in article 8 being retained, into 
ak cos (p cos KsvaE-\- ah sin Z"(cos E — e). 
Determining, therefore, I, L, X, by means of the equations 
aksiaJ(C=lsmZ 
ah cos 9 cos it ^3 ^ cos X 
— ea'kmiKT= — el m\L^^X, 
our expression passes into ^sin (^+ X) + \ in which I, L, X mvWI be constant, so 
far as it is admissible to regard h, K, e us constant ; but if not, the same precepts 
which we laid down in the preceding article will be sufficient for computing their 
changes. 

We add, for the sake of an example, the transformation of the expression for 
X found in article 56, in which we put the longitude of the perihehon — 121=17' 
34".4, f ^ 14° 13' 3r'.97, log a = 0.4423790. The distance of the perihehon from 
the ascending node in the ecliptic, therefore, = 308''49'20".7 = w — t'; hence 
.r=212°36'56".09. Thus we have, 
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logffi/c 0.4411713 log/sinX .... 0.1727600k 

logsiniT .... 9.73158873J log^cosX .... 0.3531154« 

log «^ cos 9 ... 0.4276456 whence X= 213°25'51".30 

logcosX .... 9.9254698« logl= 0.4316627 

log^= 9.5632352 

X= +0.3657929. 

II. In the hyperbola the formula k r sin {v -\- K), hy article 21, passes into 
I -|-|ittan J' + vsec-^, if we put ebksmK^l, bkiami! coaK^fi, — 5 A sin X 
^=v; it is also, evidently, allowable to bring the same expression under the form 

n.in{F + If}-\-r 
casF 

If the auxiliary quantity u is used in the place of F, the expression kr sin {v -^X) 
will pass, by article 21, into 

in which a, §, y, are determined by means of the formulas 
K = J. = e5^'sin.r 

^ = ^^{v-\-^)=—\ellc sin {K^^^) 
r=iily — ft)^~^ebk sin (_r+ f). 

III. In the parabola, where the true anomaly is derived directly from the time, 
nothing would remain but to substitute for the radius vector its value. Thus, 
denoting the perihelion distance by q, the expression kr sin {v + -ff") becomes 



59. 

The precepts for determining distances from planes passing through the sun 
may, it is evident, be applied to distances from the earth ; here, indeed, only the 
most simple cases usually occur. Let R be the distance of the earth from the sun, 
L the heliocentric longitude of the earth {which differs 180" from the geocentric 
longitude of the sun), lastly,^, Y, Z, the distances of the earth from three planes 
cutting each other in the sun at right angles. Kow if 
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I. The plane of Z is tie ecliptic itself, and the longitudes of the poles of the 
remaining planes, the distances from which are X, Y, are respectively N, and 
iV+ 90° ; then 

X=^ i? cos (Z — iVO, Y^R^-ai{L — N\ Z^^. 

II. If the plane of Z k parallel to the equator, and the right ascensions of the 
poles of the remaining planes, from which the distances are X, Y, are respectively 
0" and 90^ we shall have, denoting by s the obhquity of the ecliptic, 

X=IicosZ, Y := J? COS s sin L, Z ::= li dn e sin £. 

The editors of the most recent solar tables, the illustrious VoN Zach and de 
Lambrr, first began to take account of the latitude of the sun, which, produced 
by the perturbations of the other planets and of the moon, can scarcely amount 
to one second. Denoting by B the heliocentric latitude of the earth, which will 
always be equal to the latitude of the sun but aifected with the opposite sign, we 
shall have, 



In Case 



X=BgosB cos (i — M) 
Y= It cosfisin (L — JV) 
Z=RsmB 



In Casi 



X^R cos B cos L 

F =1 Ji cos B cos £ sin L — i? sin 5 sin « 
Z = Ji cosB sins sin L -{- E sin B cos e. 

It will always be safe to substitute 1 for cos^, and the angle expressed in parts 
of the radius for sin B. 

The coordinates thus found are referred to the centre of the earth, if g, ij, ^, 
are the distances of any point whatever on the surface of the earth from three 
planes drawn through the centi-e of the eartii, parallel to those which were drawn 
through the sun, the distances of this point from the planes passing through the 
sun, will evidently be X+g, F-\-tj, Z-\- C: the values of the coordinates |, ij, ^, 
are easily determined in both cases by the followmg method. Let (> be the radius 
of the terrestrial globe, (or the sine of the mean horizontal parallax of the sun,) 
I the longitude of the pomt at which the right lino drawn from the centre of the 
earth to the pomt on the surface meets the celestial sphere, /? the latitude of the 
same point, a the right ascension, d the declination, and we shall have, 
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In Case I. 




Id Case 11. 


g =z 9 COS (5 COS (1 - 


-^) 


^ = qcosd cos cs 


ij:i=^ cos/5 sin(X- 


-^) 


i; :^ ^ cos (? sin a 


C = ?sm;5 




C :^^ 9 sin (J. 



This point of the celestial sphere evidently corresponcls to the zenith of the 
place on the surface (if the earth is regarded as a sphere), wherefore, its right 
ascension agrees with the right ascension of the mid-heaven, or with the sidereal 
time converted into degrees, and its declination with the elevation of the pole ; 
if it should he worth while to take account of the spheroidal figure of the earth, 
it would be necessary to adopt for d the corrected elevation of the pole, and for 
Q the true distance of the place from the centre of the earth, which axe deduced 
by means of known rules. The longitude and latitude I and (5 will be derived 
from a and S by known rules, also to be given below : it is evident that I coin 
cides with the longitude of the nmagedmal, and 90" — /5 with its altitude. 

60. 

If X, y, z, denote the distances of a heavenly body from three planes cutting 
each other at right angles at th^ sun; X, T, Z, the distances of the earth (either 
of the centre or a point on the surface), it is apparent that x~X,y~Y,s ~Z, 
would be the distances of the heavenly body from three planes drawn through 
the earth parallel to the former; and these distances would have the same relation 
to the distance of the body from the earth and its geocentric place* (that is, the place 
of its projection in the celestial sphere, by a right line drawn to it fromtlie earth), 
which x,y, £r,have to its distance from the sun and the heliocentric place. Let J 
be the distance of the celestial body from the earth ; suppose a perpendicular in 
the celestial sphere lot fall from the geocentric place on the great circle which 
corresponds to the plane of the distances s, and let a be the distance of the 
intersection from the positive pole of the great circle which corresponds to the 



* In the broader sense: for properly tliis expression refers to that case in which the right line is 
drawn from the centre of the earth. 
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plane of the distances x; and, finally,let h be the length of this perpendicular, or 
the distance of the geocentric place from the great circle corresponding to the 
distances s. Then b will be the geocentric latitude or declination, according as the 
plane of the distances is the ecliptic or the equator ; on the other hand, a -(- iV 
will be the geocentric longitude or right ascension, if W denotes, in the former 
case, the longitude, in the latter, the right ascension, of the pole of the plane of 
the distances x. Wherefore, we shall have 

3; — X^J cos 5 cos a 

y — Y^:= A cos ^ sin a 
z — Z =:zj smb. 

The two first equations will give a and J cos h ; the latter quantity (which must 
be positive) combined with the third equation, will give 5 and J. 

61. 

We have given, in the preceding ai'ticles, the ea^siest method of detenninmg 
the geocentric place of a heavenly body with respect to the ecliptic or equator, 
either free from parallax or affected by it, and in the same manner, either free 
from, or affected by, nutation. In what pertains to the nutation, all the difference 
will depend upon this, whether we adopt the mean or true position of the equator; 
as in the former case, we should count the longitudes from the mean equinox, 
in the latter, from the true, just as, in the one, the mean obliquity of the ecliptic 
is to be used, in the other, the true obliquity. It appears at once, that the greater 
the number of abbreviations introduced into the computation of the coordinates, 
the more the preliminary operations which are required ; on which account, the 
superiority of the method above explained, of deriving the coordinates immedi- 
ately from the eccentric anomaly, will show itself especially when it is necessary 
to determine many geocentric places. But when one place only is to be com- 
puted, or very few, it would not be worth while to undertake the labor of calcu- 
lating so many auxiliary quantities. It will be preferable in such a case not to 
depart fi'om the common method, according to which the true anomaly and radius 
rector are deduced from the eccentric anomaly; hence, the heliocentric place 
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with respect to the ecliptic; hence, the geocentric longitude and latitude; and 
hence, finally, the right ascension and declination. Lest any thing should seem 
to be wanting, we will in addition briefly explain the two last operations. 

62. 

Let 1 be the heliocentric longitude of the heavenly body, j3 the latitude ; I the 
geocentric longitude, h the latitude, r the distance from the sun, J the distance 
from the earth ; lastly, let Z be the heliocentric longitude of the earth, £ the lat- 
itude, a its distance from the sun. When we cannot put ^ :^ 0, our formulas 
may also be applied to the case in which the heliocentric and geocentric places 
are referred, not to the ecliptic, but to any other plane whatever ; it will only be 
necessary to suppress the terms longitude and latitude : moreover, account can 
be immediately taken of the parallax, if only, the heliocentric place of the earth 
is referred, not to the centre, but to a point on the surface. Let us put, moreover, 

rcoa^=: r', J cosl> = J', RgosB = R . 

Now by referring the place of the heavenly body and of the earth in space to 
three planes, of which one is the ecliptic, and the second and third have their 
poles in longitude N and N-\- 90°, tlie following ecLuations immediately present 
themselves: — 

/ cos {X — i\^) ~ i^' cos {Z ~ i\^) ::= ^' COS [l — N) 

/ sin {l — N) — R' sin {L~N)= J' sin {l—N) 
r' tan (i — R' tan B ^n^ J' tan i, 

in which the angle N is wholly arbitrary. The first and second equations will 
determine directly I — JSf and J', whence h will follow from the third; from b 
and J' you will have J. That the labor of calculation may be as convenient as 
possible, we determine the arbitrary angle N in the three following ways: — 
I. By putting JV=::i, we shall make 

^,sia.{l — L) = P, ^cos(^ — i) — 1=^, 

and / — X, -^, and h, will be found by the formulas 
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' Q 

€. — _ ^ __ ^ 

R' ~~ im{l—L) — eos(; — i) 

-=;tan^ — tan 5 
tani— 1^— 



H. By putting N^ 1, we shall make 

~ein(X — X) = P, l_|! cos (X — £)=(?, 
and we shall have, 



sin {;-;.) - 



m. By putting N=: h{'^-\- L), I and J' will be found by means of the 
equations 

tan (;— J (?. -f X)) = ^^±1^ tan i {;L — i) 

and afterwards h, by means of the equation given above. The logarithm of the 
fraction 

•/ — R' 
ia conveniently computed if -r is put :^ tan C, whence we have 

^ = tan (46° + ?:). 

In this manner the method IIL for the determination of I is somewhat shorter 
than I and H.; but, for the remaining operations, we consider the two latter 
preferable to the former. 
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63. 

For an example, we continue ftirtlier the calculation carried to the heho- 
centric place in article 51. Let the heliocentric longitude of the earth, 
2t° 19' 4r.06 = X, and log S = 9.9980979, correspond to that place; we put 
the latitude =0. We have, therefore, I — L = — IT 24,' 20" M, lag Jf = 1!, 
and thus, according to method IL, 

log^ .... 9.6729813 log(l— C) . . . . 9.6626268 

logsm(l — Z) . 9.475865,Sii 1— <)= 0.4493926 

log cos {), — _£) . 9.9796446 Q= 0.5606075 

log-P .... 9.14884661! 
log§ .... 9.7408421 

Hence i—), = — 14-21' 6".75 whence Z= 352°34'22".23 

log^r .... 9.7646117 whence log//' . . . 0.0797283 

logtan/? . . . 8.8020996» logcosS 9.9978144 

logtanJ . . . 9.0474879» }ogJ 0.0824189 

i = — 6°21'65".07 

According to metliod III., from log tan f = 9.6729813, we have C = 26"13'6".31, 
and thus, 

log tan (46° + f) . . . 0.4441091 

logtanl(). — i) . . . 9.1848938s 

logtan(i— il — JJ) . 9.6290029n 

^"ffTtr""" 23° 3'16".79 I ^hence;=852°34'22".225. 
il + ii= 153739.015J 

64. 

We further add the following remarks concerning the problem of article 62. 
I By puttmg, in the second equation there given, 
Jf=l, M=L, N=l, 
10 



Hosted by 



Google 



74 RELATIONS PERTAINING SIMPLY [BoOK I. 

there results 

.I^sm{X — L) = J'^n(l~X) 
/sin {X — L) = J'sm{l — L) 
r' sin {l— I) = R' sin (/ — L) . 

The first or the second equation can be conveniently used for the proof of the 
calculation, if the method I. or II. of article 62 has been employed. In our 
example it is as follows : — 

. logsm{l — L) , . . 9.4758653« /— i = — 31°45'26".82 
log:^. ...... 9.7546117 

9.7212536m 
log sin (^— X) . . . 9.7212536b 
n. The sun, and the two points in the plane of the ecliptic which are the 
projections of the place of the heavenly body and the place of the earth form a 
plane triangle, the sides of which are J', M', /, and the opposite angles, either 
l — L,l—X, 180° — ^+Z, or L^X, X~l, and 180° — X + /; from this the 
relations given in I. readily follow. 

HI, The sun, the true place of the heavenly body in space, and the true place 
of the earth will form another triangle, of which the sides will bo J, R, r : if, 
therefore, the angles opposite to them respectively be denoted by 

S,T, ISO' — S—T, 
we shall have 

sin^ _ siriT _ sir, ( S-^T) 
A R '" r 

The plane of this triangle will project a great circle on the celestial sphere, in 
which will be situated the heKocentric place of the earth, the heliocentric place 
of the heavenly body, and its geocentric place, and in such a manner that the 
distance of the second from the first, of the third from the second, of the third 
from the first, counted in the same direction, wUl be respectively, B,T, 8 -Y T. 

lY. The following difierontial equations are derived from known dificrential 
variations of the parts of a plane triangle, or with equal facUity from the fonnu- 
las of article 62: — 
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dl-. 



_/cos(l-0 



d;.- 



_sin(J.-0. 



-/s!n(X — ^)d^-|-cos(J. — ^)dr' 



in whicL. the terms which contain d/ d^' are to be multiphed by 206265, or the 
rest are io be divided by 206265, if the variations of the angles are expressed in 
seconds. 

y. The inverse problem, that is, the detennination of the heliocentric from 
the geocentric place, is entirely analogous to the problem solved above, on which 
account it would be superfluous to pursue it further. Tor all the formulas of 
article 62 answer also for that problem, if, only, all the quantities which relate to 
the heliocentric place of the body being changed for analogous ones referring to 
the geocentric place, Z ~\- 180° and — B are substituted respectively for Z and B, 
or, which is the same thing, if the geocentric place of the sun is taken instead of 
the heliocentric place of the earth. 



65. 

Although in that case where only a very few geocentric places arc to be 
determined from given elements, it is hardly worth while to employ all the 
devices above given, by means of which we can pass directly from the eccentric 
anomaly to the geocentric longitude and latitude, and so also to the right ascen- 
sion and decMnation, because the saving of labor therefrom would be lost in 
the preliminary computation of the multitude of auxiliary quantities; stiU, the 
combination of the reduction to the echptic with the computation of the geocen- 
tric longitude and latitude will afford an advantage not to be despised. For if the 
ecliptic itself is assumed for the plane of the coordinates s, and the poles of 
the planes of the coiirdinates x, y, are placed in Q, 90° -|- SJ, the coordinates are 
very easily determined without any necessity for auxiliary quantities. We have. 



x = T cos n 
y=T cos i sin u 
s^r sin i sin u 



X^ircos(X— a) 
F=ir8in(X— £3} 
^==i;'tan_B 



-r=J'smiJ—Q) 
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When 13 = % then E' = B, Z . 
solved as follows : — 

L 



RELATIONS PERTAINING SIMPLY [BoOK T. 

0. Aecording to these formulas our example is 



-8 = 213° 12' 0".32. 



logi- 0.3259877 

log cos » . . . . . 9.9824141 » 
logsiuM ..... 9.4454714?; 



"iagli 9.9980979 

log cos (i— a) . . 9.922C027» 
logsm(X — 8) . . 9.73843631! 



03084018,! logX ..... 9.9207006« 



log r sin M . . . . 9.7714591 H 

log COS! 9.9885286 

log sin! 9.3557670 

logy ...... 9.7599867!i 

logs 9.1272161!! 

Hence follows 

\og(x—X) . . . 0.0795906,! 

log(y— .^) . ■ . 8.4807165i! 
whence(;— 8)= 181°26'33".49 

log^' 0.0797283 

logtiiuJ 9.0474878,! 



logr. 

z= 



9.7366SS2» 




362°84'22".22 
— 6 21 56.06 



66. 

The right ascension and declination of any point whatever m the celestial 
sphere are derived from its longitude and latitude by the solution of the spherical 
triangle which is formed by that point and by the north poles of the ecliptic and 
equator. Let « be the obliquity of the ecliptic, I tlie longitude, i the latitude, a 
the right ascension, * the declination, and the sides of the triangle will be e, 
90° — J, 90° — * ; it will be proper to take for the angles opposite the second 
and third sides, 90° + o, 90° — 4 (if we conceive the idea of the spherical triangle 
in its utmost generality); the third angle, opposite s, we wUl put= 90° — E. We 
shall have, therefore, by the formulas, article 54, 
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sin (45° — H) sin J (^+ «) ^ sin {45° + ^ sin (45° — i (e + h)') 

sin (45° —id) cos i{Ji-\-ct)^ cos (45° + I (( cos (45° ~i{s — 5)) 

cos (45°— i (T) sin ^ {JfJ— a) z= cos (45° + ^ /) sin (45° ^ i (e — 5)) 

cos (45°— i d) cos ^ {^— a) = sin {45° -j- k I) cos (45° — i (e + S)) 

The first two equations will give h{E-\-a) and sin (45° — k^); the last two, 

i{^ — a) and cos (45° — hS); from I (_£'-[-") and I (^ — «) will be had a, and, 

at the same time, E ; from sin (45° — ^ ^) or cos (45° — h S), the agreement of 

which will serve for proving the calculation, wlU be determined 45° — i ^, and 

hence d. The detennination of the angles ^ {E -\- a), ^[E — a) by means of 

their tangents is not subject to ambiguity, because both the sine and cosine of the 

angle 45° — ^S must be positive. 



The differentials of the quantities 
according to known principles to be, 



X, d, from the changes of /, 5, sire found 



d« = 
d<J = 



cos E coal d^-l- 



sin.E'di. 



67. 

Another method is required of solving the problem of the preceding article 
from the equations 

cos 8 sin / = sin £ tan h -\- cos I tan a 

miS =:^ cos £ sin 5 -j- sin e cos S sin ^ 
cos h cos I = cos a cos S . 
The auxiliary angle 5 is determined by the equation 
tan &^ - 



and we shall have 



tan« : 



iiT 



_ cos (s -\-6)ia-nl 



tan d = sin a tan (s -\-6), 

to which equations may be added, to test the calculation, 

. cosJcoa/ . cos (e + e) COS J sin? 
coso =■ ■,orcoso:^ — ^"——J-- • 
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Tliis ambiguity in the detenuinatiou of a by the second equation is removed by 
this consideration, that cos a and cos / must have the same sign. 

This method is less expeditious, if, besides a and §, E also is required : the most 
convenient formula for determining this angle will then be 

But _£" cannot be correctly computed by this formula when + cos _£^ differs but 
little from unity; moreover, the ambiguity remains whether E should be taken 
between and 180°, or between 180° and 360°. The inconvenience is rarely 
of any importance, particularly, since extreme precision in the value of E is not 
required for computing differential ratios ; but the ambiguity is easily removed 
by the help of the equation 

cos h cos I? sin _£^ ^ cos e — sin 5 sin d, 
which shows that E must be taken between and 180°, or between 180" and 
360°, according as cos s is greater or less than sin 5 sin ^ : this test is evidently not 
necessary when either one of the angles h, 8, does not exceed the limit 66° 32'; 
for in that case sin ^ is always positive. Tiually, the same equation, in the case 
above pointed out, can be applied to the more exact determination of E, if it 
appears worth while. 



The solution of the inverse problem, that is, the determination of the longi- 
tude and latitude from the right ascension and dechnation, is based upon the same 
spherical triangle ; the formulas, therefore, above given, wUl be adapted to tins 
purpose by the mere interchange of h with d, and of / with — a. It will not be 
unacceptable to add these formulas also, on account of their frequent use ; 
According to the method of article 66, we have, 

sin (45° ~ii) sin h{E-~l)= cos (45° -|- i a) sm (45° — ^ (e + S)) 
sin (45° — i 5) cos i (^— ;) = sin (45° + ^ «) cos (46° — i (e — S)) 
cos(45°— ^ J) sin n-S'+0 = sin(45° + I «) sin (45° — I (e~d)) 
cos(45°— |*)cosi(J'-)-/)=cos(45° + i«)cos(45° — i(E-fd)). 
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As ill the other method of article 67, we will determine the auxiliary angle C 
by the equation 

, y Ian S 

tan Q = - — , 

and we shall have 

tan b = sin ^tan {^ — e). 
For proving the calculation, may be added, 



cos b^=.- 



'^(C-^)c. 



For the determination of ^, in the same way as in the preceding article, the fol- 
lowing equations will answer : — ■ 

cos b cos 5 sin ^ :3r: cos * — sin 5 sin d . 
The differentials of I, b, will be given by the formulas 

dj sin .B cos S -i i cos-fi -i «, 
i^ J — d«-j T-do 

db^ — cosJ^cos^da -f- sin^d^. 



We will compute, for an example, the longitude and latitude from the right 
ascension 355°43'45'''.30:^a, the declination — 8''47'25" :^i5, and the obhquity 
of the ecliptic 23°2r 59'''.26 — e. We have, therefore, A5'-\-ia = 222° 51' 52".65, 
45° _ J (s 4- 5) == 37" 39'42".87, 45° ~i{E—d) = 28° 62' 17".87 ; hence also, 
ogcoa(45° -\-kcc) . . 9.8650820b log sin (45°+ k a) ■ ■ 9,8326803ra 
[ogsin(45° — ^(« + d)) 9.7860418 log sin (45°— ^ (e— 5)) 9.683S112 
[ogcos(45°— i(e + d}) 9.8985222 logcos(45° — i (« — d)) 9.9423572 
log sin (45° — ii) sin i (-E — ;) . . 9.6511238tt 
log sin (45° —ib) cos i {U— I) . . 9.7760375« 
whence i {E— t) = 216" 56' 5".39 ; log sm (45° — ^ 5) = 9.8723171 
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Iogcos(45°— JS)6inJ(_B + ;) . . 9.6164915» 
log cos (45° — 4 *) cos 4 (*+ . . 9.7836042s 
whence i (j;+ i) = 209°30'49".94 : log cos (46° — 4 J) = 9.8239669. 

Therefore, wo have M = 426° 26'66".33, / = — 7° 26' 16".46, or, what amoimts 
to the same thing, .B = 66°26'66".S3, ?= 352°34'44".66i the angle 45°— iJ, 
obtained from the logarithm of the sine, is 48°10'58".12, from the logarithm of 
the cosine, 48°10'58".17, from the tangent, the logarithm of which is their differ^ 
ence, 48° 10' 68".14 ; hence i = — 6° 21'66".28. 

According to the other method, the calculation is as follows : — 
log tan* .... 9.1893062k Clog cos f .... 0.3626190 
log sin o . . . . 8.8719792» logcos(i; — e) . . 9.8788708 
log bin C. . . . 0.3173270 log tan a .... 8.8731869» 

C= 64°17'6".83 log tan?. . . . .' 9.1147762ii 

C — e= 40 49 7.67 1= 362°34'44".60 

log sin? '..... 9.1111232s 
logtan(C — «) . . 9.9363874 

logtanS 9.0476106i> 

S= — 6°21'56".26. 

For determining the angle E wo have the double calculation 

log sine .... 9.6001144 log sine 6.8001144 

log cos o. . . . 9.9987924 log cos/ 9.9963470 

Clog cos S . . . 0.0026869 Clog cos* .... 0.0061313 



log cos £ . . . 9.6016927 log cos .S 9.8016927 

whence i;= 66°26'66".86. 

70, 

Something is still to be added concerning the parallax and aberraiim, that 

nothing requisite for the computation of geocentric plaxjes may he wanting. 

We have already described, above, a method, according to which, the place 

affected by parallax, that is, corresponding to any point on the surface of the 
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earth, can be determined directly with the greatest facility; but as in the com- 
mon method, given in article 62 and the following articles, the geocentric place is 
commonly referred to the centre of the earth, in which case it is said to be free 
from parallax, it will be necessary to add a particular method for determining the 
parallax, which is the difference between the two places. 

Let the geocentric longitude and latitude of the heavenly body witli reference 
to the centre of the earth he I, (i ; the same with respect to any point whatever 
on the surface of the earth he l,i ; the distance of the body from the centre of 
the earth, r; from the point on the surface, J; lastly, let the longitude L, and the 
latitude B, correspond to the zenith of this point in the celestial sphere, and let 
the radius of the earth be denoted by M. Now it is evident that all the equations 
of article 62 will be applicable to this place also, but they can be materially 
abridged, since in this place E expresses a quantity which nearly vanishes in 
comparison with r and J. The same equations evidently wdl hold good if 1,1, Z 
denote right ascensions instead of longitudes, and jS, b, S, declinations instead of 
latitudes. In this case I — I, b — /?, will be the parallaxes in right ascension and 
declination, but in the other, parallaxes in longitude and latitude. If, accord- 
ingly, R is regarded as a quantity of the first order, I — X,b~~§, J — r, wiU be 
quantities of the same order ; and tiie higher orders bemg neglected, from the 
formulas of article 62 wiU be readily derived : — 

II. {— (S= "'^^S?!^?^?!? (tan (? COS (). — £) — tan i) 
in. J — r=^ — ij!cosi?sm/i(cotaii (i cos (3. — L) -)- tani?). 
The auxiliary angle & being so tal^en that 

■'='"'' = ^1^' 
the equations II. and III. assume the following form : — 

II i — 8 = ^cosgcos(X-£)dn(p-3) ^ flajp gain (_g-^) 
^ rco&O rainS 

0) SsmBaoafS — m 
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Further, it is eTident, that in I and 11., in order that / — ^ and 5 — (! may be 
had in seconds, for R, must be taken the mean parallax of the sun in seconds ■ 
but in in., for E, must be taken the same parallax divided by 206265". Finally, 
when it is required to determine in the inverse problem, the place free from 
parallax from the place atfccted by it, it will be admissible to use J, I, h, instead 
of r, I, (?, in the values of the parallaxes, without loss of precision. 

Emmph. — Let the right ascension of the sun for the centre of the earth 
be 220°48'44".66 = I, the declination,— 15°49'43".94 =|S, the distance, 0.9904311 
:=r: and the sidereal tune at any point on the surface of the earth expressed 
in degrees, 78°20'S8" = X, the elevation of the pole of the point, 46°27'67" = .B, 
the mean solar parallax, 8".6 = R. The place of the sun as seen from this point, 
and its distance from the same, are required. 



logi; 0.93460 

logoosS 9.84698 

C.logr 0.00418 

Clog cos (5 .... 0.01679 
logsin()._J) . . . 9.78608 
log a— I) .... 0.68848 
1—1= +3".86 

1= 220°46'48".61 

log tan .B 0.00706 

log cos (I — i) . . . 9.89909« 
log bin « ..... 0.10797» 

0= 127° 57' 0" 

(3 — «= —143 46 44 



logi; 0.93450 

logshi.B 9.86299 

C.logr 0.00418 

Clog sin « 0.10317 

logsin((3 — «) . . . 9.77162» 



log(J — 13) .... 0.66638 n 
J — |3 = . — 4".64 

1= — 16°49'48".,58 

log(} — ;3) .... 0.66636 » 
log cot ((3 — «) . . . 0.13622 

log.- 9.99682 

logl" 4.68557 

log{r — .^) . . . . 6.482i)7'n 
r — J= —0.0000304 

J= 0.9904615 



71. 
The aberration of the fixed stars, and also that part of the aberration of com- 
ets and planets due to the motion of the earth alone, arises from the fact, that 
Hie telescope is carried along with the earth, while the ray of light is passing 
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along its optical axis. The observed place of a heavenly body (which. is called 
the. apparent, or affected by aberration), is determined by the direction of the 
optical axis of the telescope set in such a way, that a ray of light proceeding 
from the body on its path may impinge upon both extremities of its axis: but this 
direction differs from, the true direction of the ray of light in space. Let us con- 
eider two moments of time t, f, when the ray of light touches the anterior ex- 
tremity {the centre of the objectglass), and the posterior {the focus of the objects 
glass) ; let the position of these extremities in space be for the first moment a, h ; 
for the last moment a',h'. Then it is evident that the straigTjt line ab' is the true 
direction of the ray in space, but that the straight line ab or a'b' (which may be 
regarded as parallel) corresponds to the apparent place : it is perceived without 
difficulty that the apparent place does not depend upon the length of the tube. 
The difference in direction of the right lines h'a, ha, is the aberration such as exists 
for the fixed stars : we shall pass over the mode of calcidatiiig it, as well known. 
This difference is still not the entire aberration for the wandering stars: the 
planet, for example, whilst the 'ray which left it is reaching the earth, itself 
changes its place, on which account, the direction of this ray does not correspond 
to the true geocentric place at the time of observation. Let us suppose the ray 
of light which impinges upon the tube at the time t to have left the planet at the 
time T ; and let the position of the planet in space at the time T be denoted by 
P, and at the time thy p ; lastly, let A be the place of the anterior extremity of 
the axis of the tube at the time T. Then it is evident that, — 

1st. The right line AP shows the true place of the planet at the time T; 

2d. The right line ap the true place at the time t ; 

Sd. The right line ha or h'a' the apparent place at the time i or f (the differ- 
ence of which may be regarded as an infinitely small quantity) ; 

4th. The right line h'a the same apparent place freed from the aberration of 
the fixed stars. 

Now the points P, a, V, lie in a straight line, and the parts Pa, ah', will be 
proportional to the intei-vals of time t — T,t — t, if light moves with an uni- 
form velocity. The interval of time i -~T is always very small on account of 
the immense velocity of light; within it, it is allowable to consider the motion 
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of the earth as rectilinear and its velocity as nniform : so also A, a, a' will lie in a 
straight line, and the parts Aa, m' will likewise be proportional to the intervals 
t—l", t~t Hence it is readily inferred, that the right lines AP, I'd are paral- 
lel, and therefore that the iirst and third places are identical. 

The time t — T, withm which the Ught traverses the mean distance of the 
earth from the sun which we take for unity, will be the product of the distance 
Pa into 493*. In this calculation it will be proper to take, instead of the dis- 
tance Pa, either PA ax fa, smce the diiference can be of no importance. 

From these principles follow three methods of determining the apparent place 
of a planet or comet for any time t, of which sometimes one and sometimes 
another may be preferred. 

L The time in which the light is passing from the planet to the earth may be 
subtracted from the given time ; thus we shall have the reduced time T, for which 
the true plaee, computed m the usual way, will be identical with the apparent 
place for t. Per computing the reduction of the time i — P, it is requisite to 
know the distance from the earth ; generally, convenient helps will not be want- 
ing for this purpose, as, for example, an ephemeris hastily calculated, otherwise it 
will be sufficient to determine, by a preliminary calculation, the true distance for 
the time t in the usual manner, avoiding an unnecessary degree of precision. 

n. Tlie true place and distance may be computed for the instant t, and, 
from this, the reduction of the time t — T, and hence, with the help of the daily 
motion (in longitude and latitude, or in right ascension and declination), the re- 
duction of the true place to the time T. 

IIT. The heliocentric place of the earth may be computed for the time t; and 
the heliocentric place of the planet for the thne T: then, from the combination 
of these m the usual way, the geocentric place of the planet, which, increased 
by the aberration of the iixed stars (to be obtained by a well-known method, or 
to be taken from the tables), will furnish the apparent place sought 

The second method, which is commonly used, is preferable to the others, 
because there is no need of a double calculation for determining the distance, 
but it labors under this inconvenience, that it cannot be used except several 
places near each other are calculated, or are known from observation ; othei-wise 
it would not be admissible to consider the diurnal motion as given. 
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The disadvantage with which the first and third methods are incumbered, is 
evidently removed when several places near each other are to be computed. 
!Por, as soon as the distances are known for some, the distances next following 
may be deduced very conveniently and with sufficient accuracy by means of 
familiar methods. If the distance is known, the first method will be generally 
preferable to the third, because it does not require the aberration of the fixed 
stars ; but if the double calculation is to be resorted to, the third is recommended 
by this, that the place of the earth, at least, is retained in the second calculation. 

What is wanted for the inverse problem, that is, when the true is to be derived 
from the apparent place, readily suggests itscK According to method L, you will 
retain the place itself unchanged, but will convert the time i, to which the given 
place corresponds as the apparent place, into the reduced time T, to which the 
same will correspond as the true place. According to method II., you will retain 
the time t, but you will add to the given place the motion in the time t — T, as 
you would wish to reduce it to the time t-\-(t — T). According to the method 
HL, you will regard the given place, free from the aberration of the fixed stars, 
as the true place for the time T, but the true place of the earth, answering to 
the time t, is t« be retained as if it also belonged to T. The utihty of the third 
method will more clearly appear in the second book. 

Finally, that nothing may be wanting, we observe that the place of the sun is 
affected in the same manner by aberration, as the place of a planet : but since 
both the distance from tlie earth and the diurnal motion are nearly constant, the 
aberration itself has an ahnost constant value equal to the mean motion of 
the sun in 493', and so = 20".25 ; which quantity is to be subtracted from the 
true to obtain the mean longitude. The exact value of the aberration is in the 
compound ratio of the distance and the diurnal motion, or what amounts to the 
same thing, in the inverse ratio of the distance ; whence, the mean value must be 
diminished in apogee by 0".34, and increased by the same amount in perigee. 
Our solar tables already include the constant aberration — 20".25; on which 
account, it will be necessary to add 20".25 to the tabular longitude to obtain the 
true. 
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72. 



Certain problems, which are in frequent use in the determination of the orbits 
of planets and cometsj will bring this section to a close. And first, we will revert 
to the parallax, from which, in article 70, we showed how to free the observed 
place. Such a reduction to the centre of the earth, since it supposes the distance 
of the planet from the earth to be at least approximately known, cannot be made 
when the orbit of the planet is wholly unknown. But, even in this case, it is pos- 
sible to reach the object on account of which the reduction to the centre of the 
earth is made, since several formulas acquire greater simplicity and neatness 
from this centre lying, or being supposed to lie, in the plane of the ecliptic, 
than they would have if the observation should be referred to a point out of the 
plane of the ecliptic. In this regard, it is of no importance whether the obser- 
vation be reduced to the centre of the earth, or to any other point in the plane 
of the echptic. Now it is apparent, that if the pomt of intersection of the 
plane of the ecliptic with a straight line drawn from the planet through the true 
place of observation be chosen, the observation requires no reduction whatever, 
since the planet may be seen in the same way from all points of this line : * where- 
fore, it will be admissible to substitute this point as a fictitious place of observa- 
tion instead of the true place. We determine the situation of this point in the 
following manner : — 

Let I be the longitude of the heavenly body, ^ the latitude, // the distance, 
all referred to the true place ' of observation on the surface of the earth, to 
the zenith of which corresponds the longitude I, and the latitude b ; let, more- 
over, 71 be the semidiameter of the earth, L the heliocentric longitude of the cen- 
tre of the earth, B its latitude, R its distance from the sun ; lastly, let 1/ be the 
hehocentric longitude of the fictitious place, J^ its distance from the sun, J-\-d 



* If the nicest accuracy should be wanted, it would be aecessaiy to add fo or subtract from the given 
time, the intervaJ of time in which light passes from the true place of observation to the fictitious, or from 
the latter to the former, if we are treating of places affected by aberration : but this difference can 
scarcely be of any importance unless the latitude should be very smal]. 
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its distance from the heavenly body. Then, iV denoting an arbitrary angle, the 
following equations are obtained without any difficulty : — ■ 

K cos (L'—JV) + ^ cos /^ cos {I —JV) z^EcosB cos {L~JV) -|- ;t cos 5 cos (/— iV^) 
iT sin (L'—JV) + d cos (i sin {). ~I^) =Ji cos B sin (Z—JV) + jt cos 5 sin (/— iV) 

^ sin 1^ = ^ sin 5 -|- 7t sin i . 
Putting, therefore, 

L (^fiin5-|-;r sini) cotan ^ ;r:/t, 
we shall have 

n. M' cos {L'—JSf) — if cos £ cos [L —N) + Ji cos ^ cos {l—N) —ft cos {X — iV) 
m. IT sin {X' — i\^) r=: i? cos -B sin (Z — iV) + tt cos 5 sin (?— iV^) — /* sin (;i — i\^) 

IV. <^=^. 

From equations H and DX, can be determined -B' and X', from IV., the inter- 
val of thne to be added to the time of observation, which in seconds wiU be 
= 493 d. 

These equations are exact and general, and wiU be applicable therefore when, 
the plane of the equator being substituted for the plane of the ecliptic, L, L\ I, A, 
denote right ascensions, and B, h, (i declinations. But in the case which we are 
specially treating, that is, when the fictitious place must be situated in the eclip- 
tic, the smallness of the quantities B, n, U — L, still allows some abbreviation of 
the preceding formulas. The mean solar parallax may be taken for n ; B, for 
sm B s 1, for cos B, and also for cos {1/ — Z) ; Z' — Z, for sin (i' — X). In this 
way, making JY^ X, the preceding formulas assume the following form : — 
L /f =(X:5-|-Ttsui*) cotan/3 
II. It' ^ It -{- Tc cos b cos (l — X) — iicos{X — X) 

jjj ^,_j-_ noo.b,m(l~L)-^>An{X-L) 
R' 

Here B, n, Z' — X are, properly, to be expressed in parts of the radius ; but it is 
evident, that if those angles are expressed in seconds, the equations 1, III. can be 
retained without alteration, but for II. must be substituted 

rr—E I ^cosicos(;-z)-;.cosa-z) 

It —M-\ m^^' • 
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Lastly, in the formula III., R may always be used in place of the denominator K 
without sensible error. The reduction of the time, the angles being expressed 
in seconds, becomes 

493'. ft 



73. 

-Let I = 384° 44' 64", ^ = 
L'= 12-28' 64", B=-{- 0".49, B=0. 
follows ; — 

logii 9.99851 

logs 9.69020 

log.BiJ 9.68971 

Hence log (.BS + 11 sin i) . 0.83040 
logcotan/S .... 1.06873» 
log;j ...... 1.88913b 

log It 0.93450 

log cos i 9.8S4YS 

logl" 4.68657 

logoos(?— i) . . . 9.99040 
6.44620 
number + 0.0000279 
Hence is obtained 7? = ij+ 0.000S866 

log n COB J 0.76923 

logsin(/— i) . . . 9.S1794 

Clog J? 0.00032 

0.08749 
number +1".22 



4° 69' 32", ;=24°29', S = 46°6£ 
, 71 ^ 8".60. The calculation is i 



logm 0.93460 

log sm J 9.86330 

log u sin} .... 0.79780 

logfi 1.88913 n 

logl" 4.68567 

log cos (1. — J) . . . 9.97886 
67653661! 
number — 0.0003577 

: 0.9992695. Moreover, we have 

logfi 1.889181J 

logsin(). — i) . . 9.48371i> 
O.logiT 0.00032 



number + 23".61 
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Whence is obtained L' = L — 22".39. Finally we iiave 

logfi 1.8891S» 

Clog 206266 .... 4.68B57 

log 493 ...... 2.69286 

Clog cos (3 0.00166 

9.26920», 
whence the reduction of time = — 0M86, and thus is of no importance. 

74. 

The other problenij to deduce the heUocentriG place of a heavenly body in Us orbit 
from the geocentric place and the sanation of the plane of the orbit, is thus far similar to 
the preceding, that it also depends upon the intersection of a right line drawn 
between the earth and the heavenly body with the plane given in position. The 
solution \s most conveniently obtained from the formulas of article 65, where the 
meaning of the symbols was as follows : — 

L the longitude of the earth, R the distance from the sun, the latitude B we 
put 1= 0, — since the case in which it is not = 0, can easily be reduced to this by 
article 72, — whence H^ = R, I the geocentric longitude of the heavenly body, b 
the latitude, J tbe distance from the earth, r the distance from the sun, u the 
argument of the latitude, S the longitude of the ascending node, i the inclination 
of the orbit. Thus we have the equations 

I. rCOSM ltCOB{Z Q):=J C0sbG0s{l 9.) 

H. r cos * sin tt — JR sin (Z — U)=J cosbmi {I — 9> ) 
m. r sin «' sin M :^^ z/ sin b. 
Multiplying equation L by sin (X — Q,) sin h, H. by — cos {Z — S ) sin b, HI. by 
— sin {Z — ^) cos b, and adding together the products, we have 
cos u sin (i — S? ) sin b — sin u cos i cos ( Z — £J ) sin 5 — sin m sin e sin (Z — t) cos ^ = 0, 
whence 



rV". tanM = 



cos »■ cos (i — £2 ) sin J -|- sin j sin (Z — i) cos 5 * 

12 
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Multiplying likewise I. by sin {i—U\ II. by — cos {l—Q), and adding together 
the products, we have 

V r^ R^in(L-l) 

smMCOS*eos(i-S)-co9«sm(;-£3)- 

The ambiguity in the deterniinatio;( of u by means of equation IV., is removed 
by equation IIL, which shows that ts is to be taken between and 180°, or be- 
tween 180° and 360° according as the latitude b may be positive or negative ; 
but if 5 ^ 0, equation "V. teaches us that we must put u = 180°, or 'ti = 0, accord- 
ing as sin (i — i) and sm (/ — S ) have the sairie or different signs. 

The numerical computation of the formulas IV. and V. may be abbreviated in 
various ways by the introduction of auxiliary angles. For example, putting 

we have 

, Bin ^ fan (i — Q ) 

putting 



we have 

In the same manner tiie equation V. obtains a neater form by the introduction 
of the angle, the tangent of which is equal .to 

. , tan (? — Q ) 

COS 2 tana, or - — ^ — .^^. 

Just as we have obtained formula V. by the combination of I,II.,so by acombinar 
tion of the equations II., Ill, we arrive at the following : — 

^_, gsin(Z-SJ) 

sin « (COS J — sin i sin (l — Q) cotan b) ' 

and in the same manner, by the combination of equations L, III., at this; 
cos w — sin M siii i cos (t— Q ) cotan b' 
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both of wHcli, in the same manner as V., may be rendered more simple by the 
introduction of auxiliary angles. The solutions resulting from the preceding 
equations are met with in Von Zach MonatlicJie Oorrespondms, Vol. V. p. 540, col- 
lected and illustrated by an example, wherefore we dispense with their further 
development in this place. If, besides u and r, the distance J is also wanted, it 
can be determined by means of equation IIL 

75. 

Another solution of the preceding problem rests upon the truth asserted in arti- 
cle 64, III., — that the heliocentric place of the earth, the geocentric place of the 
heavenly body and its heliocentric place are situated in one and tlie same great 
circle of the sphere. In fig. 3 let these places be respectively ?', G, H; further, 
let G he the place of the ascending node; ^T, 0,11, parts of the ecliptic and 
orbit ; GP the perpendicular let fall upon the ecliptic from (?, which, therefore, 
wiUbe^S. Hence, and from the arc Pr^Z — /will be determined the angle T 
and the arc TG. Then m the spherical triangle UMT arc given the angle Q,=i, 
the angle 3^, and the side QT=L — S, whence will be got the two remaining 
sides Q, 11^=^ u and TIL Finally we have HG = TG— TH, and 

_ BsmTG . Rs\riTH 

^~ siaffG ' ^~ siiiiTG • 

76. 

In article 52 we have shown how to express the differentials of the heliocen- 
tric longitude and latitude, and of the cm-tate distance for changes in the argu- 
ment of the latitude n, the inehnation i, and the radius vector r, and subsequently 
(article 64, IV.) we have deduced from these the variations of the geocentric 
longitude and latitude, / and i : therefore, by a combination of these formulas, dl 
and db will be had expressed by means of dw, di, dQ,, dr. But it will be worth 
while to show, how, in this calculation, the reduction of the heliocentric place 
to the ecUptic, may be omitted in the same way as in article 65 we have 
deduced the geocentric place immediately from the hehoccntric place jn orbit. 
That the formulas may become more simple, we wiU neglect the latitude of 
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the earth, which of course can have no sensible effect in differential formulas. 
The following formulas accordingly are at hand, in which, for the sake of brevity, 
we write w instead of /—£J, and also, as above, ^ in the place ofJco&b. 
J' cos CO r=r cos M — i? cos (X — SJ ) =; § 
^'sin a> := r cos I sin w — ^8in{Z — S) = « 
J' tan 6:^r sin ?sin ii = f ; 
from the differentiation of which' result 

cos fo.d^' — z/'sin w.dw = d^ 

sin w.d^'-j-^'co8ti).d(D ^=drj 

tmb.dJ'-l- -^db — dC. 

' cos i ' 

Hence by elimination, 

^,.._-sin.,.d|4-cos.,.a>; 
A 

A 
If in these formulas, instead of % f^, C, their values are substituted, dw 
and d^ will appear represented by dr, d^, di, dU; after this, on account of 
d/=:dra-f-dQ, the partial differentials of ^ and b will be as follows: 

I- ^' i^) = — sin w cos M -|- cos w sin u cos t 

— \^) = sm o}sinu-\- cos o) cos m cos « 

TTT ^7'^^^ ... 

T \di/ "^ — "^^ ^ ^^^ *^ ^^" * 
^^- (-<?^)^l + |<^-^^(-^-S?-(.)^l+|cos(i-^) 
"^^ "^W"^ — cosfocosMsini— sinwsinwcos/sin* + sinMsin?cos5 
^' T\I^) ~ '''^^ *" ^'" ii sm i — sin w cos n cos / sm ^ ~f- cos u sin 2 cos 3 
^^' T\dl) ~ sin o sin M sin / sin 5 -|- sm M cos i cos b 
^^^- :s(dSi) = ^*^°{-'^— ^— (^) = sin^sm(X— ;). 
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The formulas IV. and VDX already appear in tlie most convenient form for cal- 
culation ; but the formulas I., IIL, Y., are reduced to a more elegant form by 
obvious substitutions, as 

DX* ( j-;j ^ — cos (w tan ^ 

"^* (rD^-r^*'°^(-^-0sin3= — ^^cos{Z — /)8in5cos*. 

Finally, the remaining formulas 11., VI., VII., are changed into a more simple form 
by the inti-otluction of certain auxQiary angles : which may be most conveniently 
done in the following manner. The auxiliary angles M, JV, may be determined 
by means of the formulas 

tajiM=:-^^, tani\^=sin«)tan«=:tan7lfcosw sin?'. 

Then at the same time we have 



now, since the doubt remaining in the determination of J^ JSf, by their tangents, 
may be settled at pleasure, it is evident that this can be done so that we may 
have 



and thence 

sin jV 



= + 003(0, 



-j-sin^'. 

These steps being taken, the formulas II., VI., VH, are transformed into the fol- 
lowing : — 

jj^ (^\ _ r ^na^ CO. (M-u) 

VT.* (j^j = ^(cosa>sin?cos(i[/"— M)cos(iV — b)'}-sm{M — M)sin{iV" — h)) 
\d 2/ ^ cos If 
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These transformations, so far as the formulas II. and YII. are concerned, will detain 
no one, but in respect to formula Yl, some explanation will not be superfluous. 
From the substitution, in the first place, of M — (M — u) for u, in formula VI., 
there results 

— 8m(Jf — u) (coso) cosJfsinJ + sinro cos / sin Jf sin 5 — sin^'sin^lfcosS). 
Now we have 

cos CO sin if ^ cos^ i cos w sin M-^ sin^ i cos w sin ilf 
=1; sin w cos i cos Jf -)- sin^ i cos w sin M; 
whence the former part of that expression is transfonnecl into 

sin «.'cos {M — u) (sin icos to sm Jlfsin b + cos Mcos b) 
:^sin{cos(Jf — u) (cos tusiniV"sin 5 -|- cos to cos jY cos 5) 
= cos w sin i cos {M — u) cos [JSf— h) . 
LikewisCj 

cos i\^ =: cos^ (« cos i\^-|-sin^w cos iV"— cos to cos Jtf 4- sin w cosi'sin Jtf; 
whence the latter part of tlie expression is transformed into 

— sin {M — 11) (cos iV'sin b — sin iV"cos b) = shi {M— u) sin {N— b). 
The expression VI.* follows directly from this. 

The auxiliary angle M can also be used in the transformation of formula I., 
which, by the introduction of M, assumes the form 

I** W__ 6in^5in(y-») 
\&r/ A'smM 

from the comparisoti of which with formula I* is derived 

— M sin [L — I) sin M= r sin m sin {M— u) ; 
hence also a somewhat more simple fonn may be given to formula 11.^^ that is, 

^*" (d^J— — §sin(Z — /)cotan(i¥— m). 

That formula VI.* may be still further abridged, it is necessary to introduce 
a new auxiliary angle, which can be done in two ways, that is, either by putting 
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from whicli results 



O- 



timP = 


tui {M- 
cos 0) sin 


"i 


or ti 


r,m(M— 


»)co.(y- 


-J- 


— P) 



^ tan (5r — i) 



^ i-siii(iV— i) c 



inO 



The aurfiaiy angles JK; iV, i>, ft are, moreover, not merely flctitious, and it would 
be easy to designate what may correspond to each one of them in the celestial 
sphere ; several of the preceding equations might even be exhibited in a more 
elegant form by means of arcs and angles on the sphere, on which we are loss 
inclined to dwell in this place, because they are not suf&cient to render superflu- 
ous, in numerical calculation, the formulas above given. 



77. 
What has been developed in the preceding article, together with what we 
have given in articles 16, 16, 20, 2?, 28, for the several kinds of conic sections, 
will furnish all which is required for the computation of the differential variar 
tions in the geocentric place caused by variations in the mdividual elements. 
For the better illustration of those precepts, we will resume the example treated 
above in articles 13, 14, 61, 6S, 66. And first we will express di and dj in terms 
of dj-, di(, d^; da, according to the method of the preceding article; which cal- 
culation is as follows : — 



8.4011S logs 



log tan CO 
log cos* 

log tan M . 8.41260 
M- = r28'52" 
Jf— !.= 165 17 8 



log tan 
logtaniVr . 7.7682211 
iV= 179"39'50" 
i^r_}=186 146 



8.400991! logtaa(Jf— ii) 9.41932» 
9.S672S log cos 10 sin i . 9.36662>i 



log tan P . . 0.06370 

J>= 49°iriS" 

JV—b — J>= 136 60 32 
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log Biii(i-i) 9.72126 
logi2 . . 9.99810 
C.Iog^' . 9.92027 



RELATIONS PERTAINING SIMPLY 

n.»« 



[Book 1. 



(•)■•• 

C.logr . 


9.63962 
9.67401 


IV 

log| . . 
log cos(i;— 


9.31363 

9.91887 
■i) 9.92956 



(*)... 9.63962 
log cot(Jlf— a) 0.58068 m 

log© . 0.22030 



logooso) . . 9.9998611 
logtanJ . . 9.04749» 

. . 9.04736» 



^Q 



(") 



9.84793 



(**) . . . 9.84793 log^ . . . 0.24357 
logsinicos} 9.04212b logsin(lf— ») 9.40484 
C.logr . . 9.67401 log coB(iV—J-P) 9.86301 » 



(^-0 Mr) ■ ■ 8.56406 



C. log sin P 



M^ 



log rsmMcosz'9.75999jj 
logcos(iV— })9.99759» 
Clog J. . 9.91769 
Clog cos JV^ O.OOOOIb 

9.67518m 



vm. 

(•)... 9.63962 
log sin i cos 5 9.04212» 

y>d^) ■ 8.68174m 



•"g(S 



These values collected give 

dl= + 0.20589 Ar + 1.66073 du — 0.11162 d«+ 1.70458 dO. 
dbz=^ 0.03665 dr — 0.42895 dw — 0.47335 di— 0.04805 d S . 
It will hardly be necessary to repeat here what we have often observed, namely, 
that either the variations d/, di, dii, di, dS, are to be expressed in parts of the 
radius, or the coefficients of dr are to be multiplied by 206265", if the former are 
supposed to be expressed in seconds. 

Denoting now the longitude of the perihelion (which in our example is 
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52°18'9".30) by 17, and the true anomaly by v, the longitude in orbit will be 
u-\-Q,z^v^ n, and therefore d.u i=Av -\-<\II — dS, which value being sub- 
stituted in the preceding formulas, d^ and d5 will be expressed in tcrma of dr, 
dv, di/, dS, di. Nothing, therefore, now remains, except to express dr and dw, ac- 
cording to the method of articles 15, 16, by means of the differential variations 
of the elliptic elements/^ 

We had in our example, article 14, 

log^ = 9.90355 3= log (~) 



log^ 0.19290 

log cosy .... 9.98652 

log(ij) .... 0.17942 

2 — emsM= 1.80085 

ee= 0.06018 

1.74067 

log 0.24072 

. . 0.19290 

. . 9.76634)1 



log sin 1 



logo 0.42244 

log tang) .... 9.40320 
logsini. .... 9.84931n 



.og(ri)- ■ ■ • 9-67496a 

logo 0.42244 

cosf . . . . 9.98652 

cost) . . . . 9.84966 



0.26862 a 



log(T^) .... 0.19996b 
Hence is collected 

d» = + 1.61154 d J/— 1.58475 dq) 
dr = — 0.47310 iM— 1.81393 d y + 0.80086 da ; 
which values being substituted in the preceding formulas, give 

di= 4- 2.41287 iM— 3.006S1 itf-\- 0.16488 d<j + 1.66078 di7 

— 0.11162 d!+ 0.04385 da 

d} = — 0.66572 dJf + 0.61331 dy + 0.02925 da — 0.42896 in 

— 0.473S5d> + 0.38090 da. 



* Tt will be perceived, at once, that llie symbol M, in the following calculation, no longer expresses 
r auxiliary angle, but (as in section 1) tlie mean anomaly. 

IS 
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If the time, to which the computed place corresponds, is supposed t« be 
distant n days from the epoch, and the mean longitude for the epoch is 
denoted by N, the daily motion by %, we shall have Jf = N-\-ni: — It, and thus 
d_M"=dJ+«dT — d77. In our example, the time answering to the computed 
place is October 1T.4160V days, of the year 1804, at the meridian of Paris : if, 
accordingly, the beginning of the year 1806 is talien for the epoch, then 
n = — 74.68493; the mean longitude for that epoch was 41°52'21".61, and the 
diurnal motion, 824".7988. Substituting now in the place of iM its value m 
the formulas just found, the differential changes of the geocentric place, expressed 
by means of the changes of the elements alone, are as follows: — 

di= 2.41287 iN— 179.96 dt — 0.76214 ill— S.006S1 dy + 0.16488 do 
— 0.11162 d! + 0.04385 da, 

dS = — 0.68672 i.N\ 49.66 dir + 0.23677 i.n -\- 0.61331 dy + 0.02936 do 
— 0.47386 d!+ 0.38080 da. 

If the mass of the heavenly body is either neglected, or is regarded as 
known, r and o will be dependent upon each other, and so either dr or do may 
be eliminated from our formulas. Thus, smce by article 6 we have 



m which formula, if dr is to be expressed in parts of the radius, it will be neces- 
sary to express X in the same manner. Thus m our example we have 

logT . . . . . 2.91636 

logl" 468667 

logi . . . . . 0.17609 

O.logo . . . . 9.67766 

log^ 7.36567», 

or, dr = — 0.0022676 do, and da = — 440.99 d %, which value being substituted 
in our formulas, the final form at length becomes : — 
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dl= 2.41287 dJV— 252.67 dr — 0.75214 d77— 3.005-31 chp 

— 0.11152 d^■+ 0.04385 dS, 
d5 = — 0.66572 di\^4- 36.71 d% -f 0.23677 di7+ 0.61331 dtp 
— 0.47335 di + 0.38090 d 8 . 
In the development of these formulas we have supposed all the diilbrentials d^ 
d^, dJV", dT, d/Z, dq), d!^ dSJ to be expressed in parts of the radius, biit, mani- 
festly, by reason of the homogeneity of all the parts, the same formulas will 
answer, if all those differentials are expressed in seconds. 
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THIRD SECTION. 

KELATIONS BETWEEN SEVEEAL PLACES IN OKBIT. 



78. 

The discussion of the relations of two or more places of a heavenly body in 
its orbit as well as in space, furnishes an abundance of elegant propositions, such 
as might easily fill an entire volume. But our plan does not extend so far as to 
exhaust this fruitful subject, but chiefly so far as to supply abundant facilities for 
the solution of the great problem of the determination of miknown orbits from 
observations: wherefore, neglecting whatever might be too remote from our pur- 
pose, we will the more carefully develop every thing that can in any manner 
conduce to it. "We will preface these inquiries with some trigonometrical propo- 
sitions, to which, since they are more commonly used, it is necessary more fre- 
quently to recur. 

I. Denoting by A, B, O, any angles whatever, we have 

sin^sui(C— ^)-|-sin5sin(^ — C) + smC8in{5— ^)=:0 

cos^sin ( C~B) -\- cosB sm (A — C) + cos 08m{B — A) ^ 0. 

n. If two quantities p, B, are to be deterndned by equations such as 

pdn{A — P)^a 

jf sin (i? — B):=i, 

it may generally be done by means of the formulas 

p sin (B — A) sin {H—P) ^ 5 sin {S~~A) — a sin (R—B) 

jo sin (5 — A) cos (fi"— B) = b cos (IT— A) — a cos {ff— B), 

in which H is an arbitrary angle. Hence are derived {article 14, II.) the angle 

S — B, and psax{B — A); and hence P and j^. The condition added is gen- 

(100) 
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erally that p must be a positive quantity, whence the ambiguity in the deter- 
mination of the angle H — Pby means of its tangent is decided; but without 
that condition, the ambiguity may be decided at pleasure. In order that the 
calculation may be as convenient as possible, it will be expedient to put the arbi- 
trary angle H either ^Aoyt^B or = J {J. 4- B). In the first case the equa^ 
tions for deterinioing P and p will be 

j:)sin [A — P) =a, 

^co»(4-i>) = ^--(f7/> . 

In the second case the equations will bo altogether analogous ; but in the third 
case, 

p^n(iA-\-iB^P)^^^^^ 

P^os{iA-\-iIl — P)=^ ^^J-J'_^y 

And thus if the auxiliary angle t is introduced, the tangent of which ^-r, P wUl 
be found by the formula 

tan ( i J. 4- 1 5 — J*} ^ tan (45° + C) tan^B — A), 
and afterwards p by some one of the preceding formulas, in which 

in. If p and P are to be determined from the equations 
jf>cos(^ — P)^=:^a,, 
pcos{B — P)—h, 
every thing said in H. could be immediately applied provided, only, 90" -\- A 
90° -|- B were written there throughout instead of A and B : that their use may 
be more convenient, we can, without trouble, add the developed formulas. The 
general formulas will be 

^ sin (5 —^) sin (ff— p) = — h cos {H— A) -^ a cos {H— B) 
p sin {B—A) cos {B— P)^ I sin {H—A) — « sin [H— B) . 
Thus ibr 11=^ A, they change into 
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» sin U — P) = iSSli2= 4t_» 
pcos{A — P)^^a. 
For ff= B, they acquire a similar form ; but for _S'= 1 (jd -|- B) they become 

SAB- Ay 
I that the auxiliary angle C being introduced, of which the tangent = - , it 



tan (M -H I 5 — P) ^ tan (C — 45°) cotan k{B~A). 
Knally, if wc desire to determine p immediately from a and h without previ- 
ous computation of the angle P, we have the formula 

p sin {B~A)^\^(aa-\-U — 2 al cos {B — A)), 
as well in the present problem as in H. 

79. 

Por the complete determination of the conic section in ite plane, three things 
are required, the place of the perihelionj the eccentricity, and the semi-parameter. 
If these are to be deduced from given quantities depending upon them, there 
must be data enough to be able to form three equations independent of each 
other. Any radius vector whatever given in magnitude and position furnishes 
one equation: wherefore, three radii vectorea given in magnitude and position are 
requisite for the determination of an orbit ; but if two only are had, either one 
of the elements themselves must be given, or at all events some other quantity, 
with which to form the third equation. Thence arises a variety of problems 
which we wUl now investigate in succession. 

Let r, /, bo two radii vectores which make, with a right line drawn at pleasure 
from the sun in the plane of the orbit, the angles N, N', In the direction of tlie 
motion ; further, let 11 be the angle which the radius vector at perihelion makes 
with the same straight line, so that the true anomalies i\^ — IT, iV"' — JZmay 
answer to the radii vectores r, / ; lastly, let e be the eccentricity, and p the semi- 
parameter. Then we have the equations 
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£^=l-\-ecoii{±V— IT) 

from wliieh, if one of the quantities p, e, II, is also given, it will be possible to 
determine the two remaining ones. 

Let us first suppose the semi-parameter p to be given, and it is evident that 
the determination of the quantities e and IT from the equations 
eco^{N—n) = l-—l 
ecos{K'—n) = ^—\, 

can be performed by the rule of lemma III. in the preceding article. We have 
accordingly 

tan (N- H) = cotan (JT'-^) _ -^!^±^^ 

tan(^iy+tiy--j7) = < r'-->°"-«f7^ . 



If the angle H is given, ^ and e will be determined by means of the equations 
_ rr' (cog (iV^— II) — coa (ff'— H)) 
^ ~ V^^JJ^^^TI) — r' cos {W — n) 



" — J- cos (iP — J/) — / cos (JV' — JT) • 
It is possible to reduce the common denominator in these formulas to the form 
a cos (A — 21), so that a and A may be independent of II. Thus letting H de- 
note an arbitrary angle, we have 

rcos(if— 77)— /eos(i\^'— J7'):^(rcos(if— ^)— /co3(iV'— ir))cos{S"— iZ") 
— (;• sin{J\r_^)_/Biii (i\r'_^j) gju (^ff^jj) 
and so 

^«cos(^— 7Z"), 
if a and A are .determined by the equations 

rcos(iV— .ff")~/cos(i\^' — H)=acos{A—M) 
r sm{I{—II) — r' sm{J!r — J3-}=aBm{A~M), 
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In this way we have 

P— - aco,{A-n) 



These formulas are especially convenient when p and e are to be computed for 
several values of H ; r, /, N, N' continuing the same. Since for the calculation 
of the auxiliary quantities a. A, the angle H may be taken at pleasure, it will be 
of advantage to put Hz= ^ (iV-|- N'), by which means the formulas are changed 
into these, — 

(/—?•) cos h{N' — N) = —a cos (A — i JY— h N') 
\r' ^r)i-ir,k{N' — N) = —awx{A—\N—lN'). 
And so the angle A being determined by the equation 

\^Ti{A--^N—kN') = '''^^\:m.k{N'—N), 
we have immediately 

c.ai.{ A — \N—\W) 

^— cos^(JV' — incos(J-77)' 

1 o 

method aheady frequently explained. 



Th(; computation of the logarithm of the quantity -Jll may be abridged by a 



81. 
If the eccentricity e is given, the angle H will be found by means of the 
equation 

cos {A — 11)=— £2i(^_=M^^^ 

afterwards the auxiliary angle A is determined by the equation 

tan U — J iV— ^ i\^') = 7^ tan i (ir — ^") ; 

The ambiguity remaining in the determination of the angle A — 77" by its cosine 
is foimded in the nature of the case, so that the problem can be satisfied by two 
different solutions ; which of these is to be adopted, and which rejected, must be 
decided in some other way ; and for this purpose the approximate value at lea^ 
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of IT must be already known. After IT is found, p will be computed by the 
formulas 

p^r(l-\-ecos {N— TT)) = / (1 -j- e cos {JV' — TT)), 
or by this, 

_ W^smi(if ' — iV")sin(iiV'-f^ ^— IJ) 



Finally, let us suppose that there are given three radii vectores r, r, r", which 
make, with the right hne drawn from the sun in the plane of the orbit at pleasure, 
the angles M, JV', JV". We shall have, accordingly, the remaining symbols being 
retained, the equations 

(I) ■J = l + cco8(i\^— 72-) 

^=^l-\-eco^N'-IT) 

^=.l-\-eco,{JV"-TT), 

from which jo, IT, e, can be derived in several different ways. If we wish to 
compute the quantity ^ before the rest, the three equations (I.) may be multiplied 
respectively by sin (iV" — JV'), —sm{JV" — JV), sin (iV'— i\'"), and the products 
being added, we have by lemma I., article 78, 

i sin {JV"~JV) — ~ sin {N"—JV) -f ~ sin {N' ~JV) 

This expression deserves to be considered more closely. The numerator evidently 
becomes 

%dni{JV"~-N')co^h{N" — N') — ^m\l{IV"~N')(iOs{hN"-\-^M' — JV) 
= 4 sin i {N" — N') sin h {N" — N) sin I {W — N) . 
Putting, moreover, 

/ /' sin (JT' — JV') =n, rr" sin (JV" — JV) = n', r r' sin {N' —JV) = n", 
it is evident that hn, hn' h ri', are areas of triangles between the second and third 
radius vector, between the first and thu-d, and between the first and 
14 
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Hence it will readily be perceived, that in the new formula, 

-. _ *»i°K-y" — J') tmHlS'~N)mxi(lf' — N-i.r^^ 

the denominator is double the area of the triangle contained between the ex- 
tremities of the three radii veetores, that is, between the three places of the 
heavenly body in space. When these places are little distant from each other, 
this area will always be a very small quantity, and, indeed, of the tMrd order, 
if i\^' — N, N" — N' are regarded as small quantities of the first order. Hence 
it is readily inferred, that if one or more of the quantities r, /, r", jV", JSf' iV" are 
affected by errors never so slight, a very great error may thence arise in the de- 
termination of ^ ; on which account, this manner of obtaining the dimensions of 
the orbit can never admit of great accuracy, except the three heliocentric places 
are distant from each other by considerable intervals. 

As soon as the semi-parameter jo is found, « and 11 will be determined by the 
combination of any two whatever of the equations I. by the method of article 79. 

83. 
If we prefer to commence the solution of this problem by the computation 
of the angle n, wo make use of the foUowmg method. Prom the second of 
equations I. we subtract the tUrd, from the first the third, from the first the sec- 
ond, in which manner we obtam the three following new equations : 

I 1_ 

(°-' 2BjJ(y,-^=^sin(Jir+iiV"-7Z-) 

_l 1_ 

^1 I 

Any two of these equations, according to lemma H., article 78, will give n and -, 
whence by either of the equations (I.) will be obtahied hkewise e and p. H we 
select the third solution given in article 78, IL, the combination of the first equa- 
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tion witli the third gives rise to the following mode of proceeding. The auxil- 
iary angle C may be determined by the equation 

and we shall have 

tan {i iV+ ^^'^i N"~n) == tan (45° + C) tan i {N" — N). 
Two other solutions wholly analogous to this will result from changing the second 
place with the first or third. Since the formulas for ^ become more complicated 
by the use of this method, it will be better to deduce e and;?, by the method of 
article 80, from two of the equations (I.). The uncertamty in the determination 
of n by the tangent of the angle i -/¥"+ ^ JV' + i ^" — 77 must be so decided 
that e may become a positive quantity: for it is manifest that if values 180" dif- 
ferent were taken for H, opposite values would result for e. Tlie sign of p, how- 
ever, is free from this uncertainty, and the value of p cannot become negative, 
unless the three given points he in the part of the hyperbola away from the sun, 
a case contrary to the laws of nature which we do not consider in this place, 

That which, after the more difficult substitutions, would arise from the appli- 
cation of the first method in article 78, II., can be more conveniently obtained in 
the present case in the following manner. Let the first of equations II. be multi- 
phed by cos ^ {N" — N'), the third by cos i {N' — N), and let the product of 
the latter be subtracted from the former. Then, lemma I. of article 78 bemg 
properly apphed,* will follow the equation 

^ {v~v) ^^*^^" ^ {N'-'-^N')~i (^ — 7) cotan h {N' — N) 

By combining which with the second of equations U. 77 and - will be foimd ; thus, 
77 by the formula 

* Putting, that is, in the second (ovma\a., A — ^{N" —N'), B=^\N-{- ^N" — n, 0:^^{N-~N'). 
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tan (iir+i if"— iT) 

(l~^)cotan k {N" — N)~i^^ — l) cotan k (iV — i\^)° 

Hence, also, two other wholly analogous fonnulas are obtained by interchanging 
the second place with, the first or third. 



Since it is possible to determine the whole orbit by two radii vectores given 
in magnitude and position together with one element of the orbit, the time also 
in which tlie heavenly body moves from one radius vector to another, may be 
determined, if we either neglect the mass of the body, or regard it as known: 
we shall adhere to the former case, to which the latter is easily reduced. Hence, 
inversely, it is apparent that two radii vectores given in magnitude and position, 
together with the time in which the heavenly body describes the intermediate 
space, determme the whole orbit. But this problem, to be considered among the 
most important in the theory of the motions of the heavenly bodies, is not so 
easily solved, since the expression of the time in terms of the elements is tran- 
scendental, and, moreover, very complicated. It is so much the more worthy of 
being carefully investigated ; we hope, therefore, it wiE not be disagreeable to 
the reader, that, besides the solution to be given hereafter, which seems to leave 
nothing further to be deshred, we have thought proper to preserve also the one 
of which we have made frequent use before the former suggested itself to me. 
It is always profitable to approach the more difficult problems in several ways, 
and not to despise the good although preferring the better. We begin with ex- 
plaining this older method. 

85. 

We will retain the symbols r, /, N, N'',p, e, J7with the same meaning, with 

which they have been taken above ; we will denote the difference N' N by J, 

and the time in which the heavenly body moves from the former place to the 



Hosted by 



Google 



Sect. 3.] places in orbit. lOS 

latter by t. Now it is evident that if the approxunate value of any one of the 
quantities p, e, 17, is known, the two remaining ones can be determined from them, 
and afterwards, by the methods explained in the first section, the time eon-e- 
sponding to the motion from the first place to the second. If this proves to be 
equal to the given time t, the assumed value of jo, e, or IT, is the true one, and the 
orbit is foimd ; but if not, the calculation repeated with another value differing a 
little from the first, will show how great a change in the value of the time corre- 
sponds to a small change in the values of ^, e-, H; whence the correct value will 
be discovered by simple interpolation. And if the calculation is repeated anew 
with this, the resulting time will either agree exactly with that given, or at least 
differ very little from it, so that, by applying new corrections, as perfect an agree- 
ment can be attained as our logarithmic and trigonometrical tables allow. 

The problem, therefore, is reduced to this, — for tlie ease in which the orbit is 
still wholly unknown, to determine an approximate value of any one of the quan- 
tities p, e, n. We will now give a method by which the value of p is obtained 
with such accuracy that for small values of A it will require no further correc- 
tion ; and thus the whole orbit will be determined by the first computation with 
all the accuracy the common tables allow. This method, however, can hardly 
ever be used, except for moderate values of J, because the determination of 
an orbit wholly xmknown, on account of the very intricate complexity of the 
problem, can only be undertaken with observations not very distant from each 
other, or rather with such as do not involve very considerable heliocentric 
motion. 



Denoting the indefinite or variable radius vector corresponding to the true 
anomaly v — 11 hj (i, the area of the sector described by the heavenly body in 
the time t will be i/q t> d v, this integral being extended from v^=]Ytov — A''', 
and thus, {k being taken in the meaning of article 6), /c t \/p =/() gdv. Now it 
is evident from the fomulas developed by Cotes, that if (px expresses any 
function whatever of x, the continually approximating value of the integi-al 
/fx.da: taken from x=,uto x:=u-\-J ia given by the foimulas 
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i'^(»«+3iP('' + M) + 3iP(» + }^) + ?(» + /')), etc. 
It will be sufficient for our purpose to stop at the two first formulas. 
By the first formula we have in our problem, 

f^^,i,=.^J^rr + r'r') = ^, 
if we put 

^=tan(4.5°-i-ft>). 
Wherefore, the first approximate value of \Jp, which we will put = 3 «, will be 

By the second formula we have more exactly 

/(I p d J- = I z/ (r r 4- r r' + 4 iJ iJ) , 
denoting by B the radius vector corresponding to the middle anomaly 

JiV"+ JA" — ir. 
Now expressing p by means of r, It, r, If, If^ i A, N-\- J according to the for 



mula given in article 82, we find 




' C I 1 n ■ . < 1 • ^ ' 
\-;-r 1/)^'^^'^ — -ji sm J 

and hence 


2sm'J^ 


« '\t ^ ^) y (/(,/oos2„j 


y 



By putting, therefore, 



^^ cosily/ ( r/cos2t.) 
COS at (1 ) 

whence is obtained the second approximate value of \/y), 
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if we put 

2«(^ — ^ -~~) =e. 

Writing, therefore, n for ^^, tt will be determined by the equation 

(„__„)(i__i).=,, ^ 

which properly developed would ascend to the fifth degree. We may put 
71 =^ q -\- /A,, so tliat q is the approximate value of ;r, and p, a very small quantity, 
the square and higher powers of which may be neglected : from which substitu- 
tion proceeds 

fe-«)(l-i^+K(l~;^)^+i^^(l-;^))=», 



_ i^—{qq — fiq)iqq~SY 

and so 

„. „ eg^+(gg-a)(«gg + -t Sq —^aS)q 

Now we have in our problem the approximate value of Tt, namely, 3 a, which 
being substituted in the preceding formula for q, the corrected value becomes 

^~ (9b« — 5)(27«« + 5fl) 

Putting, therefore, 

the formula assumes this form, 

— l+5,!i ' 

and all the operations necessary to the solution of the problem are comprehended 

in these five formulas : — 

/ 
I. — :^ tan (45° -j- w) 
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n. '^"' -a 

in. '-^!^^J^:::f^iJ^^» 

IT. 

V. 






1 + 6? 

If we are -willing to relinquish something of the precision of these formulas, it 
will be possible to develop still more simple expressions. Thus, by making oos oi 
and cos 2 iw ^ 1, and developing the value of y'^ in a series proceeding according 
to the powers of J, the fourth and higher powers being neglected, we have, 

ill which J is to be expressed in parts of the radius. Wherefore, by making 
Jrr' , , 

we have 

In like manner, by developing sj p in a series proceeding according to the powers 
of sin^, putting 

we have 

VII. ^j, = {iJ^'}!lM:i)^f", 

or 

Vni. p ^p" -\- J sin^ J \j r?^. 

The formulas VII. and VIH agree with those which the illustrious Euier has 
given in the Theoria rmtm plmdanm d cmnetamm, but formula AQ,, with that which 
has been introduced in the Recherches d cakids stir la vrcde orUte eUipiiqihe de la 
comete de 1769, p. 80. 
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87. 

The following examples will illustrate the use of the preceding precepts, while 
from them the degree of precision can be estimated. 

1 Let log r = 0.S30V640, log / = 0.3222239, A=T 84' 63".73 = 27293".73, 
?!= 21.93391 daya Then is found w = — 33'47".90, whence the further compu- 
tation is as follows ; — 



. log ^ . . . . 4.4360629 

logcr' .... 0.6529879 

C.log3* . . . 5.9728722 

C.logi. . . . 8.6688840 

Clog cos 2 m . 0.0000840 



logo 



9.7208910 



log2 . . . . 0.3010300 

2 log cos i J . 9.9980978 

2 log COB 2 m . 9.9998820 

Clog (1 — 3(5) 0.0008108 

2 C log cos a . 0.0000420 

log r ... . 0.2998119 

;-= 1.9943982 

21 (S = 0.0130489 



i log r / cos 2 ftj 
2 log sin 4 A 

log IT ■ ■ 
C. log a a 
C log cos fli , 

log? ■ . • 
(i = 

l + r + 21|3 = 



0.3264619 
7,0389972 
8.8696662 
0.6682180 
0.0000210 
6.7933648 
0.0006218767 

3.0074471 



log 0.4781980 

log a 9.7208910 

Clog (1 + 6 (3) . 9.9986628 

logij], .... 0.1977418 

logjD 0.3964836 



This value of log^ differs from the true value by scarcely a single unit in the 
seventh place: formula VI., m .this example, gives log J9 — 0.8964822; formula 
Vn. gives 0.3964780 ; fmally, formula VIH., 0.3954754. 

II. Letlogr=0.4282792, logr'=0.4062033,/(=62°66'16".e4,i=269.88477 
days. Hence is derived o) = — 1° 27'20".14, log a = 9.7482348, |3 = 0.04635216, 
)- = 1.681127, log \lf = 0.2198027, log;. = 0.4396064, which is less than the true 
value by 183 units m the seventh place. For, the true value in this example is 
0.4396237 ; it is found to be, by formula VI., 0.4368780 ; from formula VII. it 
16 
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results 0.4159824 ; lastly, it is deduced from formula VUI., 0.4051103 ; the two 
last values differ so mucli from the truth that they caamot even be used as ap- 
proximations. 



The exposition of the second method will afford an opportimity for treating 
fully a great many new and elegant relations ; which, as they assume different . 
forms in the different kmds of conic sections, it will be proper to treat separately ; 
we will begin with the ELLIPSE. 

Let the eccentric anomahes E, E', and the radii vectores r, r', correspond to 
two pla,ces of the true anomaly v, v', (of which v is first in time) ; let also p 
be the semi-parameter, e—dn(f the eccentricity, a the semi-axis major, t the 
tmie in which the motion from the first place to the second is completed ; finally 
let us put 

/_^,^2/, v'-\-v = 2F, E' — E=^g, E'A-E=%G, aco^w^^- = h 

^ cosq, 

Then, the following ecLuations are easily deduced from the combination of for- 
mulas v., VI, article 8 : — 

[1] ^siny =:sin/. s/r/, 

[^] h smG ^= ^ F . \l r / , 
pco&g^ (cos ^ycos J/.(l-|-e)-{-sin i ?: sin hv'. (1 — e))\/>-/, or 

[3] ^ C08^= (cos/4- e cos i')\/r/, and in the same way, 

[4] p COS G = {con F-\-e cos f))Jrr'. 
From the combination of the equations 3 and 4 arise, 

[5] cos/.\/r/^(co8^ — ecosG)a, 

[6] cos_F.Y/r/=(cos(? — e(iosg)a. 
From formula HI., article 8, we obtain 

[7] / — r=::2aesin^sin G, 
r' -\-r^2a — 2 a e' cos ^ cos (? = 2 a sin^^ -f- 2 cos/cos y y/ r r' j 
whence, 

[8] a = -' ^—^ cos/c osgy'r/ 
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Let U9 put 

m \/|±)^=i+2., 

2 cos/ I ' 

and then will 

L J sifl*^ ' 

also 

in which the upper or lower sign must be taken, as sin^ is positive or negative. 
Formula XII., article 8, furnishes us the equation 

~ =zi;' — esin_ff' — I!-l-emiII=2ff — 2esmffCOBG 

= 2^ — sin2^-]-2 cos/sin^ ^——„ 

If now we substitute in this equation instead of a its value from 10, and put, for 
the sake of brevity, 

[11] a 11 -.=^' 

vre have, after the proper reductions, 

[12] ±m^{l-^ sin^ ^^)^+(/-^ sinH^)^(^^=^^), 

in which the upper or lower sign is to be prefixed to tn, as siny is positive or 
negative. 

When the heliocentric motion is between 180° and 360°, or, more generally, 
when cos/ is negative, the quantity m determined by formula 11 becomes im- 
aginary, and I negative ; in order to avoid which we will adopt in this case, instead 
of the equations 9, 11, the following; — 

[11*] ^' M, 

2^{— cos/f{r/f 
whence for 10, 12, we shall obtain these, — 
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[10*1 » = -^(^— '°',fa)igA^ 

[12»] ±M=-{L-Bm'ig)i+(L-An'ii,)*(?J=pll)^ 
ill which the doubtful sign is to he determined in the same manner as before. 

89. 

We have now two things to accomplish; flist^ to derive the unknown quan- 
tity f as conveniently as possihle from the transcendental equation 12, since it 
does not admit of a direct solution; second, to deduce the elements themselves 
from the angle g thus found Before we proceed to these, we will obtain 
a certain transformation, by the help of which the computation of the auxihary 
quantity ? or £ is more expeditiously performed, and also several formulas after- 
wards to be developed are reduced to a more elegant form. 

By introducing the auxiliary angle (i), to be determined by means of the 
formula 











y'- = tan(46° + 


"), 










we have 




















n/^ 


Hv 


= 2 


-f(tan 


i(45" + » 


) — cotan 


(46- + 


»))' = 


^2 + 


4tan= 


2 


whence 


are obtained 






















1= 


- CO,/ 


1 Uin=2w 
-1- cos/ ' 


z=--- 


iii'i/ 

cos/ 


CO./ 









90. 

We will consider, in the first place, the case in which a value of </ not very 
great, is obtamed from the solution of the equation 12, eo that 



may be developed in a series arranged according to the powers of sin ^y. The 
numerator of this expression, which we shall denote by X, becomes 
3^. sin^ ^ y — Jg.^ sinH y — ^ sin' iJ y — etc. ; 



Hosteid by 



Google 



Sect. 3.] places in okbit. 117 

and the denominator, 

8 sin* iff — 12 sin^ i y + 3 sin^ ^ <? -\- etc 
Whence X obtains the form 

l + f sin^iy-j-f^sinn^+ etc. 
But in order to obtain the law of progression of the coefficients, let us differen- 
tiate the equation 

X sin^ff = ^ff — sin 2 ^, 
whence results 



putting, moreover, 
We have 

whence is deduced 



zjsiu^j 



iX 8 — eXcosg _ 4 — 3X(l--2a;) 



and next, 

(2a:— 22^2^)^=4— (3 — 6.r)X 
If, therefore, we put 

we obtain the equation 

i(aa:+(2(5 — «)a;2; + (3>' — 2(?)a^-l-(4^ — 3y)3;*-|-etc.) 

= (8 — 4a)a;-J-(8« — 4(5)2^2; + (8^ — 4y}3^-|-{8y — 4dK4-ete. 

which should be identical. Hence we get 

a=|,(5 = fa,y=JJL|3,d=^-ify etc., 

in which the law of progression is obvious. We have, therefore, 



3.5*~r3.5.7-*-^"l" 3.5.7.9 "^ "T^ ST577.9.11 ' 
This series may be transformed into the following continuous fraction: - 
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1 — -,x 

1 + 5^^ 
, 578 



1 — etc. 
The law according to which the coefficients 

5' 6.7' 7.9' 9.U' ^^''• 

proceed is obvious; in truth, the w'* term of this series is, when n is even, 

n — 'S.n 
2n4-1.2;i-|-3' 
when n is odd. 



2» + 1.2»^ 

tile further development of this subject would be too foreign from our purpose. 
If now we put 

", — =x — i 



1 — etc. 
we have 
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and 

or 

t_ sin°ff-|(2ff— sin2ff)(l~gsh^|y) 

The numerator of this expression is a quantity of the seventh order, the denomi- 
nator of the third order, and |, therefore, of the fourth order, if ^ is regarded as 
a quantity of the first order, and a; as of the second order. Hence it is inferred 
that this formula is not suited to the exact numerical computation of § when g 
does not denote a very considerable angle: then the following formulas are 
conveniently used for this purpose, which differ from each other in the changed 
order of the numerators in the fractional coefficients, and the first of which ia 
derived without difficulty from the assumed value of x — %? 



[13] 1-. 






1-:^ 



1 — etc., 



1— H^— A» 



•1% 


X 


Z 




1— 


■tW 






1- 


-A% 


X 




1 — 


■etc. 



In the third table annexed to this work are found, for all values of x from 
to 0.3, and for every thousandth, corresponding values of 5 computed to 
seven places of decimals. This table shows at first sight the smallness of \ for 



* The derivation of the latter supposes some less obvious transformations, to be explained on another 
occasion. 
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moderate values of g; thus, for example, for E' — -ff^lO", ory^5°, when 
2;^ 0.00195, is 1 — 0.0000002. It would be superfluous to coutinue the table fur- 
ther, smce to the last term :P= 0.3 corresponds g = 66° 25',or U' — U^ 132° 50'. 
The third column of the table, which contains values of 5 corresponding to nega^ 
tive values of x, will be explained further on in its proper place. 

91. 

Equation 12, in which, in the case we are treating, the upper sign must evi- 
dently be adopted, obtaina by the introduction of the quantity ^ the form 

Putting, therefore, 

and 

[14] 



. = (^+^)* + |^±i^, 



| + i+| — '*' 

the proper reductions being made, we have 

[16] *=e=i)f . 

If, accordingly, k may properly be regarded as a known quantity, ?/ can be de- 
termined from it by means of a cubic equation, and then we shall have 

[161 x = '^ — l 

Now, although It involves the quantity ^, still unlaiown, it will be allowable to 
t it in the first approximation, and for h to take 



since i is undoubtedly a very small quantity in the case we are discussing. 
Hence ^ and x will be deduced by means of equations 15, 16; | will be got 
from X by table III., and with its aid the corrected value of h will be obtained by 
formula 14, with which the same calculation repeated will give corrected values 
of J/ and x: for the most pait those will differ so little from the preceding, that | 
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taken again from table HI., will not differ from tlie first value ; otliei-wiss it would 
be nece^ary to repeat the calculation anew until it xmderwerit no farther change. 
When the quantity x shall be found, g will be got by the formula sin^ ^tg-.^ x. 

These precepts refer to the first case, in which cos/ is positive ; in the other 
case, where it is negative, we put 

and 



wh,ence equation 12* properly reduced passes into this, 

[16.] n^WllZ. 

Y and H can be determined, accordingly, by this cubic equation, whence again x 
will be derived from the equation 
MM 
' IT 

In the first approximation 

MM 

will be talreu for H; { wiU be talten from table HI. with the value of x derived 
from E by means of the equations 15« 16*; hence, by formula 14», will be had 
the corrected value of H, with which the calculation will be repeated In the same 
manner. Jinally, the angle g will be detormlnod from X m the same way aa in 
the first case. 

92. 

Although the equations 15, 15*, can have three real roots in certain cases, it 
win,notwithstanding, never be doubtful which should bo selected m our problem. 
Since h is evidently a positive quantity, it is readily inferred from the theory 
of equations, that equation 16 has one positive root with two imaginary or two 
negative. Now since 
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must necessarily be a positive q^uantity, it is evident that no uncertainty remains 
here. So far as relates to ecLuation 15*, we observe, in the fii^t place, that L is 
necessarily greater than 1 ; which is easily proved, if the equation given in article 
89 is put under the form 

' — cos/ ' — cos/ 
Moreover, by substituting, in ecLuation 12*, T\J {L — x) in the place of M, we 
have 

Y^l^{L — x)X, 
and so 

r+l>(l-^)X>J + A=. + j;';j?j;.^ + A?i^.+ ete.>|, 

and therefore F>-^. Putting, therefore, Yt=^~\- Y', Y' will necessarily be a 
positive quantity; hence also equation 15'^ passes into tliis, 

r^+ 2 r r + (1 — h) Y'^^K,—%n= o, 

which, it is easily proved from the theory of equations, cannot have several posi- 
tive roots. Hence it is concluded that equation 15* would have only one root 
greater than ^,-}- which, the remaining ones being neglected, it will be necessary 
to adopt in our problem. 

93. 

In order \x> render the solution of equation 15 the most convenient possible 
in cases the most frequent in practice, we append to this work a special table 
(Table II.), which gives for values of h from to 0.6 the corresponding logar 
rithms computed with great care to seven places of decimals. The argument 
h, from to 0.04, proceeds by single ten thousandths, by which means the 
second differences vanish, so that simple interpolation suffices in this part 
of the table. But since the table, if it were equally extended throughout, 
would be very voluminous, from h^:^ 0.04 to the end it was necessary to proceed 
by single thousandths only ; on which account, it will be necessary in this latter 
part to have regard to second differences, if we wish to avoid errors of some units 



t If ia lact we suppose that our problem admits of solution. 
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in the seventh figure. The smaller values, however, of li are much the more fre- 
quent in practice. 

The solution of equation 15, when h exceeds the limit of the table, as also 
the solution of 15% can be performed without difficulty by the indirect metliod, 
or by other methods sufficiently known. ■ But it will not he foreign to the pur- 
pose to remark, that a small value of g cannot coexist with a negative value of 
cos/, except in an orbit considerably eccentric, as will readily appear from equa- 
tion 20 given below in article 95.f 

94. 

The treatment of equations 12, 12*, explained in articles 91, 92, 93, rests upon 
the supposition that the angle y is not very large, certainly within the limit 60° 25', 
beyond which we do not extend table 111. When this supposition is not correct, 
these equations do not require so many artifices ; they can be most securely 
and conveniently solved by trial ivithout a change of form. Securely/, since the value 
of the expression 

2ff — s in2g 

in which it is evident that 2 </ is to be expressed m parts of the radius, can, for 
greater values of y,be computed with perfect accuracy by means of the trigonomet- 
rical tables, which certainly cannot be done as long as ^ is a small angle : con- 
vmientk/, because heliocentric places distant from each other by so great an interval 
will scarcely ever be used for the determination of an orbit wholly unlmown, while 
by means of equation 1 or 3 of article 88, an approximate value of ^ follows 
with almost no labor, from any knowledge whatever of the orbit: lastly, from an 
approximate value of g, a corrected value will always be derived with few trials, 
satisfying with sufficient precision equation 12 or 12*. For the rest, when two 
given heliocentric places embrace more than one entire revolution, it is necessarv 
to remember that just as many revolutions will have been completed by the eccen- 
tric anomaly, so that the angles E' — E, v' — v, either both lie between and 360°, 

t That equation shows, that if coa/ m negative, if must, at least, be greater tLan 90° — g. 
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or both between similar multiples of the whole cttcumference, and also / and y 
together, either between and 180°, or between similar multiples of tho semicir- 
cumference. If, finally, the orbit should be wholly unknown, and it should not 
appear whether the heavenly body, in passing from the first radius vector to the 
second, had described a part only of a revolution or, in addition, one entire revo- 
lution, or several, our problem would sometimes admit several different solutions : 
however, we do not dwell here on this case, which can rarely occur in practice. 

95. 

We pass to the second matter, that is, the detormmation of the elements from 
the angle g when found. The major scmiaxis is had here immediately by the 
formulas 10, 10*, instead of which the following can also be used : 

[17] „^2»i"™/Vri'^ it" 

'- 1 TTim'g iTTr/ mt'fm'f 

The minor semiajds J = ^/o^ is got by means of equation 1, which being 
combined with the preceding, there results 

[18.] ,=(^r^/)'- 

Now the eUiptic sector contained between two radii vectores and the effiptic arc 
is ^kt\/p, also the triangle between the same radii vectores and the, chord 
lr/sin2/: wherefore, the ratio of the sector to the triangle is any: 1 or Z: 1. 
This remark is of the greatest unportanoe, and elucidates in a beautifnl manner 
both the equations 12, 12* : for it is apparent from this, that in equation 12 the 
parts i», (i+ar)", X(?+ uf, and in equation 12* the parts M, (L—tcf, X {L—xf, 
are respectively proportional t» the area of the sector (between the radii vectores 
and the elliptic arc), the area of the triangle (between the radii vectores and the 
chord), the area of the segment (between the arc and the chord), because the 
first area is evidently equal to the sum or difference of the other two, accord- 
mg as »'_» lies between and 180", or between 180° and 860°. In tho case 
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where v' — vS^ greater than 360° we must conceive the area of the whole ellipse 
added to the area of the sector aud the area of the segment just as many timea 
as the motion comprises entire revolutions. 

Moreover, since i ;=« cos^), from the combination of equations 1, 10, 10% 
follow 



[19*] cosy = 5 



ii 



whence, by substituting for I, i,tlieir values from article 89, we have 



[20] cosy; 



in/™ 



V — coa/cos,? + 2tail22o,* 
This formula is not adapted to the exact computation of the eccentricity 
when the latter is not great : but from it is easily deduced the more suitable 
formula 

to which the following form can likewise be given (by multiplying the numerator 
and denominator by cos^ 2 tu) 



[22] tanHq 



'H(/-ff) + <^^'i(/-g)^i 



The angle 9 can always be determined with all accuracy by either formula, using, 
if thought proper, the auxiliary angles of which, tlie tangents are 
tan 2 ft. t«n 2 la 

for the former, or 

t^n !"(/">)' tani(/+^) 
for the latter. 

The following formula can be used for the determination of the angle G, 
which readily results from the combination of equations 5, 7, and the following 
one not numbered, 

r231 tiin Q — iy —T)Ang 

from wlii<;h, by introducing tOjis easily derived 
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The ambiguity here remaimng ia easily decided by means of equation 7, which 
shows, that G must be taken between and 180°, or between 180" and 360°, 
as the numerator in these two formulas is positive or negative. 

By combining equation 3 with these, which flow at once from equation II. 
article 8, 

~ + -7- ^ cos/ COS -f, 

the following will be derived without trouble, 
[25] tan ^=2 



(/-r)sin/ 



from which, the angle o> being introduced, results 

The uncertainty here is removed in the same manner as before. — As soon as 
the angles F and G shall have been found, we shall have v ^=. F — /, v' = -f -]-/, 
whence the position of the perihelion will be known ; also E= G — g, E' :=:G 4-^- 
Finally the mean motion in the time t will be 

-— = 1g — 2ccosG^siny, 

the agreement of which expressions will serve to confirm the calculation ; also, 
the epoch of the mean anomaly, corresponding to the middle time between the 
two given times, will be G — e sin (? cos ;/, which can be transferred at pleasm'e 
to any other time. It ia somewhat more convenient to compute the mean 
anomalies for the two given times by the formulas E — emnE, E' — e sin E', and 
to make use of their difference for a proof of the calculation, by comparing it with 

hi 



Hosted by 



Google 



Sect. 3.] places in ohrit. 



The equations in the preceding article possess so much neatness, that there 
may seem nothing more to be desired. Nevertheless, we can obtain certain 
other forraulasj by which the elements of the orbit are determined much more 
elegantly and conveniently ; but the development of these formulas is a little 
more abstruse. 

We resume the following equations from article 8, which, for convenience, we 
distinguish by new numbers : — 



m. sin|/t/-^=sin^^'v/{l + «) 



cos i 



"We multiply I. by sin ^ (^-j-ff), IL by cos ^ (-f -J-^), whence, the products being 
added, we obtain 

cos i {f-\-ff) sjl = sin i^sin ^ (-F-f y) \/{l-\-e)-\- cos ^_^cos J {F-\-</)\/ {l~e) 
or, because 

\/ (1 -[- e) r^ cos ^ 9 -|- sin i (p, \/ (1 — e) ^ cos i(p — sin i (p, 
cos h {f-\-ff) yj l^cos^f cos(i F— i G+(/) — sin i tp oos ^F-\-G). 

In exactly the same way, by multiplying III. by sin i {F — g), IV. by cos k {F — ff), 
the products being added, appears 

cos i (/+y) ij — — cos i (p cos(^ _F— ^ G _^)_ gin i (p cos i {F-\-G), 
The subtraction of the preceding from this equation gives 

cos k {/ + ^) {\/~-~\/^) — 2 cos i y sm *^ sin i {F— G), 
or, by introducing the auxiliary angle lo, 

[27] cos i (/4-^) tan 2 oj 1=: sin J {F—G) cos i 9 sin^ iV"^. 
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By transfonnations precisely sJmilai', the development of v/hich we leave to the 
skilful reader, are found 

[28] 51^^a»)=coa4(-P— C)cosJ9)siny^?^, 
[29] cos 4 (/ — (/) tan 2 fl» = sin J {^-)~ ^) ^ ^ "P ^i"^ V "T?; 
[30] -°ittl2) = cosi(-P+C)siniysin(r^i?. 
"When the first members of these four equations are known, ^ [F — G) and 
cos 4 y sin y *7 --^ ^= P 

will be determined from 27 and 29; and also, from 29 and 30,in the same manner, 
i{F+B)iixA 

sinly siny^°-°=§; 

the doubt in the determination of the angles k {F — G), h {^-\-Cf\ is to be so 
decided that P and Q may have the same sign as sin ff. Then i (p and 

will be derived from F and Q, From II can be deduced 

"""■ sinV ' 

and also 

unless we prefer to use the former quantity, which must be 

±\/(2{l-\- sin^ i g) cos/) :=±sl {—2{L~ sin^ h g) cos/) , 
for a. proof of the computation chiefly, in which ease a and p are most conven- 
iently determined by the formulas 

Several of the equations of articles 88 and 95 can be employed for proving the 
calculation, to which we further add the following ; — 
2 tan 2 01 



-y—- :=esm.GBm0 
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2 fan 2 w j ]>p ■ n ■ ^ 

cos 2 oT V 7?^^^^"-^^^^/ 
2tan2w . - ^ . .. 

cosTtir ~ tan 9 sui 6^ sm/ — tan y sm .f sin ^. 

Lastly, the mean motion and the epoch of the mean anomaly will be found in the 
same manner as in the preceding article. 

97. 

"We will resume the two examples of article 87 for the illustration of the 
method explained in the 88th, and subsequent articles : it is hardly neces,9nry to 
say that the meaning of the auxihaiy angle m thus far adhered to is not to be 
confounded with that with which the same symbol was taken in articles 86, 87. 

L In the first example we have /^= 3° 47' 26".865, also 

log - = 9.9914699, log tan (45° + w) = 9.997864975, »= — 8' 27".0O6. 
Hence, by article 89, 

logsirfj/ , . . 7.0389972 logtarf2nj . . 6,3832428 

log cog/. . . . 9.9990488 log cos/ . . . 9.9990488 

7.0399484 63841940 

= log 0.0010963480 = log 0.0000242211 

and thus i= 0.0011205691, 1 + ^=0.8344539. Enrther we have 
log*; . . . . 9.6766974 
2log lit . . . . 9.1533948 
C.flogr/ . . . 9.02061.81 
Clog 8 cos'/ . . 9.0997636 



log mm 
log (1+0 



7.2736766 
9.9214023 



7.3622742 
The approximate value, therefore, of A is 0.00225047, to which in our table 11. 
corresponds logyy = 0.0021633. We have, accordingly, 

log " = 7.2716132, or"= 0.001868587, 
17 
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VThenco, by formula 16, x = 0.0007480179 : wherefore, since I is, by table III, 
wholly insensible, tbe values found for h, y, x, do not need correction. Now, the 
determination of the elements is as follows: — 

log a; 6.87S9120 

logsinjy . . . 8.4.369660, \g = ViV 2".0286, J (/+y)= 3"27'45".4611, 
* (/ — 3) = 19'4r'.4039. Wherefore, by the formulas 27, 28, 29, 30, is had 
log tan 2 1» . . . 7.6916214 b Clog cos 2 b . . . 0.0000062 



jcos4(/+y) 
5 cos J {/—^) 



9.9992066 
9.8999929 



Iogi'sml(J'— (?) 7.6908279 » 
log P cos i (!■—(?) 8.7810240 



k{F—0) = 



— 4°38'41".64 
319 21 38 .05 



logsini(/+y) 
log sin J (/—^) 



log Q sin 5 {F+ (?) 
ogecosi(.P+(?) 



8.7810188 
7.7679709 



7.6916143a 
7.7679761 



,ogP = IogiicosJ<j) 8.7824627 
e = logiJsinJ9i 7.8778365 



p= 


314 42 66 .61 


Hence J y = 7° 6' 0".986 


» = 


SIO 56 29 .64 


<t= 14 12 1 .87 


!.' = 


818 SO 23 .37 


logi 8.7867960 


(? = 


S24 19 .69 


For proving tlie oiilcuktion. 


i,' = 


820 62 16 .63 


i log 2 cos/ .... 0.1600894 


E'= 


327 8 23 .66 


i log (; 4-2;) = log 2- 8.6367666 




8.7867960 



ilogf/ . . 


. . 0.3264939 


log sin/ . . 


. 8.8202909 


Clog sin ^ . 


. 1.2621766 


log} . . . 


. 0.4089613 


log cos ijp . . 


. . 9.9866224 




log (8 . . . 


. . 0.4224889 



log sm q) . 
log 206266 



9.3897262 
6.3144261 



log e m 
og sin E 
log sin E' 



Log e sm E 
logesin.^' 



4.7041518 
9.8000767n 
9.7344714 b 
4.6042280 b 
4.4386227 b 
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logA . . . 3.5500066 esin^ = — 31932".14 =— 8"52'12".14 

^loga . . . 0.633658 4 e sin ^' ^ — 27455 .08 :^ — 7 3T 35 .08 

2.9163482 Hence the mean anomaly for the 

logi! ... 1.3411160 first place == 329°44'27".67 

4.2574642 ^^r the second = 334 45 58 .73 

Difference = 5 1 31 .06 

Therefore, the -mean daily motion is 824".7989. The mean motion in the time 

Hs 18091".07 == 5° r31".07. 

II. In the other example we have 
/^3r27'38".32, w = — 21'50".565, /^ 0.08635659, logmm = 9.3530651, 
iXl' '^^ *-^*^ approxunate value oi' h=: 0.2451454 ; 
to this, in table 11., corresponds log^^ = 0.1722663, whence is deduced 
^ ^ 0.15163477, ^ ^ 0.06527818, 

hence from table m. is taken | = 0.0002531. Which value bemg used, the cor- 
rected values become 

^=0.2450779, logy y ^ 0.1722303, ^ ^ 0.15164737, a; = 0.06529078, 
i = 0.0002532. ^■■' 

If the calculation should be repeated with this value of ^ , diffciing, by a single 
unit only, in the seventh place, from the first; h, log^y, and x would not suffer 
sensible change, wherefore the value of x already found is the true one, and we 
may proceed from it at once to the determination of the elements. We shall 
not dwell upon tliis here, as it differs in nothuig from the preceding example. 

m. It will not be out of place, to elucidate by an example the other 
case also in which cos/ is negative. Let v' — V:^ 224° 0' 0", or /=: 11 2° 0' 0" 
log ?• ^ 0.1394892, log /= 0.3978794, ^1= 206.80919 days. Here we find 
(« ::^_|_ 4= 14'43" 78, Z= 1.8942298, log Jfir= 0.6724333, the first approximate 
value of log 5"= 0.6467603, whence by the solution of equation 15* is obtained 
Y= 1.591432, and afterwards w = 0.037037, to which, in table III., corresponds 
5^0.0000801. Hence are derived the corrected values log ^^ 0.6467931, 
Y= 1.5915107, z= 0.0372195, £ ^ 0.0000809. The calculation being repeated 
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with this value of |, we have s; — 0.0372213, which value rei^uires no further cor- 
rection, since £ is not thereby changed. Aftei-wards is found ^y = 11° 7'25".40, 
and hence in the same manner as in example 1. 



4(-P-0) = 




3'33'63".69 


log P = log .B cos } 5) 9.9700607 


H-F+ff) = 




8 26 6 .38 


log (J = log B sin i y . 9.8680662 


P= 




11 69 69 .97 


*¥= 37°4rS4".27 


v = 


— 


100 .03 


y = 75 23 8 .64 


</ = 


+ 


123 69 69 .97 


logB ...... 0.0717096 


ff = 




4 52 12 .79 


Foe proving theoalculation. 


E = 


- 


- 17 22 38 .01 


log:|lv' — 2cos/ . . 0.0717097 


E'= 


-\ 


-27 7 3.69 



The angle y in such eccentric orbits is computed a little more exactly by 
formula 19*, which gives in our example 9= 75° 23' 8".57; likewise the eccen- 
tricity e is determined with greater precision by the formula 

e = l— 2sin3(45°— ^9)), 
than by e — sin y ; according to the former, e — 0.96764630. 

By formula 1, moreover, is found log 5 ^0.6576611, whence log^— 0.0595967, 
logffl::^ 1.2557255, and the logarithm of the perihelion distance 

log j^ ■= log a{\ — e)= log I tan (45° — i y) ^ 9.7656496. 

It is usual to give the time of passage through the perihelion in place of the 
epoch of the mean anomaly in orbits approaching so nearly the foi-m of the 
parabola ; the intervals between this time and the times corresponding to the 
two given places can be determined fi:om the known elements by the method 
given in article 41, of which intervals the difference or sum (according as the 
perihelion lies without or between the two given places), since it must agree with 
the time /, will serve to prove the computa,tion. The numbers of this third ex- 
ample were based upon the assumed elements in the example of articles 38, 43, 
as indeed that very example had furnished our first place : the trifling difFerencea 
of the elements obtained here owe their origin to the hmited accuracy of the 
logarithmic and trigonometrical tables. 
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The solution of our problem for the ellipse in the preceding article, might be 
rendered applicable also to the parabola and hyperbola, by eonsideriag the parab- 
ola as an ellipse, in which a and 5 would be infinite quantities, y:;^;^ 90°, finally 
U, U', g, and G-:=.^', and in a like manner, the hyperbola as an ellipse, in which a 
would be negative, and h,E,E',(i,G,(f, imaginary: we prefer, however, not to 
employ these hypotheses, and to treat the problem for each of the conic sections 
separately. In this way a remarkable analogy wiU readily show itself between 
all three kinds. 

Retaining in the PARABOLA the symbols p, v, v', F,f, r, /, t with the same sig- 
nification with whicb they had been taken above, we have from the theory of the 
parabolic motion : — 

[1] \/f,= <!OsJ{ii'-/) 

^ = tan J {F+f) — tan J {F—f) + » tarf i{F+f) — i tan» i (F—f) 
p* 

= (tan i (F+f) — tan i (-P—/)) (l + tan i (F+f) tan 4 (!■—/) + 

i (tan J (F+f) - tan J (-F— /))^) 

^ \ p I 3p/j /' 

whence 

Further, by tlie multiplication of the equations 1, 2, is derived 

W ^-77 = cos J-^ cos/ 
and by the addition of the squares. 



[6] 



rS'L 
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Hence^ cos F being eliminated, 



mp- 



.s/Vr/- 



If, accordingly, we adopt here also the equations 9, 9*, article 88, the first for 
cos/ positive, the second for eoa/ negative, we shall have, 



[7] p = =^ 
[7*] p== 






-■2Lco>if' 

which values being substituted in equation 3, preserving the symbols ?«, if, with 
the meaning established by the equations 11, 11*, article 88, there result 
[8J m^P-\-il\ 

These equations agree with 12, 12% article 88, if we there put^'r^O. Hence it is 
concluded that, if two heliocentric places which are satisfied by the parabola, are 
treated as if the orbit were elliptic, it must follow directly from the apphcation 
of the rules of article 19, that x^O; and vice versa, it is readily seen that, if 
by these rules we have x=0, the orbit must come out a parabola instead of 
an ellipse, since by equations I, 16, 17, 19, 20 we should have 5 ^ cx>, «:=:: oo, 
9 = 90. After this, the determination of the elements is easily effected. Instead 
of ^, either equation 7 of the present article, or equation 18 of article 95 f might 
be employed : but for F we have from equations 1, 2, of this article 



tan i F-. 



~ ^jTw^ cotan i/=; sin 2 to cotan if, 



if the auxiliary angle is taken with the same meaning as in article 89. 

We further observe just here, that if in equation 3 we substitute instead of 
p its value from 6, we obtain the well-known equation 

kt = l{r^/'^ cos/. ^ r r') (r + / — 2 cos/, y/r / )* y^ 2 . 



t Whence it is at once evident that y ; 
pse. See article 95. 



id T express the same ratios in the parabola a 
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99. 

We retain, in the HYPERBOLA also, the symbola p, v, v',f, F, r, r', i with the 
same meaning, but instead of the major semiaxis a, which is here negative, we 
shall write — a j we shall put the eccentricity e = ^-^ in the same manner as 
above, article 21, etc. The auxiliary quantity there represented by m, we shall 
put for the first place ^ — , for the second = Oc. whence it is readily inferred 
that e is always greater than 1, but that it differs less from one, other things 
being equal, in proportion as the two given places are less distant from each 
other. Of the equations developed in article 21, we transfer here the sixth and 
seventh slightly changed in form, 

[2] M„J,= j(^^-^^)^(l±iL« 
[8] coslt.'=j(i/ec-|-^i)^&=i^ 
[4] rinJ/=i(v/C«-y'-i;)^/fc±i>-", 
From these result directly the following : — 
[6] si„J=l„(c._^)y'li=i 

[6] smf=.io,(c-l)s/'-^ 
[7] co.F={eie + l)~iO+l)X^ 
[8] oos/ = (.(C + ^)-(« + i))^. 
Again, by equation X. article 21, we have 
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and lience, 

[10] iyi-'=l.{(7+i,)(»+l)-2. 

This equation 10 combined with 8 gives 

/-\-r — {c-\--)coBf.'i/r/ 
[11] a^ \ — ^- 

Putting, therefore, in the same manner as in the ellipse 

\/ir-h\/y 

2 CDS/ = 

according as cos/ is positive or negative, wo have 

8(?— J(v/c— 4/J)^)cos/.v'r/ 
[12] « — — _ — - - — ' 

— 8 (Z+l (v/c— Ji)') coB/.Vr/ 
[12«] o= Y ■ 

The computation of the quantity ^ or X is here made with the help of the auxil- 
iary angle lo in the same way as in the ellipse. Finally, we have from equation 
XI. article 22, (using the hyperbolic logarithms), 

i|=i«((7„-i_£.+±)-i„gc.+iog^ 

= J<'{C+-^)(<'-j)-21ogc, 
or, C being eliminated by means of equation 8, 

^" a —-\-H<"^ — —) — ^^ogc. 

In this equation we substitute for « its value from 12, 12* ; we then introduce 
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the symbol m or if, with the same meaning that formulas 11, 11^^, article 88 give 
it ; anJ finally, for the sake of brevity, we write 

, , CO . — 4 log G 

from which result tlie equations 

[13] m={l~,)i+(l-,fz, 

[13»] M=-{L + .f + (l^,fz, 

which involve only one unlmown quantity, s, since Z is evidently a function of 2 
expressed by the following fonnula, 

100. 

In solving the equation 13 or 13*, we will first consider, by itself, that case in 
which the value of z is not great, so that Z can be expressed by a series proceed- 
ing according to the powers of z and converging rapidly. Now we have 

(l + 2.)v'(2 + ..) = .*+t,*+J.«..., 
log(4/(l + ^) + v/2)=2*-i«» + ,L2«..., 
and so the numerator of ^ is | s^^ -I- -^ g^ . . . ; 
and the denominator, 2 ^^ -j- 3 ^r^ . . . , 
whence, 

Z=i-iz.... 
In order to discover the law of progression, we differentiate the equation 

2(2 + s3)*.?={l + 2s)v/(s+32)_log(v/(l + s)4-v/2), 
whence results, all the reductions being properly made, 

18 
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or 

whence, In the same maimer as in article 90, is deduced 

7_ 4 *-^«_l_*-6-8„„ 4.6.8.10 „ . 4.6.8.10.13 , 

'^ — *^ 375 ^ + 37577 ^^~ 375:779-^+ 3:5":-7T9ar^— ^^'^■ 

It is evident, therefore, that Z depends upon — g in axactly the same manner 
as X does upon ^ above in the elKpse ; wherefore, if we pat 



C also will be determined in the same manner by — s as |, above, by x, so that 



we 


have 
[14] 


A 


A 


... 








l-A' 


1 


'A" 




or. 


1 + 


l+ete. 


i + : 







1- 

1 -j- etc 
In this way the values of C are computed for z to single thousandths, from s = 
up to s= 0.3, which values are given in the third column of table IIL 

101. 

By introducing the quantity t, and putting 

V'a-^) = f orv/{i; + 2r) = * 
also 

[15] ,-f4-f = *,or 
[15.] -,:1{-, = E, 
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equations 13, 13* assume the form, 

[16.] <''+^)/-^ = iJ-, 

and so, are wholly identical with those at which we arrived in the ellipse (15, 15*, 
article 91). Hence, therefore, so far as h ov JI can be considered as known, y or 
T can be deduced, and afterwards we shaU have 

[17] s = I— — , 

Prom these we gather, that all the operations directed above for the ellipse serve 
equally for the hyperbola, up to the period when y or F shall have been deduced 
from h or //; but after that, the quantity 

mm , J. MM 

which, in the ellipse, should become positive, and in the parabola, 0, must in the 
hyperbola become negative : the nature of the conic section will bo defined by 
this criterion. Our table will give t, from s thus found, hence will arise the cor- 
rected value of h or H, with which the calculation is to be repeated until all 
parts exactly agree. 

After the true value of s is found, c might be derived from it by means of the 
formula 

e^l + 2g + 2\/(^-Hs«), 
but it is preferable, for subsequent uses, to introduce also the auxihary angle n, 
to be determined by the equation 

hence wo have ' . 

c = tan 2 « + \/ (1 + tan^ 2 «) = tan (45° -f n) . 
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102. 

SincG y must necessarily be positive, as well in the hyperbola as in the ellipse, 
the solution of equation 16 is, here also, free from ambiguity :■}■ but with respect 
to equation 16*, we must adopt a method of reasoning somewhat different from 
that employed in the case of the ellipse. It is easily demonstrated, from the the- 
ory of equations, that, for a positive value of HX, this equation (if indeed it has 
any positive real root) has, with one negative, two positive roots, which will either 
both be equal, that is, equal to 

^y/ 5 — ^1^0.20601, 
or one will be greater, and the other less, than this limit. "We demonstrate in 
the following manner, that> iu our problem (assuming that z is not a large 
quantity, at least not greater than 0.3, that we may not abandon the use of the 
third table) the greater root is always, of necessity, to be taken. If in equation 
13* in place of i!:^ is substituted F\/(X-|-g),we have 

Y^\ = {L-\-z) Z> (1 + z) Z, or 
r>-l- — ^-^-^■■-^^--^■'^'■^^^-1-etc 

^3 3.5'^^3.5.7 3. 5. 7. 9 ^^ ®^^' 

whence it is readily inferred that, for such small values of s as we here suppose, 
Y must always be > 0.20601. In fact, we find, on making the calculation, that 
z must be equal to 0.79858 in order that (l-j-sj^" may become equal to this 
limit : but we are far from wishing to extend our method to such great values of z. 

103. 

When s acquires a greater value, exceeding the limits of table III., the equa- 
tions 13, 13* are always safely and conveniently solved by trial in their un- 
changed form ; and, in fact, for reasons similar to those which we have explained 

t It will hardly be necessary to remark, that our talile IT. can to used, in tlie hyperbola, as well as 
in the ellipse, for the solution of this equation, as long as h does not exceed its limit. 

t The quantity H evidently cannot become negative, unless C> i; but to such a value of I would 
correspond a value of s greater than 2.684, thus, far exceeding the limits of tiis method. 
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in article 94 for the ellipse. In such a case, it is admissible to suppose the 
elements of the orbit, roughly at least, known : and then an approximate value 
of n is immediately had by the formula 

tan 2 H ^r= — ,, , ,v 

which readily follows from equation 6, article 99. s also will be had from n by 
the formula 

__ 1 — cos2« _ sm'w _ 
^ ""2cos2w coa2re' 

and from the approximate value of s, that value will be deduced with a few 
trials which exactly satisfies the equation 13, 13*. These equations can also be 
exhibited in this form. 



,= (,_i^)*+2(^_i^)' •! »-S-''3'P-Htan(«. 



tan^2 
— hyp.logtan(45' 



•+") ! 



and thus, z being neglected, the true value of n can be deduced. 

104. 

It remains to determine the elements themselves from s, n, or o. Putting 
as/{ee — 'l) = ^)WG shall have from equation 6, article 99, 

[18] |S=!a^. 

>- -■ '^ tan 2 m 

combining this formula with 12, 12*, article 99, we derive, 

[19] ^{ee-l) = Un^, = '!^ll^, 

n n----7 i tan ftaii 2 n 

[19-.] tonv=-^f^_p^, 

whence the eccentricity is conveniently and accurately computed ; a will result 
from ^ and >/ (ee — 1) by division, and p by multiplication, eo that we have, 
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tai)^ 2 n yy tan" 2 w Ayyr/ aoa^fta.ri' 2 m 
— 2(-Z,-|-z)cos/.^r/ — 2MMwsf.>Jr/ ^/;<f 

sin/.tan/. Vr/_y ysin/.tan/.v/r/ _/ y^-/m2/ y 
^~ 2(; — 4 "~ 2Mm —\kt/ 

— —sin/, tan /. y^r/ — TTsmf . ta n/.y/r/ /' rf/ s in2/ Y 

~ 2ti+s) ~ 2jfjr "V kt )• 

The third and sixth expressions for p, which are wholly identical with the form- 
ulas 18, 18*, article 95, show that what is there said concerning the meaniag 
of the quantities ^, Y, holds good also for the hyperbola. 

From the combination of the equations 6, 9, article 99, is derived 

{''-')s/-^-='Anf.{0-^); 

by introducing therefore f and w, and by putting 0=:t&yi{ih° -\-N), we have 

[20] tan2ir=^=^^. 

being hence found, the values of the quantity expressed by m in article 21, will 
be had for both places ; after tha.t, we have by equation III., article 21, 

tan iv ^ Yr< — j—fw — J— » 
or, by introducing for C, c, the angles N, n, 

[22] ta}»'=-,S!i^^>j-. 

Hence will be determined the true anoioalies v, /, the difference of which com- 
pared with 2/ will serve at once for proving the calculation. 

Finally, the interval of time from the perihelion to the time corresponding to 
the first place, is readily determined by formula XI^ article 22, to be 
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and, in the same manner, the interval of time from the perihelion to the time cor- 
responding to the second place, 

l* C""1^7;Sf+° -— hyp-tog tan(46° + 7y)tan(4y + „)). 

If, therefore, the first time is put = T — i t, and, therefore, the second ^ T-\- h t, 
we have 

PS] 2'=f (i^ - log tan (45" + N)), 
whence the time of perihelion passage will be known ', finally, 

Pfl * = T(sOT-l°g'<«'(45°+»)), 

which equation, if it is thought propei', can be applied to the final proof of the 
calculation. 

105. 

To illustrate these precepts, we will ma.ke an example from the two places 
in articles 23, 24, 25, 46, computed for the same hyperbolic elements. Let, 
accordingly, 
v'^v = AB°l'2! 0",or/z=24° 6' 0", log r^ 0.0333585, log/ ^ 0.2008541, 
i!=: 51.49788 daya 
Hence is found 

w = 2" 45' 28".47, I = 0.05796039, 
j-j~-, or the approximate value of A := 0.0644371 ; hence, by table II., 
logy y " 0.0560848, '^ = 0.05047454, s = 0.00748685, 

to which in table III corresponds C i^ 0.0000032. Hence the corrected value of 
A is- 0.06443691, 

log y y ^ 0.0560846, ™- = 0.05047456, s = 0.00748583, 

which values require no further correction, because C is not changed by them. 
The computation of the elements is as follows : — 
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log s . . 
log (1+2) 



logv/fa + s 
log2 . . 



log tan 2 n 
2» = 
n ^ 
log sin/ • 
logy/r/ . 
C. log tan 2 n 



7.8742399 
0.0032389 



. 8.9387394 
. 0.3010300 
. 9.2397694 
9°61'H".816 
4 66 35.908 
. 9.6110118 
. 0.1171063 
. 0.7602306 



log (J . 
log tan ^ 
log» . 
logp . 
(they should be 



. 0.4883487 
. 9.8862868 
. 0.6020619 
. 0.3746366 
O.6020GO0 and 0.3746356) 



logsm(jr— 1!) . 8.7406274 
C. log cos (Jf+ n) . 0.0112902 
log cot J 1/1 . . . 0.4681829 
log tan J » . . . 9.2201005 
iv= 9''26'29".97 

v= 18 60 69.94 

(it should be 18°51'0") 

loge ..... 0.1010184 

logtan2i\r . . . 9.4621341 

Clog cos 2 » . . 0.0084639 

9.6696064 

number = 0.37119863 

hyp log tan(46°+iV)= 0.28591261 



log tan/ 9.6506199 

log 1 tan 2 n .... 8.9387394 
C.log{l—z) . . . 1.2969276 

log tan r)/ 9.8862868 

)/>= 37"34'69".77 

(it should be 37^ 85' 0") 



C. log ^ sin/ 
log tan 2 m . 
C. log cos 2 M 
log sin ^f> . . 



log tan 2 N 
2Jf = 

If = 

-Sr—n = 

Jf-\-n = 
Iogsin(i\r+,i) 
Clog cos (iV — ») 
log cot i T/) . . 



0.6900182 
8.9848318 
0.0020166 
9.7862686 



9.4621341 

16°0'46".263 

8 4 63 .127 

3 9 17 .219 

18 29 .036 

. 9.3623627 
. 0.0000587 
. 0.4681829 



log tan B y' . . 
iv' = 

(it should h 
log C . . . , 
log tan 2 n . . 
Clog cos 2 JV . 



number - 
byp log tan (45° -}-m) 



. 9.8211943 
33°31'29".93 
67 2 59 .86 
7"3'0") 
. 01010184 
. 9.2397694 
. 0.0176142 
9.3583020 
= 0.22819284 
=0.17282621 



Difference : 



0.08628612 



0.06686663 
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log 8.930878S log 8.M32480 

flog a 0.9030928 j-Ioga 0.9030928 

O.Iogi . . . . . l.Y6t4186 Clog* . . . . . 1.7644186 

logP 1.6983W '°g2 0.3010300 

T= 89.66338 logi 1.V117894 

■1= 61.49788 

Therefore, the perihelion passage is 13.91444 days distant from the time 
corresponding to the first place, and 65.41232 days from the time corresponding 
to the second place. Finally, we must attribute to the limited accuracy of the 
tables, the small differences of the elements here obtained, from those, according 
to which, the given places had been computed. 

106. 

In a treatise upon the most remarkable relations pertaining to the motion 
of heavenly bodies in conic sections, we cannot pass over in silence the elegant 
expression of the time by means of the major semiaxis, the sum r -\- r', and the 
chord joining the two places. This formula appears to have been first discovered, 
for the parabola, by the illustrious Euler, (Miscell. BeroHn, T. Vll. p. 20,) who 
nevertheless subsequently neglected it, and did not extend it to the ellipse and 
hyperbola : they are mistaken, therefore, who attribute the formula to the iUus- 
trious Lambekt, although the merit cannot be denied this geometer, of having 
independently obtained this expression when buried in oblivion, and of having 
extended it to the remaining conic sections. Although this subject is treated by 
several geometers, still the careful reader wiU acknowledge that the following 
explanation is not superfluous. We begin with the elliptic motion. 

We observe, in the first place, that the angle 2/ described about the sun 
(article 88, from which we take also the other symbols) may be assumed to be 
less than 360"; for it is evident that if this angle is increased by 360°, the time 
is increased by one revolution, or 

'L^^^^^ X 365.25 days. 
19 
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Now, if we denote the cliord by q, we shall evidently have 

(J Q ^ (/ cos / — r COS vf -\- (/ sin i-' — r sin vf, 
and, therefore, by equations VIII., IX., article 8, 

QQ^aa(GosI!' — cos-£')^-|-*''' cos^^) (sin^' — sini")^ 

— 4 a (f sin^ ^ (sin^ (? -|- cos^ y cos^ (?) = 4 « a sin^ y ( 1 ^ e e coa^ (?) . 
We introduce the auxiliary angle k such, that cos A =; e cos G ; at the same time, 
that all ambiguity may be removed, we suppose h to bo taken between 0°and 
180°, whence sin A will be a positive quantity. Therefore, as y lies between the 
same limits (for if 2y should amount to 360° or more, the motion would attain to, 
or would surpass an entire revolution about the sun), it readily follows from the 
preceding equation that 9=:3a sin^sm^, if the chord is considered a positive 
quantity. Since, moreover, we have 

r-|-/ = 2ff (1 — ecos^cos(?) ^2«(1 — cosy cos A), 
it is evident that, if we piit k — ff^=d', h-{-ff^f, we have, 
[1] ;• + / — () — 2ffl(l — cos d') ~ 4 (s sin^ id, 
[2] r + r' -f t) ^ 2 ffl { 1 — cos f ) = 4 ffl sinM « . 
Finally, we have 

kt =^ a'^ (2 (/ — 2 e smff cos G) 7= J {2 ff — 2sin^cosA), 

[3] kt = a^(e^smE~(d — smd)). 

Therefore, the angles S and s can bo' determmed by equations I, 2, from 
*" + ^^5 Q> ^"d « ; wherefore, the time i will be determined, from the same equa- 
tions, by equation 3. If it is preferred, this formula can be expressed thus : 



•(a, 



2 a """""^ — ^^^ ^^'^ ^^^ 2 — 



S). 

But an uncertainty remains in the determination of the angles d, s, by their 
cosines, which must be examined more closely. It appears at once, that d 
must lie between — 180° and + 180% and e between 0° and 360° : but thus 
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both angles seem to admit of a double, and the resulting time, of a quadruple, 
determination. "We have, however, from equation 5, article 88, 

cosf.\/r/ = a (cos^ — cos A) =:2asin Hsini*: 
nowj sin is is of necessity a positive quantity, whence we conclude, that cos/ 
and sin i 5 are necessarily affected by the same sign ; and, for this reason, that 
^ is to be taken between 0" and 180°, or between — 180° and 0° according as cos/ 
happens to be positive or negative, that is, according as the heliocentric motion 
happens to be less or more than 180°. Moreover, it is evident that 6 must neces- 
sarily be O°,for 2/= 180°. Li this manner S is completely determined. But 
the determination of the angle e continues, of necessity, doubtful, so that two 
values are obtained for the time, of which it is impossible to determine the true 
one, unless it is known from some other source. Finally, the reason of this 
phenomenon is readily seen ; for it is known that, through two given points, it 
is possible to describe two different ellipses, both of which can have their focus 
in the same given point and, at the same time, the same major semiaxis;* but 
the motion from the first place to the second in these ellipses is manifestly per- 
formed in unequal times. 

107. 

Denoting by X any arc whatever between — 180° and -j-lSO", and by s the 
sine of the a.rc ^ ;(:, it is known that. 

Moreover, we have 

Jsin;( = s\/(1 — jfs) = s— |fi«— i^/— ^;-^-^|/— etc. 
and thus, 



* A circle being described from the first place, as a centre, witii the radius 2 a — r, aiid another, 
from the second place, with the I'adius 2 a — /, it is manifest that the other focus of the ellipse lies in the 
intersection of these circles. Wherefore, since, generally speaking, two iotersections are given, two dif- 
ferent ellipses will be pi-oduced. 
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"We substitute in this series for s, successively 

and we multiply tlie results by S ; and thus obtain respectively, the series, 

Tilii -3 (f + 1' — ?)' + Site- 

J('-+'-' + ?)' + A;('- + '-'+?)* + tt'w^('- + '-' + ?)* + 

Trfii ?('■+''+(')'+ etc. 

the sums of which we will denote by T, K Now it is easily seen, since 

2sinn=+y^ '' + "^~^ 

the upper or lower sigfi having effect according as 2/ is less or more than 180°, 
that 

a^{8 — miS)=±T, 
the sign being similarly determined. In the same manner, if for e is taken the 
smaller value, inferior to 180°, we have 

but the other value, which is the complement of the former to 360°, being taken, 
we evidently have 

a^ (e — sin e) — a* 360° — ^Z 
Hence, therefore, are obtained two values for the time i, 

^^,and-^ T~- 

108. 

If the parabola ^ regarded as an ellipse, of which the major axis is infinitely 
great, the expression for the time, found in the preceding article, passes into 
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but since this derivation of tie formula might perhaps seem open to some doubts, 
we will give another not depending upon the ellipse. 
Putting, for the sake of brevity, 

tan iv=6,ta,nii/=6',wG have r:^ip{l-\-6 6),r'^z ^jj (1 -|- d'^') 

Hence follow 

r' cos v' — rcoBV=^p{6 6 — 6' 6'), r' sin ?/ — r sin v =:p {6' — &), 
and thus 

fq=ipp{Si-6f(4: + (« + 6f). 



Now it is rendily seen that ^' — ^ = 5715^^517 is a positive qiiKntity: puttiiigi 
tlierefore, 



V'(l + i(tf + ())')=ij, we have ^ =jo («' — ()) 1;. 
Moreover, 

»• + »'= Ji> (2 + (SO +<!'()') =i' (11 + i («'— C)") : 
wherefore, we have 

From the foi-mer equation is readily deduced, 

+\/™F^'=') + *(«■-«) 

as 1) and «' — 6 are positive quantities; but since } («' — 6) is smaller or greater 
than *j, according as 

ij^ — 1(1)'— 0)' = l + ««' = 



is positive or negative, we must, evidently, conclude from the latter equation that 

in which the upper or lower sign ia to be adopted, according as the angle de- 
scribed about the sun is leas than 180°, or more than 180". 
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From the equation, which, in article 98 follows the second equation, we have, 



moreover. 



whence readily follows, 

*'= J (('■+'•'+?)*+('•+/-?)»), 

the upper or lower sign taking effect, as 2/ is less or more than 180°. 
109. 

If, in the hyperbola, we take the symbols a, O, c, with the same moaning aa m 
article 99, we have, from equations VIII., IX., article 21, 

r'cos»' — r cos !> = —(((!— l)(o — ')« 

r'sin!)'— rsin»= }(<;— l)(c-(-l)av'{e<! — 1); 
and consequently, 

Let us suppose that y is a quantity determined by the equation 

since this is evidently satisfied by two values, the reciprocals of each other, we 
may adopt the one which is greater than 1. In this manner 

,=,„(«-i)(,_i). 

Moreover, 

r + /=3»(«(.+l){C + i)-4) = Ja({» + i)(, + i)_4), 



and thus, 
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Putting, therefore, 



i necessarily have 






but in order to decide the question whether */='■ — W- is equal to--]-2nor — 2«, 
it is necessary to inquire whether y ia greater or less than c : but it follows readily 
from equation 8, article 99, that the former case occurs when 2/ is less than 
180°, and the latter, when 2/ is more than 180°. Lastly, we have, from the same 
article, 

j=»(''+,-)(''-;)-2i"K''=*(»r-.^)-l(£-^)-iog«7 + iogJ 

= 2m\/ {1 ~\'mm)^2ns/ {I -\-nn) — 2 log (s/(l-\- mm) -\-m) 
±21og(v'(l+H + «), 
the lower signs belonging to the case of 2/>180°. Now, log (\/(l-{-m»;)-}-m) 
is easily developed into the following series : — 

This is readily obtained from 

dlog (v'(l +mM)4-w) = ^^^^^^^^. 
There follows, therefore, the formula 

2«j^(l^-Mm) — 21og(v/(l + mm)+m) = 4(-|m^-~i.im^+i.^m^_etc.), 
and, likewise, another precisely similar, if m is changed to n. Hence, finally, if we 
put 

— i¥lire-^{<' + '''— ?)*+etc 
i7=i('- + /+(.)''-A-;('- + '-'+P)*+ife-r„('- + '' + e)* 
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we obtain 

lci=-lJj;.T; 
which expressions entirely coincide witli those given in article 107, if a is there 
changed into — a, 

finally, these series, as well for the ellipse as the hyperbola, are eminently 
suited to practical use, when o or o possesses a very great value, that is, where the 
conic section resembles very nearly the parabola. In such a case, the methods 
previously discussed (articles 86-106) might be employed for the solution of the 
problem: but as, in onr judgment, they do not furnish the brevity of the solution 
given above, we do not dwell upon the fm-ther explanation of this method. 
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RELATIONS BETWEEN SEVERAL PLACES IN SPACE. 



110. 

The relations to be conaidered in this section are independent of the nature of 
the orbit, and will rest npon the single assumption, that all points of the orbit lie 
in the same plane with the sun. But we have thought proper to touch here upon 
some of the most simple only, and to reserve others more complicated and special 
for another book. 

The position of the plane of the orbit is fully determined by two places of 
the heavenly body in space, provided these places do not he in the same straight 
line with the sun. Wherefore, since the place of a point in space can be assigned 
in two ways, especially, two problems present themselves for solution. 

We will, in the first place, suppose the two places to be given by means of 
heliocentric longitudes and latitudes, to be denoted respectively by J., i.', /5, ^' : the 
distances from the sun will not enter into the calculation. Then if the longitude 
of tbe ascending node is denoted by SJ, the inclination of tbe orbit to the ecliptic 
by {, we shall have, 

tan |S = tan i sin {X — SJ ), 

tan (i' ^= tan { sin (X' — 8 ). 

The determination of the unknown quantities S3, tan i, in this place, is referred 

to the problem examined in article 78, II. We have, therefore, according to the 

first solution, 

tan J sin (X — Q.) =itan(3, 



tan i cos (X — Q.) 



-taii^cos(r— a) 



20 (153) 



Hosted by 



Google 



154 KELATIONS BETWEEN SEVERAL [DoOK I. 

likewise, according to the third solutioiij we find Q by equation 

and, somewhat more conveniently, if the angles /5, §', are given immediately, and 
not by the logarithms of their tangents : but, for determining «', recourse must be 
had to one of the formulas 

tan i ^^ - 



na-a)~"sm{;/-a)- 
Finally, the uncertainty in the determination of the angle 

^ — a,or H+H' — a, 
by its tangent will be decided so that tan« may become positive or negative, 
according as the motion projected on the ecliptic is direct or retrograde : this 
uncertainty, therefore, can be removed only in the ease where it may be ap- 
parent in what direction the heavenly body has moved in passing from the first 
to the second place ; if this should be unknown, it would certainly be impossi- 
ble to distinguish the ascending from the descending node. 

After the angles S,?', are found, the arguments of the latitude u,i^, will be 
obtained by the formulas, 

, fan(A — Q) , , tm().'—g,) 

taa.u= — ^^ — r^^f tani/= — ^ .■ > 

which are to be taken in the first or second semicircle, according as the corre- 
sponding latitudes are north or south. To these formulas we add the following, 
one or the other of which can, at pleasure, be used for proving the calculation : — 
cos u ^ cos (5 cos (X — S ), cos m' = cos j3' cos (}.' — S ), 
siiia . / sin I? 

* ^ ' COS* 



gin {u' -j- m) ^ 
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PLACES m SPACE. 



111. 

Let i^ supposBj in the second place, the two places to be given by means of 
their distances from tbree planes, cutting eaeh other at right angles in the sun ; 
let us denote these distances, for tlie first pla,ce, by x, y, b, for the second, by 
af, t/, s, and let us suppose the thnd plane to be the ecliptic itself, also the posi- 
tive poles of the first and second planes to be situated in N, and 90°-|-iV; We 
sliall thus bave by article 53, the two radii vectores being denoted by r, /, 
x=^r(iQSu cos {N — S ) 4- J" sin M ein {N — 9, ) cos i, 
y ^= rain M cos (i\^ — 9,) cosi — r cos m sin {N — 8), 
s:^r sin u sin i 

a;' — / cos li cos [N — 2 ) -|- / sin m' sin {N — 9. ) cos^J 
y =; / sin t/ cos {N — Si ) cos f — / cos i/ sm {N — 9 ), 
/ ^ / sin u' sin i. 
Hence it follows that 

sy' — y/^^r/8in(M' — u) sin (iV — u) sini, 

x^ — «/:^r/sin(i/ — ^[) cos (iV — 9) sine, 

x^ — ffa/i=rr'sm[u' — u) cosi 

From the combination of the first formula with the second will be obtained JV — 9 

and r / sin {u' — ^() sin i, hence and from the third formula, { and r-r' sin {u' — u) 

will be obtained. 

Since the place to which the coordinates x', /, s', correspond, is supposed po&. 
terior in time, u' must be greater than u : if, moreover, it is known whether the 
angle between the first and second place described about the sun is less or greater 
than two right angles, >'/8in{^ — M)sin{ and r/sm{tif — u) must be positive 
quantities in the first case, negative in the second : then, accordingly, JY — 9 
is determined without doubt, and at the same time it is settled by the sign of 
the quantity xf/ — ya/, whether the motion is direct or retrograde. On the othoi 
hand, if the direction of the motion is known, it will be possible to decide from 
the sign of the quantity »/ — t/ otf, whether %{ — ?( is to be taken less or greater 
than 180°. But if the direction of the motion, and the nature of the angle 



Hosted by 



Google 



156 RELATIONS BETWEEN SEVERAL [BoOK I. 

described about the sun are altogether unkno^vn, it is evident that we cannot clis- 
tinguish between the ascending and descending node. 

It is readily perceived that, just as cos i is the cosine of the inclination of 
the plane of the orbit to the third plane, so sin (iV — Q,)mi.i, cos {N— Q, ) sin i, 
are the cosines of the inclinations of the plane of the orbit to the first and second 
planes respectively; also that r/sin(M' — u) expresses the double area of the tri- 
angle contained between the two radii vectores, and 2^ — ^s', xJ — sx', x^ — ysf, 
the double area of the projections of this triangle upon each of the planes. 

Lastly, it is evident, that any other plane can be the third plane, provided, 
only, that all the dimensions defined by their relations to the ecliptic, are referx-ed 
to the third plane, whatever it may be. 

112. 

Let si', y, s", be the coordinates of any third place, and m" its argument of 
the latitude, r" its radius vector. We will denote the quantities / r" sin {li' -r- li), 
r/'sin(M" — m), rr'sin(M' — m), which are the double areas of the triangles be- 
tween the second and third radii veetores, the first and third, the first and second, 
respectively, by n, n', «". Accordingly, we shall have for /', y", z", expressions 
similar to those which we have given in the preceding article for x, y, s, and 
a^, y, /; whence, witli the assistance of lemma I., article 78, are easily derived the 
following equations : — 

= n« — wV, -f- ra'V, 

= wy — «'y -|- 'd'ij", 

Q:^= nz — n's' -j- Ti'V. 
Let now the geocentric longitudes of the celestial body corresponding to these 
three places be a, a', a"; the geocentric latitudes, ^, /J', f?"; the distances from the 
earth projected on the ecKptic, (t, d', S"; the corresponding heliocentric longitudes 
of the earth, Z, If, U'\ the latitudes, B, 1¥, B", which we do not put equal to 
0, in order to talte account of the parallax, and, if thought proper, to choose 
any other plane, instead of the ecliptic ; lastly, let D, jy , 1/% be the distances of 
the earth from the sun projected upon the ecliptic. If, then, x, y^ 2, are expressed 
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by means of L, B, D, a, §, d^ and the coordinates relating to the second and third 
places in a similar manner, the preceding equations will assume the following 
form : — 

[IJ 0=^n{p cos a-]- D cos L) — n' (8' cos a' -\- 17 cos X') 

-|- n" (8" cos a" -(- D" cos L"), 
[2] ^ m (^ sin « + 7? sin Z) ~ m' {8' sin a' + iX sin L') 

+ n" [8" sin a" -\- 1/' sin L"), 
[3] 0^/i(<?tan/? + -Dtaui?)~ra'((?'tanf5' + i?'tan^) 
+ m" (5^' tan /i" + iX' tan B"). 

If «, ^, i>, L, B, and the analogous quantities for the two remaining places, are 
here regarded as known, and the equations are divided by n', or by n", five un- 
known quantities remain, of which, therefore, it is possible to eliminate two, or to 
determine, in terms of any two, the remaining three. In this manner these three 
equations pave the way to several most important conclusions, of which we will 
proceed to develop those that are especially important, 

113. 

That we may not be too much oppressed with the length of the foi-mulas, we 
will use the following abbreviations. In the first place we denote the quantity 

tan (3 sin [a" — a') -\- tan |3' sin (a — a") -\- tan §" sin [a' — a) 
by (0. 1. 2) : if, in this expression, the longitude and latitude corresponding to 
any one of the three heliocentric places of the earth ai'e substituted for the longi- 
tude and latitude corresponding to any geocentric place, we change the number 
answering to the latter in the symbol (0. 1. 2.) for the Eoraan numeral which 
corresponds to the former. Thus, for example, the symbol (0. 1. 1.) expresses the 
quantity 

tan/5 sin(Z' — a') -]- tan (5' sin (« — L') -}-tan.^sin [a' — a), 
also the symbol {0. 0. 2), the following, 

tan (i sin {a" — L) -\- tan B sin (« — a") -\- tan j5" ein {L — a). 
We change the symbol in the same way, if in tlie first expression any Uvo helio- 
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centric longitudes and latitudes of the earth whatever, are substituted for two 
geocentric. If two longitudes and latitudes entering into the same expression are 
only interchanged with each other, the corresponding numbers should also he 
interchanged ; but the value is not changed from this cause, but it only becomes 
negative from being positive, or positive from negative. Thus, for example, we 
have 

{0.1.2)^~(0.2.1)=(1.2.0)= — (1.0.2) :.= (2. 0.1):= — (2.1.0). 
All the quantities, therefore, originating in this way are reduced to the nineteen 
following : — 
(0.1.2) 

(o.i.o), (0.1.1), (0.1. n.), (0.O.2), (0.1.2), (o.n.2), (0.1.2), {1.1.2), (11.1.2), 
(0. 0. 1), (0. 0. n.), (0. 1, n.), (1. 0. 1.), (1. 0. n.), (i. i. n.), (2. 0. 1.), (2. 0. a), 

(2.111.), 

to which is to be added the twentieth (0. 1. II.}. 

Moreover, it is easily shown, that each of these expressions multiplied by the 
product of the three cosines of the latitudes entering into them, becomes equal 
to the sextuple volume of a pyramid, the vertex of which is in the sun, and the 
base of which is the triangle formed between the three points of the celestial 
sphere which correspond to the places entering into that expression, the radius 
of the sphere being put equal to unity. When, therefore, these three places lie in 
the same great circle, the value of the expression should become equal to ; and 
as this always occurs in three heliocentric places of the earth, when we do not 
take account of the parallaxes and the latitudes arising from the perturbations of 
the earth, that is, when we suppose the earth to be exactly in the plane of the 
ecliptic, so we shall always have, on this assumption, (0. 1. II.) = 0, which is, in 
fact, an identical equation if the ecliptic is taken for the third plane. And fur- 
ther, when B, B", B", each, =^ 0, aU those expressions, except the first, become 
much more simple ; every one from the second to the tenth will be made up of 
two parts, but from the eleventh to the twentieth they will consist of only one 
term. 
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114. 

By multiplying equation [1] by sin «" tan .B" — sin X" tan ^", equation [2] 
by COM L" tfl,n (i" — cos a" tan B", equation [3] by sin {X" — a"), and adding the 
products, we get, 

[4] = «((0.2.II.)d + {O. 2.11.) i?)—«'((L2.n.)d'+ (1.2. K.)-D'); 

and in the same manner, or more conveniently by an interchange of the places, 

simply 

[5] O^n ((0. 1. 1.) d + (0. l.I.) D) + n" ({2. 1. 1.) d" -\- (U. 1. 1.) D") 
[6] d = n' ((1. 0. 0.)5'+ (I. 0. 0.)i/) —n" ((2. 0. 0.)^"+ (II. 0. 0.) i/'). 

If, therefore, the ratio of the quantities n, n', is given, with the aid of equation 4, 

we can determine S' from S, or 6 from d' ; and so likewise of the equations 5, 6. 

From the combination of the equations 4, 5, 6, arises the following, 

m (0- 2. n.) 8 +(0.2. II.) J (i.o.o.)y4.(r.o.o.)zy (2.i.L)g"+(iLLL)iy 

L'J (o.i.i.)a+(o.i.i.)-o ^ (i.2.ii.)a'-f(i.2.iL)i>"^ (2.o.o.)3"-j-(n.o.d)5''*~~-^' 

by means of which, from two distances of a heavenly body from the earth, the 
thhd can be determined. But it can be shown that this equation, V, becomes 
identical, and therefore unfit for the determination of one distance from the other 
two, when 

and 

tan /5' tan (5" ^n (i ~ or) sin (i" — Z') -j- tan /3" tan I? sin (Z' — a') sin (£ — i") 
-|- tan |!J tan (f sm {L" — a") sin {B — X) — 0. 
The foUowing formula, obtained easily from equations 1, 2, 3, is free from this 
inconvenience : — 

[8] (0. 1. 2.) &6'8" + (0. 1. 2) i?5'r + (0. L 2) mS"-\- (0. 1. TL)iy'88' 

+ (o.i.n.)i?'//'<y + (o.i.n.)i?i>'T+(o.i.2)i)iya"+(o.i.n.)i?z>'z>"=o. 

By multiplying equation 1 by sin«'tan|S" — sina^tan^', equation 2 by 
cos a" tan /?' — cos «' tan ^", equation 3 by sin {a" — «'), and adding the products, 
we get 

[9] ^ n((0. 1.2) (^ + (0. L 2) i>)—«' (11.2)2)' -fw" (ILL 2)Xt" 
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and in the same manner, 

[10] = n{0.O.2.)D — n'({G.1.2)$'-\-{Q.J.2)J)^-\-n"{0.11.2)I>", 
[11] = n{0. 1. 0)D—n' {0. 1. 1.) IT-^n" ((0. 1. 2) d"+ (0. 1. U.) I/'). 

By means of these equations the distances d, d', 6", can be derived from the 
ratio between the quantities n,n',n", when it is known. But this conclusion only 
holds m general, and suffers an exception when (0.1.2)= 0. For it can be shown, 
that in this case nothing follows from the equations 8, 9, 10, except a necessary 
relation between the quantities n, n', n", and indeed the same relation from each 
of the three. Analogous restrictions concerning the equations 4, 5, 6, wiU readily 
suggest themselves to the reader. 

Finally, all the results here developed, are of no utility when the plane of the 
orbit coincides with the ecliptic. For if (i, (3', (9", B, B B" are all equal to 0, 
equation 3 is identical, and also, therefore, all tliose which follow. 
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INVESTIGATION OF THE OliBITS OF HEAVENLY BODIES PEOJI GEOCENTEIC 
OBSEEVATIONS. 



FIEST SECTION. 

DETERMINATION OF AN ORBIT FROM THREi; COMPLETE OBSERVATIONS. 

115. 
Seven elements are required for the complete determination of the motion 
of a heavenly body in its orbit, the number of which, however, may be dimin- 
ished by one, if the mass of the heavenly body is either known or neglected ; 
neglecting the ma^s can scarcely be avoided in the determination of an orbit 
wholly unknown, where all the quantities of the order of the perturbations must 
be omitted, until the masses on which they depend become otherwise known. 
Wherefore, in the present inquiry, the mass of the body being neglected, we re- 
duce the number of the elements to six, and, therefore, it is evident, that as many 
quantities depending on the elements, but independent of each other, are re- 
quired for the determination of the imknown orbit These quantities are neces- 
sarily the places of the heavenly body observed from the earth ; since each one 
of which furnishes two data, that is, the longitude and latitude, or the right ascen- 
sion and declination, it wUl certainly be the most simple to adopt three geocsdric 
places which will, in general, be sufficient for determining the six unknown ele- 
ments. This problem is to be regarded as the most important in this work, and, 
for this reason, will be treated with the greatest care in this section. 

21 (161) 
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But ill the special case, ill which the plane of the orbit coincides with the 
ecliptic, and thns both the heliocentric and geocentric latitudes, from then- nature, 
vanish, the three Tanishing geocentric latitudes cannot any longer be considered 
as three data independent of each other: then, therefore, this problem would 
remain indeterminate, and the three geocentric places might be satisfied by an 
rnSnite number of orbits. Accordingly, in such a case, four geocentric longitudes 
must, necessarily, be given, in order that the four remaining unknown elements 
(the inclination of the orbit and the longitude of the node being omitted) may bo 
determined. But although, from an indiscernible principle, it is not to be ex- 
pected that such a case would ever actually present itself in nature, nevertlieless, 
it is easily imagmed that the problem, which, in an orbit exactly ooincidmg with 
the plane of the ecliptic, is absolutely indeterminate, must, on account of the 
limited accuracy of the observations, remain nearly indeterminate in orbits very 
little inchned to the ecliptic, where the very slightest errors of the observations 
are sufficient altogether to confound the determniation of the unknown quan- 
tities. Wherefore, in order to examine this case, it will be necessary to select 
six data : for which purpose we will show in section second, how to determine an 
unknown orbit from four observations, of which two are complete, but the other 
two incomplete, the latitudes or declinations being deficient. 

Finally, as all our observations, on account of the imperfection of the instru- 
ments and of the senses, are only approximations to the truth, an orbit based 
only on the six absolutely necessary data may be still liable to considerable 
errors. In order to dimmish these as much as possible, and thus to reach the 
greatest precision attainable, no other method will be given except U> accumulate 
the greatest number of the most perfect observations, and to adjust the elements, 
not so as to satisfy this or that set of observations with absolute exactness, but 
so as to agree with all in the best possible manner. For which purpose, we will 
show in the third section how, according to the principles of the calculus of 
probabilities, such an agreement may be obtained, as will be, if m no one place 
perfect, yet in all the places the strictest possible. 

The determination of orbits in this manner, therefore, so far as the heavenly 
bodies move in them according to the laws of Kepieb, will be carried to the 
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highest degree of 2:)ei-fection that is desired. Then it will be proper to un(]crta]ie 
the final correction, in which the perturbations that the other planets cause in the 
motion, will be taken account of : we will indicate briefly in the fourth section, 
how these may be taken account of, so far at least, as it shall appear consistent 
with our plan. 

116. 

Before the determination of any orbit from geocentric observations, if the 
greatest accuracy is desired, certain reductions must be applied to the latter on 
account of nutation, precession, parallax, and aberration : these small quantities 
may be neglected in the rougher calculation. 

Observations of planets and comets are commonly given in apparent (that 
is, referred to the apparent position of the equator) right ascensions and declina- 
tions. Now as this position is variable on account of nutation and precession, 
and, therefore, different for different observations, it will be expedient, first of all, 
to introduce some fixed plane instead of the variable plane, for which purpose, 
either the equator in its mean position for some epoch, or the ecliptic might be 
selected : it is customary for the most part to use the latter plane, but the former 
is recommended -by some peculiar advantages which are not to be despised. 

When, therefore, the plane of the eqnator is selected, tlie observations are in 
the first place to be freed from nutation, and after that, the precession being 
applied, they are to be reduced to some arbitrary epoch : this operation agrees 
entirely with that by which, from the observed place of a fixed star, its mean 
place is derived for a given epoch, and consequently does not need explanation 
here. Bat if it is decided to adopt the plane of the ecliptic, there are two courses 
which may be pursued : namely, either the longitudes and latitudes, by means of 
the mean obHquity, can be deduced from the right ascensions and declinations 
corrected for nutation and precession, whence the longitudes referred to the mean 
equinox wiU be obtained ; or, the latitudes and longitudes will be computed more 
conveniently from the apparent right ascensions and dechnations, using the appar- 
ent obliquity, and will afterwards be freed from nutation and precession. 

The places of the earth, corresponding to each of Hxq observations, are com- 
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puted from the solar tables, but they are evidently to be referred to the same 
plane, to which the observations of the heavenlj bodj are referred. For which 
reaeon the nutation will be neglected in the computation of the longitude of the 
sun ; but afterwards this longitude, the precession being applied, will be reduced 
to the fixed epoch, and increased by 180 degrees; the opposite sign will be given 
to the latitude of the sun, if, indeed, it seems worth while to take account of it : 
thus will bo obtained the heliocentric place of the earth, which, if the equsitor is 
chosen for the fmidamental plane, may be changed into right ascension and decli- 
nation by making use of the mean obliqmty. 

117. 

The position of the earth, computed in this manner from the tables, is the 
place of the centre of the earth, but the observed place of the heavenly body 
is referred to a point on the surface of the earth : there are three methods of 
remedying this discrepancy. Either the observation can be reduced to the centre 
of the earth, that is,frced from paraLlax; or the heliocentric place of the earth 
may be reduced to the place of observation, which is done by applying the 
parallax properly to the place of the sun computed from the tables ; or, iinally, 
both positions can be transferred to some third point, which is most conveniently 
taken in the intersection of the visual ray with the plane of the ecliptic ; the 
observation itself then remains unchanged, and we have explained, in article 72, 
the reduction of the place of the earth to this point. The first method cannot be 
appUed, except the distance of the heavenly body from the earth be approxi- 
mately, at least, known: but then it is very convenient, especially when the 
observation has been made in the meridian, in which case the declination only is 
affected by parallax. Moreover, it will be better ,to apply this reduction imme- 
diately to the observed place, before the transformations of the preceding article 
are undertaken. But if the distance from the earth is still wholly unknown, 
recourse must be had to the second or third method, and the former wiU be em- 
ployed wlien the equator is taken for the fundamental plane, but the third will 
have the preference when all the positions are referred to the ecliptic. 
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118. 

If the distance of a heavenly body from the earth answermg to any observa- 
tion is already approximately known, it may be freed from the effect of aberra- 
tion in several ways, depending on the different methods given in article 71. 
Let t be the true time of observation ; fi the interval of time in which light passes 
from the heavenly body to the earth, which results from multiplying 493^ into the 
distance ; I the observed place, t the same place reduced to the time t-\-&\ij 
means of the diurnal geocentric motion ; t' the place / freed from that part of the 
aberration which is common to the planets and fixed stars ; L the true place of 
the earth corresponding to the time t (that is, the tabular place increased by 
20",25) ; lastly, 'L the true place of the earth corresponding to the time t — 5. 
These things being premised, we shall have 

I. I the true place of the heavenly body seen from 'X at the time t — &. 
H. t the true place of the heavenly body seen from L at the time t. 
m. r the true place of the heavenly body seen from L at the time t — d. 
By method I., therefore, the observed place is preserved unchanged, but the fic- 
titious time i — 6 is substituted for the true, the place of the earth being com- 
puted for the former ; method II., applies the change to the observ^ation alone, but 
it requires, together with the distance, the diurnal motion ; in method IIL, the 
observation undergoes a correction, not depending on the distance ; the fictitious 
time t — 6 is substituted for tbe true, but the place of the earth corresponding to 
the true time is retained. Of these methods, the first is much the most conven- 
ient, whenever the distance is known well enough to enable us to compute the . 
reduction of the time with sufficiept accuracy. But if the distance is wholly un- 
known, neither of these methods can be immediately applied : in the first, to be 
sure, the geocentric place of the heavenly body is known, but the time and the 
position of the earth are wanting, both depending on the unknown distance; in 
the second, on the other hand, the latter are given, and the former is wanting; 
finally, in the third, the geocentric place of the heavenly body and the position 
of the earth are given, but the time to be used with these is wanting. 
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What, therefore, is to be done with oar problem, if, in such a case, a solution 
exact with respect to aberration is required? The simplest course undoubtedly 
is, to determme the orbit neglecting at first the aberration, the effect of which can 
never be important ; the distances will thence be obtained with at least such pre- 
cision that the observations can be freed from aberration by some one of the 
methods just explained, and the determination of the orbit can be repeated with 
greater accuracy. Now, in this case the third method will be far preferable to the 
others : for, in the first method all the computations depending on the position of 
the earth must be commenced again from the very beginning; in the second (which 
in fact is never applicable, unless the number of observations is sufficient to obtain 
from them the diurnal motion), it is necessary to begin anew aU the computations 
depending upon the geocentric place of the heavenly body ; in the third, on the 
contrary, (if the first calculation had been already based on geocentric places 
freed from the aberration of the fixed stars) all the preluninary computations 
depending upon the position of the earth and the geocentric place of the heavenly 
body, can be retained unchanged in the new computation. But in this way it 
will even be possible to include the aberration directly in the first calculation, if 
the method used for the determination of the orbit has been so arranged, that 
the values of the distances are obtained before it shall have been necessary to 
introduce into the computation the corrected times. Then the double compu- 
tation on account of the aberration wiU not be necessary, as wiU appear more 
cleiuly in the further treatment of our problem. 

119. 

It would not be difficult, from the connection between the data and imknown 
quantities of our problem, to reduce its statement to six equations, or even to less, 
since one or another of the unknown quantities might, conveniently enough, be 
eluninated : but since this connection is most complicated, these equations would 
become very intra,ctable ; such a separation of the unknown quantities as finally 
to produce an equation containing only one, can, generally speaking, be regarded 
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as impossiblej'^ and, therefore, still less will it be possible to obtain a complete 
solution of the problem by direct processes alone. 

But our problem may at least be reduced, and that too in various ways, to the 
solution of two equations JT = 0, Y=^ 0, in which only two unknown quantities 
X, y, remain. It is by no means necessary that a;, y, should be two of the ele- 
ments : they may be quantities connected with the elements in any manner 
whatever, if, only, the elements can be conveniently deduced from them when 
found. Moreover, it is evidently not requisite that X, Y, be expressed in expHcit 
functions oi x,y: it is sufficient if they are connected with them by a system of 
equations in such manner that we can proceed from given values of x, y, to the 
corresponding values of X, Y. 

120. 

Since, therefore, the nature of the problem does not allow of a furtlier reduc- 
tion than to two equations, embracing indiscriminately two unknown quantities, 
the principal point will consist, first, in the suitable sdedmi of these unknown 
quantities and arrangen-md of the equations, so that both X and Y may depend 
in the simplest manner upon x, y, and that the elements themselves may follow 
most conveniently from the values of the former when known : and then, it will 
be a subject for careful consideration, how values of the unknown quantities satis- 
fying the equations may be obtained by processes not too laborious. If this should 
be practicable only by blind trials, as it were, very great and indeed almost intol- 
erable labor would be required, such as astronomers who have determined the 
orbits of comets by what is called the indirect method have, nevertheless, often 
undertaken : at any rate, the labor in such a case is very greatly lessened, if, in 
the first trials, rougher calculations sufiice until approximate values of the un- 
known quantities are found. But as soon as an approximate determination is 
made, the solution of the problem can be completed by safe and easy methods, 
which, before we proceed further, it will be well to explain in this place. 

« When the observations are so near to each other, that the intervals of the times may be treateil as 
inflnitaly smiill quantities, a separation of this kind is obtained, and the whole problem is reduced to the 
Bolution of an algebraic equation of the seventh or eighth degree. 
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The equations X=iO, F=^ will be exactly satisfied if for 3: and i/ their 
true values are talien ; if, on the contrary, values different from the true ones are 
substituted for a: and f/, then X and T will acquire values cliflfering from 0. The 
more nearly x and y approach their true values, the smaller should be the result- 
ing values of X and Y, and when their differences from the true values are very 
small, it wUI be admissible to assume that the variations in the values of X and Y 
are nearly proportional to the variation of a;, if y is not changed, or to the varia- 
tion of y, if 3;' is not changed. Accordingly, if the true values of x and ^ are 
denoted by ?, fj, the values of X and T corresponding to the assumption that 
x^^i.-\-}., t/^=t}-\- fi, wilt be expressed in the form 

X^al-^^fi, Y^yl-\-dfi, 
in which the coefficients a, §, y, $ can be regarded as constant, as long as 1 and ^ 
remain very small. Hence we conclude that, if for three systems of values of 
x, y, differing but little from the true values, corresponding values of X, Y have 
been determined, it will be possible to obtain from them correct values of x, y so 
far, at least, as the above assumption is admissible. Let us suppose that, 
{q^ x^=a, y^^h we have X=^A^ Y^B, 
x = d,y = b' X=^A' Y^B\ 

x=d',y = b" X^A" r=B", 

and we shall have 

4 = «(<. — |) + /i(s — ,), i; = r(o— l)+«(J — 1), 

A' = a{af-t)+ti(6'^->,),B' = r(a'-i) + e{t'~n), 
4"=„(»"_|)-j_|3(J"— .,), B"=)'(«"— |)+i5(S"— 1). 
From these we obtain, by eliminating «, (5, y, &, 

t __ a (A'B" — A" J/) -f a' (A"B— A B") -)- a" (.^ g — A'B) 
^ ~ A'B' — A"B -f A"B — A B''~\- AB' — A'B ' 

_ h (A'B' — A"}^) + b' (A"B--_AB") ^l/-(A B' — A'B ) 
"^ ~~ A'B' — A"B' -f A"B— AB'-l- AB — A'B ' 

or, in a form more convenient for computation, 

p — « _L- (i' - "^ (^^- 4_-^') + 1<- "5 <^:^ ^'^ 
^—"'T A'B'—A!'B^I"B~—AB'^fAB' — A'S > 

rj^i^^V) (A"B—AB') + (y— 5) (A B — A'B) 

V—^-J- A'W^:^^"Ji'-l-A"S—AB"-i-AB' — A'B ° 
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It is evidently admissible, idso, to interchange in these formulas the quantities 
a, I, A, B, with d, b', A', B', or with «", b", A", B". 

The common denominator of all these expressions, which may be put mider 
the form {A — A) {B" — B) — {A" — A){B'— B), becomes 

{ad — lir)(J^a:~-a){h"—h) — {a"~a){b' — b)): 
whence it appears that a, d, d', b, b', h" must be so taken as not to make 



otherwise, this method would not be applicable, but would furnish, for the values 
of I and -Jj, frfUitions of which the numerators and denominators would vanish at 
the same time. It is evident also that, if it should happen that ad—'fiy^fi, the 
same defect wholly destroys the use of the method, in whatever way a, d, d', 
h, V, b", may be talsen. In such a case it would be necessary to assume for the 
values of X the form 

and a similar one for the values of Y, which being done, analysis would supply 
methods, analogous to the preceding, of obtaining from values of X, Y, computed 
for four systems of values of w, y^ true values of the latter. But the computation 
in this way would be very troublesome, and, moreover, it can be shown that, in 
such a case, the determination of the orbit does not, from the nature of the ques- 
tion, admit of the requisite precision : as this disadvantage can only be avoided 
by the introduction of new and more suitable observationsj we do not here dwell 
upon the subject. 

121. 

When, therefore, the approximate values of the unknown quantities are ob- 
tained, the true values can be derived from them, in the manner just now ex- 
plained, with all the accuracy that is needed. First, that is, the values of X, J", 
correspondmg to the approximate values («, V) will be computed : if they do not 
vanish for tliese, the calculation will be repeated with two other values {d, b') 
differing but Mttle from the former, and afterwards with a third system («", b") 
22 
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unless X, T, have vanished for the second. Then, the true values will be de- 
duced by means of the formulas of the preceding article, so far as the assumption 
on which these formulas are based, does not difier sensibly from the truth. In 
order tliat we may be better able to judge of which, the calculation of the values 
of X, r, will be repeated with those corrected values ; if this calculation shows 
that the equations X= 0, F— 0, are, still, not satisfied, at least much smaller 
values of X, Y, will result therefrom, than from the three former hypotheses, and 
therefore, the elements of the orbit resulting from them, will be much more exact 
than those which correspond to the first hypotheses. If we are not satisfied 
with these, it will he best, omitting that hypothesis which produced the greatest 
differences, to combine the other two with a fourth, and thus, by the process of 
the preceding article, to obtain a fifth system of the values of a;, ^ ; in the same 
manner, if it shall appear worth while, we may proceed to a sixth hypothesis, 
and so on, until the equations X— 0, Y— 0, shall be satisfied as exactly as the 
logarithmic and trigonometrical tables pennit. But it will very rarely be neces- 
sary to proceed beyond the fourth system, unless the first hypotheses were very 
far from the truth. 

122. 

As the values of the unknown qua,ntities to be assumed in the second and third 
hypotheses are, to a certain extent, arbitrary, provided, only, they do not differ 
too much from the first hypothesis ; and, moreover, as care is to be taken that the 
ratio (a" — a): {b" — 5) does not tend to an equality with («' — a): {b' — i), it is 
customary to putt*'— h, J"— 5. A double advantage is derived from this; for, not 
only do the formulas for ^, -jj, become a little more simple, but, also, a part of the 
first calculation will remain the same in the second hypothesis, and another part 
in the third. 

Neverthele^, there is a case m which other reasons suggest a departure from 
this custom: for let us suppose X to have the form X' — s:, and Y the form 
Y' — t/, and the functions X', Y', to become such, by the nature of tlie problem, 
that they are very little afiect«d by smaU errors in the values of a:, y, or that 

li^ (^) {^\ {^S.\ 
\A.x!' \dy/' \Ax)' \&.y) 
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may be very small quantities, and it is evident that tlie difFerenccs between the 
values of those functions corresponding to the system x^:=^, y^ri^ and those 
which result from x^=a, y^=h, can be referred to a somewhat higher order 
than the differences ^ — «, ij — 5 ; but the former values are X' ^==.\, T' = rj, and 
the latter X' = a-\-A, Y'=zb-\-B, whence it follows, that a-\-A, b-\-£, are 
much more exact values of .r, y, than a, b. If the second hypothesis is based 
upon these, the equations Xi= 0, T^ 0, are very frequently so exactly satisfied, 
that it is not necessary to proceed any further ; but if not so, the third hypoth- 
esis will be formed in the same manner from the second, by making 

ei" = a'-\-A'=^a-\-A-\-A',i" = b'-\-B' = b-^B-!rS', 
whence finally, if it is still not found sufficiently accurate, the fourth will be ob- 
tained according to the precept of article 120, 

123. 

We have supposed in what goes before, that the approximate values of the 
unlmown quantities :r, ^, are already had in some way. Where, indeed, the 
approximate dimensions of the whole orbit are known (deduced perhaps from 
other observations by means of previous calculations, and now to be corrected by 
new ones), that condition can be satisfied without difficulty, whatever meaning we 
may assign to the unknown quantities. On the other hand, it is by no means a 
matter of indifference, in the determination of an orbit still wholly unknown, 
(which is by far the most difficult problem,) what unknown quantities we may 
use ; but they should be judiciously selected in such a way, that the approximate 
values may be derived from the nature of the problem itself Which can be done 
most satisfactorily, when the three observations applied to the investigation of 
an orbit do not embrace too great a heliocentric motion of the heavenly body. 
Observations of this kind, therefore, are always to be used for the first determina- 
tion, which may be corrected afterwards, at pleasure, by means of observations 
more remote from each other. For it is readily perceived that the nearer the ob- 
servations employed are to each other, the more is the calculation affected by their 
unavoidable errors. Hence it is inferred, that the observations for the first de- 
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termination are not to be picked out at random, but care is to be taken, first, that 
tbey be not too near each other, but then, also, that they be not too distant from 
each other ; for in the first case, the calculation of elements satisfying the obser- 
vatioi^ would certainly be most expeditiously performed, hut the elements them- 
selves would be entitled to little confidence, and might be so erroneous that they 
could not even be nsed as an approximation : in the other case, we should aban- 
don the artifices which are to be made use of for an approximate determination 
of the unknown quantities, nor could we thence obtain any other determination, 
except one of the rudest kind, or wholly insnfBcient, without many more hypoth- 
eses, or the most tedious trials. But how to form a correct judgment concerning 
these limits of the method is better learned by frequent practice than by rules : 
the examples to be given below will show, that elements possessing great accu- 
racy can be derived from observations of Juno, separated from each other only 22 
days, and embracing a heliocentric motion of 7° 35'; and again, that our method 
can also be applied, with the most perfect success, to observations of Ceres, which 
are 260 days apart, and include a heliocentric motion of 62° 55'; and ca.n give, 
with the use of four hypotheses or, rather, successive approximations, elements 
agreeing excellently well with the observations. 

124. 

"We proceed now to the enumeration of the most suitable methods based upon 
the preceding principles, the chief parts of which have, indeed, already been ex- 
plained in the first bool^, and require here only to be adapted to our purpose. 

The most simple method appears to be, to take for x, y, the distances of the 
heavenly body from the earth in the two observations, or rather the logarithms 
of these distances, or the logarithms of the distances projected upon the ecliptic 
or equator. Hence, by article 64, V., will be derived the heliocentric places and 
the distances from the sun pertaining to those places ; hence, again, by article 110, 
the position of the plane of the orbit and the heliocentric longitudes in it ; and 
from these, the radii vectores, and the corresponding times, according to the prob- 
lem treated at length in ai'ticles 85-105, ail the remaining elements, by which, 
it is evident, these observations will be exactly. represented, whatever valaes may 
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have been assigned to x^y. If, accordinglj, the geocentric place for the time of 
the third observation is computed by means of the^^e elements, its agreement or 
disagreement with the observed place will determine whether the assumed values 
are the true ones, or whether they differ from them ; whence, as a double com- 
parison will be obtained, one difference (in longitude or right ascension) can be 
taken for X, and the other (in latitude or declination) for Y. Unless, therefore, 
the values of these differences come out at once ^ 0, the true values of x, y, may 
be got by the method given in 120 and the following articles. For the rest, it is 
in itself arbitrary from which of the three observations we set out : still, it is bet- 
ter, in general, to choose the first and last, the special case of which we shall speak 
directly, being excepted. 

This method is preferable to most of those to be explained hereafter, on this 
account, tiiat it admits of the most general application. The case must be ex- 
cepted, in which the two extreme observations embrace a heliocentric motion of 
180, or 360, or 540, etc, degrees; for then the position of the plane of the orbit 
cannot be determined, (article 110). It will be equally inconvenient to apply the 
method, when the heliocentric motion between the two extreme observations 
differs very little from 180" or 360°, etc., because an accurate determination of 
the position of the orbit cannot be obtained in this case, or rather, because the 
slightest changes in the assumed values of the unknown quantities would casise 
such great variations in the position of the orbit, and, therefore, in the values of 
X, Y, that the variations of the latter could no longer be regarded as propoi> 
tional to those of the former. But the proper remedy is at hand ; which is, that 
we should not, in such an event, start from the two extreme observations, but from 
the first and middle, or from the middle and last, and, therefore, should take for 
X, Y, the differences between calculation and observation in the third or first 
place. But, if both the second place should be distant from the first, and the 
third from the second nearly 180 degrees, the disadvantage could not be removed 
in this way ; but it is better not to make use, in the computation of the elements, 
of obseiwations of this sort, from which, by the nature of the case, it is wholly 
impossible to obtain an accurate determination of the position of the orbit. 

Moreover, this method derives value from the fact, that by it the amoimt of 
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tho variations whieh the elements experience, if tlie middle place changes -while 
the extreme places remain fixed, can be estimated without difflcnlty: in this way, 
therefore, some judgment may be formed as to the degree of precision to be 
attributed to the elements found. 

125. 

We shall derive the seetml from the preceding method by applying a slight 
change. Starting from the distances in two observations, we shall determine all 
the elements in the same manner as before; we shah not, however, compute 
from these tho geocentric place for the third observation, but will only proceed 
as far as the heliocentric place in the orbit; on the other hand we will obtam the 
same heliocentric place, by means of the problem treated in articles M, 76, from 
the observed geocentric place and the position of the plane of the orbit; these 
two determinations, different from each other (unless, perchance, the true values 
of X, y, should be the assumed ones), will furnish us X and Y, the difference be- 
tween tho two values of the longitude in orbit bemg taken for X, and the differ- 
ence between the two values of the radius vector, or rather its logarithm, for T. 
This method is subject to the same cautions we have touched upon in the pre- 
ceding article : another is to be added, namely, that the heliocentric place in orbit 
cannot be deduced iiom the geocentric place, when the place of the earth happens 
to be m either of the nodes of the orbit; when that is the case, accordmgly, this 
method cannot be appKed. But it will also be proper to avoid the use of this 
method in the case where the place of the earth is very near either of the nodes, 
smce the assumption that, to small variations of x, y, correspond proportional 
variations of X, Y, would be too much in error, for a reason similar to that which 
we have mentioned in the preceding article. But here, also, may be a remedy 
sought in the interchange of the mean place with one of the extremes, to which 
may correspond a pla«e of the earth more remote from the nodes, except, per- 
chance, the earth, in all three of the observations, should be in the vicmity of the 
nodea 
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126. 

The preceding method prepares the way directly for the third. In the same 
maimer as before, hy jneans of the distances of the heavenly body from the earth 
in the extreme observations, the corresponding longitudes in orbit together with 
the radii vectores may be determined. With the position of the plane of the 
orbit, which this calculation will have furnished, the longitude in orbit and the 
radius vector will be got from tlie middle observation. The remaining elements 
may be computed from these three heliocentric places, by the problem treated in 
articles 82, 83, which process will be independent of the times of the observar 
tions. In tliis way, tliree mean anomalies and the diurnal motion wiU be knoivn, 
whence may be computed the intervals of the times between the first and second, 
and between the second and third observations. The differences between these 
and the true intervals will be taken for X and T. 

This method is less advantageous when the heliocentric motion includes a 
small arc only. Por in such a case this determination of the orbit (as we have 
already shown in article 82) depends on quantities of the thU'd order, and does 
not, therefore, admit of sufficient exactness. The slightest changes in the values 
of x,-y, might cause very great ch;mges in the elements and, therefore, in the val- 
ues of X, Y, also, nor would it be allowable to suppose the latter proportional to 
the former. But when the three places embrace a considerable heliocentric mo- 
tion, the use of the method will imdoubtedly succeed best, imleas, indeed, it is 
thro-svn into confusion by the exceptions explained in the preceding articles, 
which are evidently in this method too, to be taken into consideration. 

127. 

After the three heliocentric places have been obtained in the way we have 
described in the preceding article, we can go forward in the following manner. 
The remaining elements may be determined by the problem treated m ai-ticles 
85-105, first, from the first and second places with the corresponding interval of 
time, and, afterwards, in the same manner, from the second and third places and 
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the corresponding interval of time: thus two values will resuit for eacli of the 
elements, and from their differences any two may be taken at pleasure for X and 
Y. One advantage, not to be rejected, gives great value to this method; it is, 
that in the first hypotheses the remaining elements, besides the two which are 
chosen for fixing X and T, can be entirely neglected, and will finally be detei- 
mined in the last calcalation based on the corrected valiies of i,y, either from 
the first combination alone, or from the second, or, which is generally preferable, 
from the combination of the first place with the third. The choice of those two 
elements, which is, commonly speaking, arbitrary, furnishes a great variety of 
solutions; the logarithm of the semi-parameter, together with the logarithm of 
the semi-axis major, may be adopted, for example, or the former with the eccen- 
tricity, or the latter with the same, or the longitude of the perihelion with any 
one of these elements: any one of these four elements might also be combined 
with the eccentric anomaly corresponding to the middle place in either calcula- 
tion, if an elliptical orbit should result, when the formulas 27-30 of article 96, 
wiU supply the most expeditions computation. But in special cases this choice' 
demands some consideration ; thus, for example, in orbits resembling the parabola, 
the semi-axis m:vor or its logarithm would be less suitable, inasmuch as excessive 
vanatione of the,« quantities could not bo regarded as proportional to changes of 
«, y : in such a case it would be more advantageous to select i. But we give less 
time to these precaution.,, because the fifth method, to be explained in the follow- 
ing article, is to be preferred, in almost all oases, to the four thus far explained. 

128. 
Let us denote three radii veotores, obtained in the same manner as in articles 
125, 126, by r, r', r"; the angular heliocentric motion in orbit from tlie second to 
the third place by 2/, from the first to the third by 2/, from the first to the 
second by if", so that we have 

next, let 

f'i-"sin2/=M, r/'Bin2/'=«', r/sin2/"=B"; 
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lastly, let the product of the constant quantity ^ (article 2) into the intervals of 
the time from, the second observation to the third, from the first to the third, and 
from the first to the second be respectively, 6, 6' &". The double computation of 
the elements is begun, just as in the preceding article, both from r/f" and 6", 
and from /r",/, 6 : but neither computation will be continued to the determinar 
tion of the elements, but will stop as soon as that quantity has been obtained 
which expresses the ratio of the elliptical sector to the triangle, and which is de- 
noted above (article 91) by y or — Y. Let the value of this quantity be, in the 
first calculation, rj", in the second, t}. Accordingly, by means of formula 18, arti- 
cle 95, we shall have for the semi-parameter j? the two values: — ■ 

But we have, besides, by article 82, a third value, 

P= n-n'-i^n" ' 

which three values would evidently be identical if true values could have been 
taken in the beginning for x and y. For which reason we should have 



Unless, therefore, these equations are fully satisfied in the first calculation, we 
ca.n put 

^ 2^fr//' cos/cos/' CO./"- 

This method admits of an apphcation equally general with the second ex- 
plained in article 125, but it is a great advantage, that in this fifth method the 
first hypotheses do not require the determination of the elements themselves, but 
stop, as it were, half way. It appears, also, that in this process we find that, as it 
can be foreseen that the new hypothesis will not differ sensibly from the truth, it 
will be sufficient to determine the elements either from r, /,/", &", alone, or from 
/, /',/, &, or, which is better, from r, r" f, &'. 
23 
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129. 



The five methods thus far explained lead, at once, to as many others which 
diifer from the former only in this, that the inclination of the orbit and the lon- 
gitude of the ascending node, instead of the distances from the earth, arc taken 
for X and y. The new methods are, then, as follows : — 

I. From 3! and y, and the two extreme geocentric places, according to articles 
74, 75, the hehocentric longitudes in orbit and the radii vectores are determined, 
and, from these and the corresponding times, all the remaining elements ; from 
these, finally, the geocentric place for the time of the middle observation, the 
differences of which from the observed place in longitude and latitude will fu^ 
nish X and T. 

The four remaining methods agree in this, that all three of the heliocentric 
longitudes in orbit and the corresponding radii vectores are computed from the 
position of the plane of the orbit and the geocentric places. But afterwards : — 

II. The remaining elements are determined from the two extreme places only 
and the corresponding times; with these elements the longitude in orbit and 
radius vector are computed for the time of the middle observation, the differencea 
of which quantities from the values before found, that is, deduced from the geo- 
centric place, will produce X and Y: 

III. Or, the remaining dimensions of the orbit are derived from all three 
heliocentric places (articles 82, 83,} into which calculation the times do not enter ; 
then the intervals of the times are deduced, which, in an orbit thus found, should 
have elapsed between the first and second observation, and between this last 
and the third, and iheix differences from the true intervals will furnish us with 
X and Y: 

lY. The remaining elements are computed in two ways, that is, both by the 
combination of the first place with the second, and by the combination of the 
second with the tloird, the corresponding intervals of the times being used. These 
two systems of elements bemg compared with each other, any two of the differ- 
ences may be taken for X and Y: 

V. Or lastly, the same double calculation is only continued to the values of 
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the quantity denoted by y, in article 91, and then the expressions given in the 
preceding article for' X and Y, are adopted. 

In order that the last four methods may be safely used, the places of the earth 
for all three of the observations must not be very near the node of the orbit : on 
the other hand, the use of the first method only requhes, that this condition may 
exist in the two extreme observations, or rather, (since the middle place may be 
substituted for either of the extremes,) that, of the three places of the earth, 
not more than one shall lie in the vicinity of the nodes. 

130. 

The ten methods explained from article 124 forwards, rest upon the assump- 
tion that approximate values of the distances of the heavenly body from the 
earth, or of the position of the plane of the orbit, are already known. W hen 
the problem is, to correct, by means of observations more remote from each other, 
the dimensions of an orbit, the approximate values of which are already, by 
some means, known, as, for instance, by a previous calculation based on other 
observations, this assumption will evidently be liable to no dif&culty. But it does 
not as yet appear from this, how the first calculation is to be entered upon when 
all the dimensions of the orbit are still wholly unknown ; this case of our problem 
is by far the most important and the most difficult, as may be imagined from 
the analogous problem in the theory of comets, which, as is well known, has 
perplexed geometers for a long tune, and has given rise to many fruitless 
attempts. In order that our problem may be considered as correctly solved, that 
is, if the solution be given in accordance with what has been explained in the 
119th and subsequent articles, it is evidently requisite to satisfy the followin.: 
conditions : — First, the quantities x, y, are to be chosen in such a manner, that 
we can find approximate values of them from the very nature of the problem, at 
all events, as long as the heliocentric motion of the heavenly body between the 
observations is not too great. Secondly, it is necessary that, for small changes in 
the quantities x, y, there be not too great corresponding changes in the quantities 
to be derived from them, lest the errors accidentally introduced in the assumed 
values of the former, prevent the latter from being considered as approximate. 



Hosted by 



Google 



DETEEMINATION OP AN ORBIT FROM [BoOK II. 

y and lastly, we require that the processes by wUeh we pass from the qnan- 
tities X, if, to X, Yy successively, be not too complicated. 

These conditions will furnish the criterion by which to judge of the excellence 
of any method : this will show itself mote plainly by frequent applications. The 
method which we are now prepared to explain, and which, in a measure, is to be 
regarded as the most nnportant part of this work, satisfies those conditions so that 
it seems to leave nothing further to be desired. Before entering upon the ex- 
planation of this in the form most suited to practice, we will premise certain pre- 
luninary considerations, and we will illustrate and open, as it were, the way to it, 
which might, perhaps, otherwise, seem more obscure and less obvious. 

131. 

It is shown in article 114, that if the ratio between the quantities denoted 
there, and in article 128 by », »', »", were known, the distances of the heavenly 
body from the earth could be determined by moans of very simple formulas. 
Now, tlierefore, if 



should be taken for x, y. 



(the symbols «, «', 6", being taken in the same signification as in article 128) hn- 
mediately present themselves as approximate values of these quantities in that 
case where the heliocentric motion between the observations is not very great : 
hence, accordingly, seems to flow an obvious solution of oar problem, if two dis- 
tances from the earth are obtained from «, y, and after that we proceed agreeably 
to some one of the five methods of articles 124-128. In fact, the symbols »j, i)" 
being also taken with the meanmg of article 128, and, analogously, the quotient 
arising from the division of the sector contained between the two radii vectores 
by the area of the triangle between the same being denoted by ))', we shall have. 
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and it readily appears, that if n, n\ n", are regarded as small quantities of the first 
order, ») — 1, vf — 1, tf' — 1 are, generally speaking, quantities of the 
order, and, therefore, 



the approximate valnes of x,t/, differ from the true onea only by quantities 
of the second order. Nevertheless, upon a nearer examination of the sul>- 
ject, this method is found to be wholly unsuitable ; the reason of this we 
will explain in a few words. It is readily perceived that the quantity {0. 1. 2), 
by which the distances in the formulas 9, 10, 11, of article 114 have been multi- 
plied, is at least of the third order, while, for example, in equation 9 the quan- 
tities (0. 1. 2), (1 1. 2), (IL 1. 2), are, on the contrary, of the first order; hence, 
it readily follows, that an error of the second order in the values of the quanti- 
ties ^„ ^ produces an error of the order zero in the values of the distances. 
Wherefore, according to the common mode of speaking, the distances would be 
affected by a finite error even when the intervals of the times were infinitely 
small, and consequently it would not be admissible to consider either these dis- 
tances or the remaining quantities to be derived from them even as approximate; 
and the method would be opposed to the second condition of tlie preccdino- 
article. 

132. 

Putting, for the sake of brevity, 
(0.1.2)^«, (O.I.2)7)' = _5, (O.0.2)i? = + ff, (O.H. 2)_D"= + rt; 
so that the equation 10, article 114, may become 

the coeflicienta c and d will, indeed, be of the first order, but it can be easily 
shown that the difference c — J is to be referred to the second order. Then it 
follows, that the value of the quantity 
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resulting from the approximate assumption that n:n"^&: &" is affected by an 
error of, the fourth order only, and even of the fifth only when the middle is dis- 
tant from the extreme observations by equal intervals. For this error is 
£H:^^'__lMi^^ d3'(d—c ) (T f—Tj) 

where the denominator is of the second order, and one factor of the numerator 
d&"(d — e) of the fourth, the other ij" — tj of the second, or, in that special case, 
of the third order. The former equation, therefore, bemg exhibited in this form, 

aff^b-\ ~^„ . -', , 

it is evident that the defect of the method explained in the preceding article does 
not arise from the fact that the quantities n,n" have been assumed proportional to 
&, Si", but that, in addition to this, n' was put proportional to 6'. For, indeed, in this 
way, instead of the factor '^—^, the less exact value ^4^'~ ^ ^^ introduced, 
from which the true value 

■^^S^/r//' cos/cos/ coaT^ 
differs by a quantity of the second order, (article 128). 

133. 

Since the cosines of the angles/,/',/", as also the quantities t], r(' differ from 
unity by a difference of the second order, it is evident, that if instead of 



the approximate value 



6f_ 



is introduced, an error of the fourth order is committed. If, accordingly, in place 
of the equation, article 114, the following is introduced, 

an error of the second order will show itself in the value of the distance $' when 
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tlie extreme observations arc equidistant from the middle; or, of the first order in 
other eases. But this new form of that equation is not suited to the determina^ 
tion of d', because it involves the quantities r, /, /', still unknown. 

Now, generally speaking, the quantities ^,^7, differ from unity by a quantity 
of the first order, and in the same manner also the product ■^,: it is readily 
perceived that in the special case frequently mentioned, this product differs 
from unity by a quantity of the second order only. And even when the orbit 
of the ellipse is slightly eccentric, so that the eccentricity may be regarded as a 
quantity of the first order, the difierence of ^ can be referred to an order one 
degree higher. It is manifest, therefore, that this error remains of the same order 
as before if, in our equation, ^^^ is substituted for |^, whence is obtained the 
following form. 

In fact, this equation still contains the unlaiown quantity /, which, it is evident 
nevertheless, can be eliminated, since it depends only on d' and known quantities. 
If now the equation should be afterwards properly arranged, it would ascend to 
the eighth degree. 

134. 

From the preceding it will be understood why, in our method, we are about 
to take for x, y, respectively, the quantities 

^::=P, and 2 (^±^'— l)/3= §. 

For, in the first place, it is evident that if P and Q are regarded as known quanti- 
ties, 8' can be determined from them by means of the equation 

and afterwards S,8", by equations 4, 6, article 114, since we have 

In the second place, it is manifest that -3-, &&" are, in the first hypothesis, the 
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obvious approximate values of tlie qiiantities P, Q, of which the true values are 
precisely 



e /' rf"T;f cms/ cos f cos f' 

from which hypothesis -will result errors of the first order in the determination of 
d", and therefore of S, d", or of the second order in the special case several times 
mentioned. Although we may rely with safety upon these conclusions, generally 
speaking, yet in a particular ease they can lose their force, as when the quantity 
(0. 1. 2), which in general is of the third order, happens to be equal to zero, or so 
small that it must be referred to a higher order. This occurs when the geocentric 
path in the celestial sphere has a point of contrary flexure near the middle place. 
Lastly, it appears to be required, for the use of our method, that the heliocentric 
motion between the three observations be not too great : but this restriction, by 
the nature of the very complicated problem, cannot be avoided in any way ; 
neither is it to be regarded as a disadvantage, since it wiU always be desired to 
begin at the earliest possible moment the first determination of the unknown 
orbit of a new heavenly body. Besides, the restriction itself can be taken in a 
sufficiently broad sense, as the example to be given below will show. 

135. 

The preceding discussions have been introduced, in order that the principles 
on which our method rests, and its true force, as it were, may be more clearly 
seen: the practical treatment, however, v/Ol present the method in an entirely 
different form which, after very numerous applications, we can recommend as 
the most convenient of many tried by us. Since in determining an unknown 
orbit from three observations the whole subject may always be reduced to 
certain hypotheses, or rather successive approximations, it will be regarded a,s a 
great advantage to have succeeded in so arranging the calculation, as, at the 
beginning, to separate from these hypotheses as many as possible of the compu- 
tations which depend, not on P and Q, but only on a combination of the known 
quantities. Then, evidently, these prehminary processes, common to each hypoth- 
esis, can be gone through once for all, and the hypotheses themselves are reduced 
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to "the fewest possible details. It will be of ecLually great importance, if it 
should not be necessary to proceed in every hypothesis as far as the elements, 
but if their computation might be reserved for the last hypothesis. In both 
these respects, onr method, which we are now about to esplabij seems to leave 
nothing to be desired. 

136. 

We are, in the first place, to connect by great circles three heliocentric places 
of the earth in the celestial sphere, A, A', A" (figure 4), with three geocentric 
places of the heavenly body, S, S, B", and then to compute the positions of these 
great circles witli respect to the ecliptic (if we adopt the ecliptic as the funda^ 
mental plane), and the places of the points B,B', _S", in these circles. 

Let a, a', a" be tbree geocentric longitudes of the heavenly body, (3, ^', /5", lat^ 
itudes ; I, t, t', heliocentric longitudes of the earth, the latitudes of which we put 
equal to zero, (articles 117, 72). Let, moreover, y, /, y" be the inclinations to the 
ecliptic of the great circles drawn from A., A, iL", to B, B', B", respectively ; and, 
in order to follow a fixed rule in the determination of these inclinations, we shall 
always measure them from that part of the ecHptic which lies in the direction 
of the order of the signs from the points A, Al, A", so that their magnitudes will 
be counted from to 360°, or, which amounts to the same thing, from to 180° 
north, and from to — 180° south. "We denote the arcs AB, A'B', A"B", which 
may always be taken between and 180°, by 3,d',d". Thus we have for the de- 
termination of y and i? the formulas, 

[1] i^^r= ,iJ^"ti) 

[2] tmd== ^"''[l~^\ 

To which, if desirable for confirming the calculation, can be added the following, 

sin^ = ^!^, cos ^ :::= cos ;5 cos (« — I). 

We have, evidently, entirely analogous formulas for determining y', d', y", d". Now, 
if at the same time ^^0, a — 1=0 or 180", that is, if the heavenly body should 
24 
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be in oppostion or conjunction and in the ecliptic at the same time, y ■would be 
indetei-minate. But we assume that this is not the case in either of the three 
observations. 

If the equator is adopted as the fundamental plane, instead of the ecliptic, 
then, for detennining the positions of the three great circles with respect to the 
equator, will be required the right ascensions of their intersections with the equa- 
tor, besides the inclinations ; and it will be necessary to compute, in addition to 
the distances of the points B, S, _B", from these intersections, the distances of the 
points A, J^, A" also from the same intersections. Since these depend on the 
problem discussed in article 110, we do not stop here to obtain the formulas. 

137. 

The secojtd step will be the determination of the positions of these three great 
circles relatively to each other, which depend on their inclinations and the places 
of their mutual intersections. If we wish to briag these to depend upon clear 
and general conceptions, without ambiguity, so as not to be obliged to use 
special figures for different individual cases, it will be necessary to premise some 
preliminary explanations. Mrsil//, in every great circle two opposite direciions 
are to be distinguished in some way, which will be done if we regard one of them 
as direct or positive, and the other as retrograde or negative. This being wholly 
arbitrary m itself, we shall always, for the sake of establishing a uniform rule, con- 
sider the directions from A, A', A" towards B, B', B" as positive ; thus, fqr example, 
if the intersection of the first circle with the second is represented by a positive 
distance from the point A, it will be understood that it is to be taken from A 
towards B (as iX' in our figure); but if it should be negative, then the distance 
is to be taken on the other side of A. And seconMy, the two hemispheres, into 
which every great circle divides the whole sphere, are to be distinguished by suit- 
able denominations; accordingly, we shall call that the superior hemisphere, which, 
to one walking on the inner surface of the sphere, in the positive direction along 
the great circle, is on the right hand ; the other, the infemr. The superior hemi- 
sphere will be analogous to the northern hemisphere in regard to the ecliptic or 
equator, tlie inferior to the southern. 
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These definitions being correctly understood, it will be possible conveniently 
to distinguish both intersections of the two great circles from each other. In fact, 
in one the first circle- tends from the inferior to the superior hemisphere of the 
second, or, which is the same thing, the second from the superior to the inferior 
hemisphere of the first ; in the other intersection the opposite talics place. 

It is, indeed, wholly arbitrary in itself which intersections we shall select for 
our problem ; but, that we may proceed here also according to an invariable rule, 
we shall always adopt these (7?, 2/, I/', figure 4) where the third circle A'B" passes 
into the superior hemisphere of the second A!ff, the third into that of the first, 
AB, and the second into that of the first, respectively. The places of these inter- 
sections will be determined by their distances from the points J.' and 4", A and 
A', A and A, which we shall simply denote by A'D, A"D, AI>% A"!/, A I/', AD". 

Which being premised, the mutual inclinations of the circles will be the angles 
which are contained, at the points of intersection D, D, I/', between those parts 
of the circles cutting each other that lie in the positive direction ; we shall 
denote these inclinations, talien always between and 180", by e,c',e". The de- 
termination of these nine unknown quantities from those that are known, evi- 
dently rests upon the problem discussed by us in ai-ticle 55. We have, conse- 
quently, the following equations : — 

[3] sin ^ e sin ^ {A'D -\- A'D) = sin i (f — t) sin h {/' + /), 
[4] sin i e cos i {AD -{- A'D) ~ cos i {l'—^) sin ^ {y" — y'\ 
[5] cos i e sin i {AD — A'D) = sin i {T'—I) cos ^ (/' -j- y'), 
[6] cos ^ t cos i {AD — A'D) = cos i [t'—t) cosi {f — /). 
i {A'D-\-A'D) and sin ^ e are made known by equations 3 and 4, i {A'D — A'D) 
and cos i e hy the remaining two ; hence AD, A'D and e. The ambiguity in the 
determination of the arcs i {A'D -\- A"D), I [A'D — A'D), by means of the tan- 
gents, is removed by the condition that sin J s, cos h «, must be positive, and the 
agreement between sin i e, cos h &, wOl serve to verify the whole calculation. 

The determination of the quantities Aiy, A'D', e', AI/', A'0', e" is effected in 
precisely the same manner, and it will not be worth while to transcribe here the 
eight equations used in tills calculation, since, in fact, they readily appear if we 
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respectively. 

A new Teriflcatlon of the whole CBlcnlatioii thus &r can be obtainod from the 
mutnal relation between the sides and angles of the spherical triangle formed by 
jommg the three points D, V, D", from which result the equations, true in gen- 
eral, whatever may be the positions of those points, 

,jn(AZ/-AZri ^ 'mjA'D^A'D') _ An jA' D - M' B) 

Finally, if the equator is selected for the fundamental plane instead of the eclip- 
tic, the computation undergoes no change, except that it is necessary to su^ 
stitnte for the heliocentric places of the earth A,A',A:' those points of the equa- 
tor where it is cut by the circles AB, A'ff, A'B"; consequently, the right ascen- 
sions of these intersections are to be taken instead otlj,!', and also instead of 
AB, the distance of the point J) from the second intersection, etc. 

138. 

The tldrrj stop consists in this, that the two e^reme geocentric pWes of the 
heavenly body, that is, the points B, B", are to be joined by a great circle, and 
the intersection of this with the great circle A'B- is to be determmcd Let B'- be 
this mtersection, and If -a its distance from the point A!; let a* be its longitude, 
and p Its latitude. We have, con-sequently, for the reason that B, B*, B" lie in 
the same great circle, the well-known equation, 

0=tan|?sm(„"_„.)_tan^«sin(»"-„) + tau/S"sin(««-^„), 
which, by the substitution of tan / sin {«■« - ^ for tan ,3. takes the following 
form : — 

O = cos («*_/) (tan^sin(a"_?)_ tan j3"sin(a-/)) 
— sin (a»_/)(ta„,?cos(e" — ?) -I- tan /sin {«" — «) —tan/?" cos(« — ?)). 
Wherefore, since tan{«»-?) = cos/tanC*-- a) we shall have, 

tan ((f — o) = tjafm (,/'-; ') — tmy,i, (,_f) 

COS / (lan (J CO, («•_ f ) _ t.n (?' cos (,. - (')) + sin / sin («"—«) ' 
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Thence are derived tlie following fomiulas, better suited to numerical calculations. 
Putting, 

[7] tan /3 sin {a" — I') — tan /5" sin {a ~~ I') =i S, 

[8] tan |3 cos (a" — /') — tan (^'^ cos (a — I') ^^ysin^, 

[9] sin(«" — a) = Tcost, 
we shall have (article 14, II.) 

[10] t!in(*'-fl) = yjj|,p-^. 

The uncertainty in the determination of the arc (S' — o) by means of the 
tangent arises from the fact that the great circles A'S', BB", cut each other in 
kvo points ; we shall always adopt for B^ the intersection nearest the point B', so 
that o may always fall between the limits of — 90° and -|- 90°, by which means 
the uncertainty is removed. 

For the most part, then, the value of the arc a (which depends upon the 
curvature of the geocentric motion) wiU be quite a small quantity, and even, gen- 
erally speaking, of the second order, if the intervals of the times are regarded 
as of the first order. 

It will readily appear, from the remark in the preceding article, what are the 
modifications to be applied to the computation, if the equator should be chosen 
as the fundamental plane instead of the ecliptic. It is, moreover, manifest that 
the place of the point B^- will remain indeterminate, if the circles BB",^B" 
should be wholly coincident; this case, in which the four points A',B,B',B" lie in 
the same great circle, we exclude from our investigation. It is proper in the 
selection of observations to avoid that case, also, where the locus of these four 
points differs but little from a great circle ; for then the place of the point B*, 
which is of great importance in the subsequent operations, would be too much 
affected by the slightest errors of observation, and could not be determined with 
the requisite precision. In the same manner the point B*, evidently, remains 
iiidetermmate when the points B, B" coincide,f in which case the position of the 



t Or when they are opposite to each other; but we Jo not speak of this case, because our metliod ia 
not extended to observations embraeiug so great an interval. 
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circle BB" itself would become indetermina-te. Wherefore we exclude this case, 
also, just as, for reasons similar to the preceding, those observations will be 
avoided in which the first and last geocentric places fall in pomts of the sphere 
near to each other. 

139. 

Let 0, C, O", be three heliocentric places of the heavenly body in the celestial 
sphere, which will be (article 64, III.) in the great circles AB, A'B', A"B", respec- 
tively, and, indeed, between A and B, A' and B", A" and B" ; moreover, the points 
C, C, O" will Me in the same great circle, that is, in the circle which the plane 
of the orbit projects on the celestial sphere. 

"Wo will denote by r, r, /', three distances of the heavenly body from the sun ; 
V ?'?'» ^"j its distances from the earth; by ^, _ffi', ^', the distejices of the earth 
from the sun. Moreover, we put the arcs O'C", 00", GC equal to 2/, 2/', 2/", 
respectively, and 

rV sin 2/ ^ J^, r /' sm 2/' =^n',r/ sin 2/" = n". 
Consequently we have 

f'=f-\-f", AG^GB = 8, A'0'^0'B' = S', A"0" ^0"B" = 6" ; 
also, 

sin 5 _ sill ^C sinC_B 



sin y _ Bin ^' 0" __ sin CB" 
/' ~ e" ~ if' ■ 

Hence it is evident, that, as soon as the positions of the points C, 0', 0" are known 
the quantities r, /, /', (), (>', f can be determined. "We shall now show how the 
former may be derived from the quantities 

from which, as we have before said, our method started. 
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140. 

"We first remark, that if iV were any point whatever of the great circle CC'C", 
and the distances of the points 0, C", C"[ from the point iV were comited in the 
direction from C to (J", so that in general 

X^O" — WC = 2/, NO" —N0= If, WO' —NC'= 2f", 
we shall have 
1 = sin 2/sin NO— sin 2/ sin NO' + sin 2/" sin NO". 

We will now suppose N to be taken in the intersection of the great circles 
BB^0', CC'C", as in the ascending node of the former on the latter. Let ns 
denote by S, S', S", S, 35', 3}", respectively, the distances of the points 0, C, 0", 
D, D', V from the great circle BB*B", taken positively on one side, and nega- 
tively on the other. Then sin S, sinS', sinS", will evidently be proportional to 
sin NG, sin NO', sin NO", whence equation 1 is expressed in the following form : — 

= sin 2/ sin (S — sin 2/' sin S' -\- sin 2/" sin £" ; 
or multiplying by r^-^r", 

II. O^^nr sin S — n'r' sin (S' -j- ifr" sin S". 

It is evident, moreover, that sinS is to sin 35', as the sine of the distance of the 
point O from _S is to that of 1/ from B, both distances being measured in the 
same direction. "We have, therefore, 

in precisely the same way, are obtained, 



sin € =:::: 

— sin G' = 

— sInS"^="^ 



mtisipp^jg* _ Bin If sin g'.B* 

'(A-aA'D—S'-{-a)~sm {A'iy'—!i'-\-ay 
t sin C"B" sin T;' gin (7"B'' 



n (A"!) — d") ~ sin {A"D' — 5") " 
iriding, therefore, equation 11. by/' sin S", there results, 

._ rsinCB ain(^'^. P' — a") , /sin Cffl sin(^'^i?- 

^'^V'si(iC".ff'- sint^i?' — S) '^ Vsm(7''.S"'sin"(.i'/)— ; 
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If now we designate the arc C'B' by s, substitute for r, /, /' their values in 
the preceding article, and, for the sake of brevity, put 

L^^-l i?'sm(i"9in(^iy-5)— ^' 

L-^'^-i iir"siii3"siii(^'i>— s'-fo)-""' 
our equation will become 
in. == aiz ~ Sra' 



^i"(^-<^) 



The coefficient 5 may be computed by the following formula, which is easily 
derived from the equations just introduced : — 

B'or verifying the computation, it will be expedient to use both the formulas 12 
and 13. "When sin(J.'Z>" — 5'-i-o)i8 greater than sin(4'i) — d'-f-o), the latter 
formula is less affected by the unavoidable errors of the tables than the former, 
and so will be preferred to it, if some small discrepancy to be explained in this 
way should result in the values of 5 ; on the other hand, the former formula is 
most to be relied upon, when sin (il'/>" — ^'-|- rr) is loss than sin i^^D — i^'-f- cf); 
a suitable mean between both values will be adopted, if preferred. The foUow- 
ing formulas can be made to answer for examining the calculation; their not very 
difficult derivation we suppress for the sake of brevity. 



R R' 



^~~ R R' ' "sinS' "^ R!' 



' R" am S"- sm (A ly — d) sin e'^ 
in which (article 138, equation 10,) V expresses tlie quotient 

141, 

From P = —y and equation HI. of the preceding article, we have 
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thence, and from 

e = 2 (1±^'— 1)/3 and /=^:^^' 
is obtained, 

smgH- ^^„^.^^„ ^^^^sin(g — q), or, 

Putting, therefore, for the sake of brevity, 

and introducing the auxiliary angle a such that 
tan ft) - 



„-]_ — cos ff , 
we have the equation 

IV. e $ sin w sin'' « ;=: sin (^ — to — o), 

from which we must get the unknown quantity s. That the angle at may be 
computed more conveniently, it will be expedient to present the preceding for 
mula for tan w thus : — 



tan 0) ^ - 



(P 4- a) tang 



"p(-i-_i)+(i_„)- 

\cosff / ' \cosc / 

Whence, putting, 

_5 

[15] ^^=^, 

COSff 

[16] 



-1 
we shall have for the determination of (o the very simple formula^ 



tan 



K^+«) 



We consider as the fourth step the computation of the quantities «, b, c, d, e, 
25 
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by means of the formulas 11-16, depending on given quantities alone. The 
quantities 5, c, e, will not themselves be required, only their logarithms. 

There is a special case in which these precepts require some change. That 
is, when the great chcle BB" coincides with A'ff', and thns the points B, B* 
with ly, D, respectively, the quantities a, h would acquire infinite values. Put- 
ting, in this case, 

B&inS sinU'iy'— g' + ff) _ 

in place of equation lH, we shall have 



whence, making 



the same equation IV. is obtained. 

In the same manner, in the special case when o = 0, e becomes infinite, and 
tu = 0, on account of which the factor c sin w, in equation IV., seeraa to be inde- 
terminate ; nevertheless, it is in reality determinate, and its value is 

-P + « 
2i?'=s.V5'(5~l)(P-|-rf)' 

as a little attention will show. In this case, therefore, sm s becomes 
irsin5\7^-^>f^ + '^> 

142 

Equation IV., which being developed rises to the eighth degree, is solved by 
trial very expeditiously in its unchanged form. But, from the theory of equa- 
tions, it can be easily shown, (which, for the sake of brevity, we shall dispense 
with explaining more fully) that this equation admits of two or four solutions by 
means of real values. In the former case, one value of sin s wiU be positive ; 
and the other negative value must be rejected, because, by the natui'e of the 
problem, it is impossible for / to become negative. In the latter case, among the 
values of sin s one wiU be positive, and the remaining three negative, — when, 
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accordingly, it will not bo doubtful which must be adopted, — or tlircc positive 
with one negative; in this case, from among the positive values those, if there are 
any, are to be rejected which gives' greater than d', since, by another essential 
condition of the problem, q' and, therefore, sin (d' — s), must be a positive quantity. 
When the observations are distant from each other by moderate intervals of 
time, the last case will most frequently occur, in which three positive values of 
sin z satisfy the equation. Among these solutions, besides that which is true, 
some one will be found making s differ but little from d', either in excess or 
in defect; this is to be accounted for as follows. The analytical treatment of 
our problem is based upon the condition, simply, that the three places of the heav- 
enly body in space miist fall in right lines, the positions of which are determined 
by the absolute places of the earth, and the observed places of the body. Now, 
from the very nature of the case, these places must, in fact, fall in those parts of 
the right lines whence the light descends to the earth. But the analytical equar 
tions do not recognize this restriction, and every system of places, harmonizing of 
eom'se with the laws of Kjtler, is embraced, whether they lie in these right lines 
on this side of the earth, or on that, or, in fine, whether they coincide with the 
earth itself. Now, this last case will undoubtedly satisfy our problem, smce the 
earth moves in accordance with these laws. Thence it is manifest, that the equar 
tions must include the solution in which the points G, C, G" coincide with A, ^, A" 
(so long as we neglect the very small variations in the elliptical places of the earth 
produced by the perturbations and the parallax). Equation IV., therefore, must 
always admit the solution g ^ ^, if true values answering to the places of the 
earth are adopted for F and Q. So long as values not differing much from these 
are assigned to those quantities (which is always an admissible supposition, when 
the intervals of the times are moderate), among the solutions of equation IV., 
some one wiU necessarily be found which approaches very nearly to the value 

For the most part, indeed, in that case where equation IV. admits of three 
solutions by means of positive values of sin«, the third of these (besides the true 
one, and that of which we have just spoken) makes the value of z greater than 
d', and thus is only analytically possible, but physically impossible ; so that it can- 
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not then be doubtful which is to be adopted. But yet it certainly can happen, 
that the equation may admit of two distinct and proper solutions, and thus that 
our problem may be satisfied by two wholly different orbits. But in such an 
evenly the true orbit is easily distinguished from the false as soon as it is possible 
to bring to the test other and more remote observations. 

143. 

As soon as the angle s is got, / is immediately had by means of the equation 
Further, from the equations P ::= - and III. we obtain, 

nV 1 nV 

Now, in order that we may treat the formulas, according to which the posi- 
tions of the points O, C", are determined from the position of the point C, in such 
a manner that their general truth in those cases not shown in figure 4 may 
immediately be apparent, we remark, that the sine of the distance of the pomt 
C from the great circle OB (taken positively in the superior hemisphere, nega- 
tively in the inferior) is equal to the product of sin e" into the sme of the distance 
of the point O' from _0", measured in the positive direction, and therefore to 

— sin e" sin CD" = — sin s" sin {z + A'ly — S') ; 
in the same manner, the sine of the distance of the point G" from the same great 
circle is — sm e' sm 0"!/. But, evidently, those sines are as sin OC to sin CO", or 
iis ^ to ^,, or as n'Y to n'/. Putting, therefore, G"D' = 'Q", wc have 

V. /'sinr = 5"-S7^^"(® + -^'-^" — <^)- 

Precisely in the same way, putting Giy ^^ i", is obtained 



VI. 



JJsin(0 + ^'i> — 5'). 



Vn. rwi[i;-\-AD"~AD')^-/' P ^,sin(C" + ^"X' — ,4"i>'). 
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By combining equations V. and VI. witii the following taken from article 139, 
Vin. /' sin (C" — A"!/ + (S") = Ji" sin d", 

IX. rsm{i;—Aiy-\-S) = Bsme, 

tlie quantities t, 4'", r, /',will be thence derived by the method of article 78. 
That this calculation may be more conveniently effected, it will not be unaccept- 
able to produce here the formulas themselves. Let us put 



^(AB' — i) 






P'3 Si 

[18] S 
[19] 2 

The computation of these, or rather of their logarithms, yet independent of P 
and Q, is to be regarded as the Jrfth and last step in the, as it were, preliminary 
operations, aud is conveniently performed at the same time with the computation 
of «, b, themselves, or with the fourth step, whore a becomes equal to ^. 
Mailing, then, 

~ . jj sin (a + jl'i) — .)') = f, 

K(lp— 1) = }, 

«"{)."/' -l)^f, 

we derive C and r from r sin C ^p, rcosi^^g; also, C" and ?-" from r" sin t" ^=p"f 
and r" coa 'C," ^= /'. No ambiguity can occur in determining C and C", because r 
and /' must, necessarily, be positive quantities. The complete computation can, 
if desired, be verified by equation VII. 

There are two cases, nevertheless, where another coui'se must be pursued. 
That is, when the point J/ coincides with B, or is opposite to it in the sphere, 
or when AZ/ — d^O or 180°, equations VI. and IX must necessarily be iden- 
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tical, and we diould have h = co , X^ _ 1 = 0, ami 5, therefore, mdetenninate. 
In this case, C" and /' will be determined, in the manner we have shown, bnt 
then C and r mnst be obtained by tho combination of equation VII. with VI. or 
rX. TVe dispense with transcribing here the formulas themselves, to he found 
in article 78; we observe, merely, that in the case where AIT—ikm fact 
neither = nor = 180°, but is, nevertheless, a very small arc, it is preferable 
to foUow the same method, since the former method does not then admit of the 
requisite precision. And, in fact, the combination of equation VH. with VI. or TX. 
will be chosen according as sin (AI/'—AD') is greater or less than sm (AD'—i). 

In the same manner, in the case in which the point Z>', or the one opposite to 
it, either coincides with B" or is little removed from it, the determination of f" 
and r" by the preceding method would be either impossible or unsafe. In this 
case, accordingly, f and r will be determined by that method, but f" and r" by 
the combination of equation VH. either with T. or with VIII., according as sin 
{A"I) — A"iy) is greater or less than sin {A" J/ — d"). 

There is no reason to fear that 1/ will coincide id the tame Um with the points 
B, B", or with the opposite points, or be very near them; for the case in which 
B coincides with B", or is but little remote from it, we excluded above, m article 
138, from our discuasion. 

144. 

The arcs ? and t" being found, the positions of the points O, C", will be given, 
and it will be possible to determine the distance 00"= if from C, C" and c'. 
Let o, a", be the inoUnations of the great circles AB, a:'B" to the great circle 00" 
(which in figure 4 will be the angles C" (72/ and ISO" — Of/'-iX, respectively), 
and we shall have tho following equatiom, entirely .analogous to the equations 
3-6, article 137 : — 

sin/' sin J {!i"-|- 11) = sin J e' sm J (f -|- {"), 
sin/' cos J (11" + ij) = COS J «' sin J (f _ f"), 
cos/' sin i («" — m) = sin i e' cos i (C + C"), 
cos/' cos^{m" — M) = cosJe'cos^C — f"). 
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The two former will give i {u"-\-u) and sin/', the two latter k {u" — m) and cos/'; 
from sin/' and cos/' we shall have/'. It will be proper to neglect in the first 
hypotheses the angles h {n" -\-u) and ^ (w" — u), which will be used in the last 
hypothesis only for determining the position of the plane of the orbit. 

In the same way, exactly,/ can be derived from t, CD and 0"B; also/" 
from t", CD" and G'D'; but the following formulas are used much more con- 
veniently for this purpose : — 

sin 2/=^ r sin 2/',^, 

sm2/" = /'sin2/'.!^, 

in which the logarithms of the quantities ~, -^ are already given by the pre- 
ceding calculations. Finally, the whole calculation finds a new verification in 
this, that we must have 

2/-f2/" = 2/'; 
if by chauce any difference shows itself, it will not certamly be of any impor- 
tance, if all the processes have been performed as accurately as possible. Never- 
theless, occasionally, the calculation being conducted throughout with seven 
places of decimals, it may amoimt to some tenths of a second, which, if it appear 
worth while, we may with the utmost facility so distribute between 2/and 2/" 
that the logarithms of the sines may be equally either increased or diminished, 
by which means the equation 

■^ ~»"sm2/^ n 

win be satisfied with all the precision that the tables admit. When / and /" diflfer a 
little, it will be sufficient to distribute that difference equally between 2/ and 2/". 

145. 

After the positions of the heavenly body in the orbit have been determined in 
this manner, the double calculation of tlie elements will be commenced, both by 
the combination of the second place with the third, and the combination of the 
first with the second, together with the corresponding intervals of the times. 
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Before this is undertaken, of course, the intervals of the times themselves require 
some correction, if it is decided to take account of the aberration agreeablj to the 
third method of article 118. In this case, evidently, for the true times are to be 
substituted fictitious ones anterior to the former, respectively, by 493^), 493£j', 
For computing the distances ^, q', q", we have the formulas : — 



Q = 



^5m(^— 3) _ /sin { d' — ^ 



^ ~mn(C'' — A"iy^ff')~ siiid" 

But, if the observations should at the beginning have been freed from 
aberration by the first or second method of article 118, this calculation may be 
omitted; so that it will not be necessary to deduce the values of the distances (i, 
q', (}", unless, perhaps, for the sake of proving that those values, upon which the 
computation of the aberration was based, were sufficiently exact. Finally, it is 
apparent that all this calculation is also to be omitted whenever it is thought 
preferable to neglect the aberration altogether, 

146. 

The calculation of the elements — on the one hand from /, /', 2/ and the 
corrected interval of the time between the second and third observations, the 
product of which multiplied by the quantity k, (article 1,) we denote by &, and 
on the other hand from r, /, 2/" and the interval of time between the first and 
second observations, the product, of which by Jc will be equal to &" — is to be car- 
ried, agreeably to the method explained in articles 88-105, only as far as the 
quantity there denoted by y, the value of which in the first of these combinations 
we shall call i], in the latter r/'. Let then 

ffv_ -p, rVOG" _ ^ 

6i'—-^' rAV'co./co./'cos/"— '^' 
and it is evident, that if the values of the quantities P, Q, upon which the whole 
calculation hitherto is based, were true, we should have in the result P' = P, 
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Q!=Q. And conversely it is readily perceived, that if in the result P' = P, 
Q' ^Q, the double calculation of the elements from both combinations woidd, if 
completed, furnish numbers entirely equal, by which, therefore, all three observa- 
tions will be exactly represented, and thus the problem Wholly satisfied. But 
when the result is not i>' = P, «"= §, let P'— J', §'—<) be taken for JC and Y, 
if, indeed, J> and g were taken for m and y; it will be still more convenient t» put 

logP = i, log <? = y, logP'— logi> = X, log Q' — log Q=r. 
Then the calculation must be repeated with other values of :f, y. 

147. 

Properly, indeed, here also, as in the ten methods before given, it would be 
arbitrary what new values we assume for x and ^ in the second hypothesis, if 
only they are not inconsistent with the general conditions developed above ; but 
yet, since it manifestly is to be considered a great advantage to be able to set out 
from more accurate valnes, in this method we should act with but little prudence 
if we were to adopt the second valnes rashly, as it were, since it may easily be 
perceived, from the very nature of the subject, that if the first values of P and Q 
were affected with slight errors, i^ and (/ themselves would represent much more 
exact values, supposing the heUocentrio motion to be moderate. Wherefore, we 
shall always adopt i" and </ themselves for the second values of i» and Q, or 
log P', log (j- for the second values of x and y, if log P, log Q are supposed to 
denote the first values. 

Now, in this second hypothesis, where all the preliminary work exhibited 
in the formulas 1-20 is to be retamed without alteration, the calculation wfll be 
undertaken anew in precisely the same manner. That is, first, the angle oi 
will be determmed; after that s, r', !S, ^, {, r, f", r", /', /, /". Prom the dif- 
ference, more or less considerable, between the new values of these quantities 
and the first, a judgment will easily be formed whether or not it is worth while 
to compute anew the correction of the times on account of aberration; m the 
latter case, the intervals of the times, and therefore the quantities 6 and 6", will 
remain the same as before. Finally, ij, if are derived from /, ■/, /',/", r r' and 
26 
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the mterrals of the times ; and hence new valnes of P and §', which commonly 
differ much less from those furnished by the first hypothesis, than the latter from 
the original values themselves of i> and Q. The second values of JT and T will, 
therefore, be much smaller than the fliist, and the second values of P, (/, will be 
adopted as the third values of i>, Q, and with these the computation will be 
resumed anew. In tliis manner, then, m from the second hypothesis more exact 
numbers had resulted than from the first, so from the third more exact numbers 
will again result than from the second, and the third valnes of P', §' can be taken 
as the fourth of P, Q, and thus the calculation be repeated untd an hypothesis 
is arrived at in which X and Y may be regarded as vanishing; but when the 
third hypothesis appears to be insutfioient, it will be preferable to deduce the val- 
ues of P, Q, assimied in the fourth hypothesis from the first three, in accordance 
with the method explained in articles 120, 121, by which means a more rapid 
approximation will be obtained, and it will rarely bo reqnisite to go forward to 
the fifth hypothesis. 

148. 

When the elements to be derived from the three observiitions are as yet 
wholly unknown (to which case our method is especially adapted), In the first 
hypothesis, as we have already observed, j, 6 6", are to be talten for approximate 
values of P and Q, where f) and i!" are derived for the present from the interv.als 
of the tiines not corrected. If the ratio of these to the corrected intervals is 
expressed by fj : 1 and ,u" : 1, respectively, we shall have m the first hypothesis, 

X=: log (I — log «" -\- log 1J — log i;", 

T= log a -\- log p," — log »j — log ij" + Comp. log cos/ + Comp. log cos /' 
-|- Comp. log cos /" -f- 2 log / — log r — log /'. 
The logarithms of the quantities ft ft", are of no importance in respect to the re- 
maining terms ; log.j; and log ij", which are both positive, in X cancel each other 
in some measure, whence X possesses a small value, sometimes positive, some- 
times negative; on the other hand, in Fsome compensation of the positive terms 
Comp. log cos/, Comp. log cos/', Comp. log cos/" arises also from the negative 
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temi9 log Tj, log Tj", but less complete, for the former greatly exceed the latter. In 
general, it is not possible to determine any thing concerning the sign of log ^. 

Now, as often as the heliocentric motion between the observations is small, it 
will rarely be necessary to proceed to the foiu-th hypothesis ; most frequently the 
third, often the second, will afford sufficient precision, and we may sometimes be 
satisfied with the numbers resulting from even the first hypothesis. It will be 
advantageous always to have a regard to the greater or less degree of precision 
belonging to the observations; it would be an ungrateful task to aim at a pre- 
cision in the calculation a hundred or a thousand times greater than that which 
the observations themselves allow. In these matters, however, the judgment is 
sharpened more by frequent practical exercise than by rules, and the sltilfid 
readily acquire a certain faculty of deciding where it is expedient to stop. 

149. 

Txistly, the elements themselves will be computed in the final hypothesis, 
either from/, /, r", or from/", r, /, carrying one or the other of the calculations 
through to the end, which in the previous hypotheses it had only been requisite 
to continue as far as i],tj"; if it should be thought proper to finish both, the 
agreement of the resulting numbers will furnish a new verification of the whole 
work. It is best, nevertheless, as soon as /,/',/", are got, to obtain the elementa 
from the single combination of the first place with the third, that is, from /,?-, r", 
and the interval of the time, and finally, for the better confirmation of the com- 
putation, to determine the middle place in the orbit by means of the elements 
found. 

In this way, therefore, the dimensions of the conic section are made kno^vn; 
that is, the eccentricity, the semi-axis major or the semi-parameter, the place 
of the perihelion with respect to the heliocentric places C, C, 0", the mean 
motion, and the mean anomaly for the arbitrary epoch if the orbit is elliptical, or 
the time of perihelion passage if the orbit is hyperbolic or parabolic. It only 
remains, therefore, to determine the positions of the heliocentric places in the 
orbit with respect to the ascending node, the position of this node with reference 
to the equinoctial point, and the inclination of the orbit to the ecliptic (or the 
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equator). AH this may be effected by the solution of a single spherical tri- 
angle. Let a be the longitude of the ascending node; i the inclination of the 
orbit; y and/ the arguments of the latitude m the first and third observations; 
lastly, let ?— 8=i, r—a=li'. Calling, in figure 4, 8 the ascending node, 
the sides of the triangle 84(7 will be AD' — i:,g, h, and the angles opposite to 
them, respectively, i, 180° — j, u. We shall have, then, 

sm 1 j'sin i {<? + 4) = sin i (Aiy —t) sin J (y -|- ») 
sin i ! cos J (y 4. i) = cos J (AD' _ {) sin J (j- — ,,) 
cos iisin J (y — 4) =Bin i (AZC— C) cos 1 (j" + ») 
cos } s'oos 1 { i; — 4) = cos 1 {Ajy — C) cos J (/ — a). 
The two first equations will give i (y+A) and sin Js; the remaining two i (<?— /i) 
and cos }!; from jr will be known the place of the perihelion with regard to the 
ascending node, from I the place of the node in the ecliptic; finally, i will be- 
come known, the sine and the cosine mutually verifying each other. We cm 
anive at the same object by the help of the triangle 84" C", in which it is only 
necessary to change in the preceding formulas the symbols g, h, A, I, j-, » into /, 
A", 4", C", y", »". That stin another verification may be provided for the whole 
work, it will not be unserviceable to perform the ealenlation in both ways; 
when, if any very slight discrepancies should show themselves between the values 
of % 8, and the longitude of the perihelion in the orbit, it will be proper to take 
mean values. These differences rarely amount to O*.! or 0'.2, provided all the 
computations have been carefully made with seven places of decimals. 

When the equator is taken as the fundamental plane instead of the ecliptic, 
it will make no difference in the computation, except that in place of the points 
A, A" the intersections of the equator with the great circles AB, A"Ji" are to be 
adopted. 
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150. 

We proceed now to the illustration of this method by some examples fully 
explained, which mil show, in the plainest manner, how generally it applies, and 
how conveniently and expeditiously it leads to the desired result.* 

The new planet Juno will furnish us the fird example, for which purpose we 
select the following observations made at Greenwich and communicated to us by 
the distinguished Maskelyne. 



MenD Time, Greenwich. 


App. Right Ascension. 




1804, Oct 5 10'' 51™ 6' 
17 9 &8 10 
27 9 16 41 


357" 10' 22".S5 
355 43 45 .30 
355 11 10 .95 


6° 40' 8" 
8 47 25 
10 2 28 



From the solar tables for the same times is found 





from App. Equin. 


Nutation. 


Distance from 
BieEai-tli. 


Latitude of 
tliB Sun. 


"-^'^^^S"' 


Oct 5 
17 

27 


192° 28' 53".72 
204 20 21 .54 
214 16 52.21 


+ 15".43 
--15.51 
- - 15 .60 


0.99888S9 
0.9953968 
0.9928340 


— 0".49 

+ 0.79 

— 0.15 


23° 27' 50".48 
59.26 
59.06 



Wo will conduct the calculation as if the orbit were wholly unknown : for 
which reason, it will not be permitted to free the places of Juno from parallax, 
but it will be necessary to transfer the latter to the places of the earth. Accord- 
ingly we first reduce the observed places from the equatoi to the ecliptic, the 
apparent obliquity being employed, whence results, 



* It ia incorrect to call one method more or leas exact than another. That method alone can lie con- 
sidered to have solved the problem, by which any degree of precision whatever is, at least, attainable. 
Wherefore, one method excels another in this respect only, that the same degree of precision may be 
reached by one more quickly, and with less labor, than by the other. 
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We join directly to this calcidation the determination of the longitude and 
latitude of the zenith of the place of obsei-vation in the three observations: the 
right ascension, in fact, agrees with the right ascension of Juno (because the 
observations have been made in the meridian) but the dechnation is equal to the 
altitude of the pole, 51" 28' 39". Thus we get 





App. Longitude of Juno 


App. Latitude of Juao. 


Oct. 5 

17 
27 


354" W 54".27 
S52 34 44 .51 
351 34 51 .57 


— 4=59'31''.59 

— 6 21 56.25 

— 7 17 52.70 





Long, of the Zanitii. 1 


Lilt, of the Zenith. 


Oct. 5 

17 
27 


24° 29' 
23 25 
23 1 


46° 53' 
47 24 
47 3(i 



Now the fictitious places of the earth in the plane of the ecliptic, from which 
the heavenly body would appear in the same manner aa from the true places of 
the observations, will be determined according to the precepts given in article 72. 
In this way, putting the mean parallax of the sun equal to 8".6, there results, 





EcductLoii of Longitude, Reduction of Distnnco. 


Reiluotion of Time. 


Oct. 5 
17 
27 


— 22" .39 

— 27 .21 

— 35 .82 


- 0.0003856 

- 0.0002329 

- 0.0002085 


— 0'.19 

— .12 

— .12 

1 



The reduction of the time is added, only that it may be seen that it is wholly 
insensible. 

After this, all the longitudes,, both of the planet and of the earth, are to be 
reduced to the mean vernal equinox for some epoch, for which we shall adopt 
the beginning of the year 1805 ; the nutation being subtracted the precession is 
to be added, which, for the three observations, is respectively 11".87, 10".23, 8".86, 
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207 
- 5".28 for the second, 



so that — 3".56 is to bo added for the first observation^ - 
— 6".T4 for the third. 

Lastly the longitudes and latitudes of Jnno are to be freed from the aberrar 
tion of the fixed stars ; thus it is found by weh-known rules, that we must sub- 
tract from the longitudes respectively 19".12, 17".ll, 14".82, but add to the lati- 
tudes 0".83, 1".18, 1",75, by which addition the absolute values are diminished, 
since south latitudes are considered as negative. 

151. 

All these reductions being properly appliedj we have the correct data of the 
problem as follows : — 
Times of the observations reduced 

to the meridian of Paris 
Longitudes of Jimo, a., a', a" , 

Latitudes, ji, fi', /5" 

Longitudes of the earth, I, I', I" 
Logs, of the distances, Ji, JfT, iT' 



Oct 6.458644 

354°44'31".60 

—4 59 31 .06 

12 28 2V .76 

9.9996826 



17.421886 

862°34'22".12 

—6 21 66 .07 

24 19 49 .06 

9.9980979 



27.393077 

S61°S4'80".01 

— 7 17 60 .96 

34 16 9 .66 

9.9969678 



Hence the calculations of articles 136, 137, produce the follomng numbers, 



r,r,r ..... 
*,«',*" 

logarithms of the sines 
A'D,Aiy,AD" . . 
A"D, A"B'. Air . . 



196 


0' 8' 


.36 


18 23 69 


.20 




9.4991996 


232 


6 26 


.44 


241 


61 16 


.22 


2 


19 34 


.00 




8.608S885 



logarithms of the sinos . 

log sin i e' 

log cos h t' 

iWoreover, according to article 138, wc have 
logtani? . . . . 8.9412494 » 
logsin(a"_r) . 9.7332391 !i 
log cos (o" — ?') . 9.9247904 



191° 68' 0".8S 

32 19 24 .93 

9.7281106 

213 12 29 .82 

234 27 .90 

7 13 37 .70 

9.0996915 

8.7996259 

9.9991357 



190"41'40".17 

43 11 42 .06 

9.8353631 

209 43 7 .47 

221 13 67 .87 

4 66 46 .19 

8.9341440 



log tan ^" .... 9.1074080 s 
log sin (a — r) . . 9.693-5181 » 
log cos (o — ?) . . 9.9393180 
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Hence 
log (tan /5 cos {«" — /'} — tan /3" coa {a — l')) — log ^ sin i 8.5786513 



logsin{a" — «) — log2'co8^ 


. 8.7423191.1 


Hence <= 145° 32' 67".V8 log 1" 

(+/= 33V 30 68.11 logsm(Z + /) . . . 


. 8.8260683 
. 9.5825441 » 


Lastly 
log (tan (S sin (a" — /) — tan /3" sin (o — /)) = log S . 


. 8.2033319!! 
. R.40Sf,l ?A n 





whence log tan (cj' — ff) 9.7947195 

d' — o = 31° 56' H".81, and therefcre o = 0° 23' 13".12. 
According to article 140 we have 



A"iy — i" = 191° 16' 18".86 log sin 


9.2904362 » 


log cos 9.9916661 n 


Aff—i =194 48 30 .62 " - 


9.4076427 b 


" " 9.9868301 » 


A"I>^r =198 39 33 .17 " " 


9.606066711 




A'B —S'-\-a = 200 10 14 .63 " " 


9.5375909» 




AD" — d- = 191 19 8 .27 " " 


9.2928664)1 




4'Z)"_*'-|-o = 189 17 46 .06 " « 


9.208272311 




Hence follow, 






logo . . . 9.6494437, 


= + 0.3.543692 



log* . . . 9.8613633. 
Formula 13 would give log b = 9.8613531, but we have preferred the fomier 
Talue, because sin {A'D — d' -\- a) is greater than sin {A'D" — (^' + o). 
Again, by article 141 we have, 

SlogifsmiJ' . . . 9.1786262 

log 2 0.3010300 

log sin o 7.8295601 



7.3092163 and therefore log c = 2.6907847 

9.8613533 

9.9999901 
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whence ^^ 0.7267135. Hence are derived 

eo3(T 

c2 = — 1.S825062, log « = 8.S929618 n 
Finally, by means of formulae, article 143, are obtained, 
logx . . . . 0.0913894 b 
logn" .... 0.6418957™ 
logl . . . . 0.4864480(1 
logl," .... 0.15923621! 

162. 

The preliminary calculations being despatched in this way, we pass to the 
first hypothesis. The mterval of time (not corrected) between the second and 
third observations is 9.971192 days, between the first and second is 11.963241. 
The logarithms of these numbers are 0.9987471, and 1.0778489, whence 

log « = 9.2343286, log «" = 9.3134303. 
We will put, therefore, for the jirst hypoth^m, 
I = log P= 0.0791018 
y = log §=8.6477688 
Hence we have P = 1.1997804, P + ii = 1.5541396, P + i = — 0.1627248 ; 
log<! . . . 8.3929518 a 
log(P + o). 0.1914900 
0.1og(P + <i) 0.7886463 » 

log tan 01 . . 9.3729881, whence (o = -|- 13"16'61".89, » + 17 = + 13°40' 6".01. 
iogG . . . 8.6477688 
logd . . . 2.6907847 
log sin M . . 9.3612147 
log go sin (0 . 0.6997682 
The equation 

§esin(i)Hin*S:^sin(0 — 13°40' 6".01) 
is found after a few trials to be satisfied by the value z ^ 14° 36' 4".90, whence 
we have logsin2 = 9.4010744, log/ = 0.3251340. That equation admits of three 
other solutions besides this, namely, 

27 
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s= 32° 2' 28" 

2^137 27 69 

2=193 4 18 
The third must be rejected because sin s is negative ; the second because 2 is 
greater than 8' ; the first answers to an approximation to the orbit of the eartli 
of which we have spoken in article 142. 

Further, we have, according to article 143, 

log 5^ 9.8648551 

log(P+o) 0.1914900 

0.1ogsm(z — o). . . . 0.6103578 

log— 0.6667029 

logP 0.0791018 

log!^ 0.6876011 

s+^'i?— i?' = z + 199°47' 1".51 = 214" 22' 6".41 ; log sin = 9.7516736 » 
s+jl'i)"— *'=s+188 54 32 .94 = 203 29 87 .84; log sin = 9.600692S n 
Hence we hiiYe logj)= 9.92707S6)!, log /' = 0.0226469 «, and then 

log J = 0.29S0977 n, log 4' = 0.2580086 n, 
whence result 

t = 30S°17'31".22 logr = 0.3300178 
C"=110 10 68 .88 log/'= 0.8212819 
Lastly, by means of article 144, we obtain 

}(»"+«)= 206"18'10".53 
J{j,"_a) = _S 14 2 .02 
/'= 3 48 14 .66 
logsin-2/' . . . 9.1218791 log sin 2/' . , . 9.1218791 

logr 0.3300178 log/' 0.3212819 

C.log!^ .... 9.3332971 C.log^jJ^ .... 94123989 

logrinY/ ^~r~T~8.785i940 log sin 2/" . . . 878655MJ9 
2/= 3°29"46'.03 2/"= 4°6'43".28 

The sum 2/-]- 2/" differs in this case from 2/' only by 0".01. 
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Now, in order thiit the times maybe corrected for aberration, it is necessary to 
compute the distances q, (>\ i)" by tlie formulas of article 145, and afterwards to 
multiply them by the time 493", or O'.OOSVOB. The following is the calculation. 



logr . 

log sin (AD' 

Clog sin (J 



log const. 



0.38002 

J) 9.23806 

0.60080 



0.06688 
7.?6633 



log / ■ . . 
log sin (S' — 
C. log sin d' 
logp' . . 



0.32613 
9.48384 
0.27189 



0.08086 
V.76633 



5 of reduction 7.82321 



reduction = 


0.006666 




Crreoted times. 


I. 


Oct. 6.461988 


n. 


17.416011 


III. 


27.386898 



7.83719 
0.006874 



11'.963023 
9 .970887 



logr" .... 0.32128 

logsin(4"iy—C") 9.61384 

0. log sin*" . . 0.16464 

logij". . . . 0.09976 

7.76633 

7.86609 

0.007179 



1.0778409 
0.9987839 



The corrected logarithms of the quantities 6, tf', are consequently 9.2343168 and 
9.3184223. By commencing now the determination of the elements from /, r, 
!■", 6 we obtain log tj = 0.0002286, and in the same manner from /", f, /, 6"we 
get log.;" =0.0003191. We need not add here this calculation explained at 
length in section In. of the first book. 
Knally we have, by article 146, 
log 6" .... 9.3134223 



C.log« . 
log») . 
C.logjj" 
log J-' . 



0.7666847 
0.0002286 
9.9996809 
0.0790164 



2 log/ . . 


. 0.6602680 


C. log rr" . 


. 9.3487008 


logM" . . 


. 8.6477376 


C. log 1) ij" . 


. 9.9994624 


Clog cos/ . 


. 0.0002022 


Clog cos/' . 


. 0.0009679 


Clog cos/" 


. 0.0002797 


logo'. . . 


. 8.6476981 



The first hypothesia, therefore, results in X— — 0.0000854, Y— — 0.0001607. 
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153. 

In the secmi h/foilitds we shall assign to P, Q, the very values, which in the 
first wo have found for P, Q'. "We shall put, therefore, 

a: = log P= 0.0790164 
y = log e = 8.6176981 
Since the calculation is to be conducted in precisely the same manner as in 



the first hypothesis, it i 



»+0 . 

log §esin(ii 

log / . , 

log— . 

, nV 
log^- . 

c . . . 







ill be sufi&cieiit to set down here 

r . 



13°16'S8".13 

13 38 61 .25 
0.6989389 

14 33 19 .00 
0.3269918 
0.6676193 

0.6886029 
203 16 38 .16 



log/' . 
»(»" + «) 

h {tl" It) 

2/ . . 
2/ . . 
if" . . 



its principal results : - 
210= 8'24".98 
0.3307676 
0.3222280 
205 22 15 .68 
—3 14 4 .79 
7 34 63 .32 

3 29 .18 

4 6 63 .12 



It would hardly be worth while to compute anew the reductions of the times 
on account of aberration, for they scarcely differ V from those which we have 
got in the first hypothe,sis. 

The further calculations furnish logjj — 0.0002270, logi;" = 0.0003178, whence 
are derived 



log P'= 0.0790167 
log §'=8.6476110 






- 0.0000003 
-0.0000129 



Prom this it appears how much more exact the second hypothesis is than the 



154. 

In order to leave nothing to be desired, we will still construct the tMrd hufothtr 
IS, m which we shall again choose the values of P', Q;, obtained in the second 
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hypothcsisj as the values of P, Q. Putting, therefore, 

s = log P = 0.0790167 

y = log e = 8.5476110 
the following are found to be the principal results of the calculation : - 



13°1B'88".39 

-0 . . . . 18 38 61 .61 



log Qcrniia 



0.5989542 

14 .83 19 .60 

0.3269878 

0.6675154 

log^ .... 0.6884987 

C . " 203 16 38 .41 



log/, 
log^ 



l0| 

log/' 

iK 
IK 

2/' 
'if 
2/" 










210° 8'25".65 

0.3307640 

0.3222289 

205 22 14 .67 

—3 14 4 .78 

7 34 53 .73 

3 29 .39 

4 5 68 .34 



All these numbers differ so little from those which the second hypothesis ftu- 
nished, that we may safely conclude that the third hypothesis requires no further 
correction.* We may, therefore, proceed to the determination of the elements 
from 2/', r, /', f)', which we dispense with transcribing here, since it has ah'eady 
been given in detail in the example of article 97. Nothing, therefore, remains 
but to compute the position of the plane of the orbit by the method of article 
149, and to transfer the epoch to the beginning of the year 1805. This computa- 
tion is to be based upon the following numbers : — 

AD'—i= 9"5.5'51".41 

!(/+") = 202 18 13 .866- 

S(y— !.)=— 6 18 6 .495 



whence we obtain 



l(y4-i)= 196°4,3'14".62 
i{g — h) = —i mil .41 
Ji = 6 S3 22 .05 



* If the calculation should be carried through in the same manner as in the preceding hypotheses, 
we sliould obtain X^O, and T=-{-0.0000003, which value must he regarded as vanishing, and, 
in fact, it hardly exceeds the uncertainty always remaining in the last decimal place. 
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We have, therefore, i = 20r 20' S9".03, and KO a=l — /,= l'71' 7' 48". 73; fur- 
ther, y = 192° 6' 60".21, and hence, since the true anomaly for the first observa- 
tion is found, m article 97, to be 310°B6'29".64, the distance of perihehon from 
the a.3cending node m the orbit, 241° 10'20".57, the longitude of the perihelion 
52° 18' 9".30 ; lastly, the inclination of the orbit, 13° 6'44".10. If we prefer to 
proceed to the same calculation from the thhd place, we have, 

XZ)' — C"= 24°18'35".25 
»(/'+«")= 196 24 64.98 
4(/'~a")=— 6 43 14,81 
Thence are derived 

*(/+*")= 211°24'32".45 

J(/'— A")= — 11 43 48 .48 

is = 6 33 22 .05 

and hence the longitude of the ascending node, I" — A"= 171° 7'48".72, the lon- 
gitude of the perihelion 52° 18' 9".30, the inchuation of the orbit 13° 6'44".10, 
just the same as before. 

The interval of thne from the last observation to the beginning of the year 
1805 is 64.614102 days; the mean heliocentric motion corresponding to which is 
58293".66 =14° 48' 13".66 ; hence the epoch of the mean anomaly at the begin- 
ning of the year 1806 for the meridian of Paris is 349° 34' 12".38, and the epoch 
of the mean longitude, 41° 52'21".68. 

155. 

That it may be more clearly manifest what is the accuracy of the elements 
just found, we will compute from tliem the middle place. For October 17.416011 
the mean anomaly is found to be 332° 28' 64".77, hence the true is 315° 1' 23".02 
and log r", 0.3259877, (see the examples of articles 13, 14); this true anomaly 
ought to be equal to the true anomaly in the fcst observation increased by the 
angle 2/", or to the true anomaly in the third observation dnninished by the 
angle 2/, that is, equal to 316° 1'22".98; and the logarithm of the radius vector 
ehould be 0.3269878 : the differences are of no consequence. If the calculation 
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for the middle observation is continued to the geocentric place, the results dif- 
fer from observation only by a few hundredths of a second, {article 63 ;) these 
differences are absorbed, as it ■were, in the unavoidable errors arising from the 
want of strict accuracy in the tables. 

We have worked out the preceding example with the utmost precision, to 
show how easily the most exact solution possible can be obtained by our method. 
In actual practice it will rarely be necessary to adhere scrupulously to this 
type. It will generally be sufficient to use six places of decimals throughout; 
and in our example the second hypothesis would have given results not less accu- 
rate than the third, and even the first would have been entirely satisfactory. "We 
imagine that it will not be unacceptable to our readers to have a comparison of 
the elements derived from the third hypothesis with those which would result 
from the use of the second or first hypothesis for the same object. We exhibit 
the three systems of elements in the following table ; — 



Fram hypothesis UI, 



From liypottesia II. From hypotlicf 



Epoch of mean long. 1805 
Mean daily motion . ■ 
Ferihelion 



Log. 



i-asis m%)or 
Ascending node . . 
Inclination of the orbit 



41=53'21".68 
824".7989 
52 18 9 .30 
14 12 1 .87 
0.4324389 
171 7 48 .73 
13 6 44 .10 



41°53'18".40 

824".7983 

52 IS 6 .66 

14 11 59 .94 

0.4224892 

7 49 .15 

6 45 .13 



171 



42<'12'37''.83 
823".5025 
52 41 9 .81 
14 24 27 .49 
0.4228944 
171 5 48 .86 
13 2 37 .50 



By computing the heliocentric place in orbit for the middle observation from 
the second system of elements, the error of the logarithm of the radius vector ia 
found equal to zero, the error of the longitude in orbit, 0".03 ; and in comput- 
ing the same place by the system derived from the first hypothesis, the error of 
the logarithm of the radius vector is 0.0000002, the error of the longitude in 
orbit, 1".3I. And by continuing the calculation to the geocentric place we have, 
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From hypotbeais II. 


Fromhypotliesial. 


Geocentric longitude 

Geocentric latitude . 
Error 


352° 84' 22".26 

0.14 

G 21 55 .Ofi 

0.01 


352° 34' ig^g? 

2.15 

6 21 54 .47 

0.60 



156. 

We shall take tlie second example from Pallas, the following obs(;rva,tions of 
which, made at Milan, we take from ton Zach's MonatUche Con-espondmis, Yol. 
XIV., p. 90. 



Mean Tima, Milan. 


App, Right Ascension. 


App. DeoJiHiition S. 


1805, I*oy. 5^4* 14-" 4^ 
Dec. 6 11 51 27 

1806, Jan. 15 8 50 36 


78° 20' 37".8 
73 8 48.8 
67 14 11 .1 


27° 16' 56".7 
32 52 44.3 
28 38 8 .1 



We will, here take the equator as the fundamental piano instead of tlie 
ecliptic, and we will make the computation as if the orbit were still wholly un- 
known. In the first place we take from the tables of the sim the following data 
for the given dates : — 





LOTgilndeoftheSuii 
IVommaan Equinos. 


Distance from 

tha Earth. 


Latitude of 
the Sun. 


Nov. 5 
Dec. 6 
Jan. 15 


223° 14' 7".61 
254 28 42 .59 
295 5 47 .62 


0.9804311 
0.9846753 
0.9838153 


+ 0".59 

4-0.12 
— 0.19 



Wo reduce the longitudes of the sun, the precessions -J- 7".59, 4-3".36, 2".ll, 

being added, to the beginning of the year 1806, and thence we afterwards derive 
the right ascensions and declinations, using the mean obliquity 23° 27' 53".53 and 
taking account of the latitudes. In this way we find 
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Nov. 5 
Dec 6 
Jan. 15 


KigMasceiiaioiioftheSim. 


Dacl. of the Sua S. 


220° 46' 44".65 
253 9 23 .26 
297 2 51 .11 


15= 49' 43".94 
22 33 39 .45 
21 8 1.2 .98 



These places are referred to the centre of the earth, and are, therefore, to be 
reduced by applying the parallax to the place of observation, since the places of 
the planet cannot be freed from parallax. The right ascensions of the zenith to 
be used in this calculation agree with the right ascensions of the planet (because 
the observations have been made in the meridian), and the declination will be 
throughout the altitude of the pole, 46" 28'. Hence are derived the followmg 
numbers : — 





Eight ESC. of the Eavlh. 


Deul. of the Earth N. 


Logof-iist.fromthoSuQ. 


Nov. 6 
Dec. 6 
Jan. 15 


40° 46' 48".51 
73 9 23 .'26 
117 2 46 .09 


15° 49' 48".59 
22 33 4-3 .83 
21 8 17 .29 


9.9958575 
9.9933099 
9.9929259 



The observed places of Pallas are to be freed from nutation and the aberra- 
tion of the fixed stars, and afterwards to be reduced, by applying the precession, 
to the beginning of the year 1806. On these accounts it will be necessary to 
apply the following corrections to tlie observed places : — 



Nulation 

Aberration 

Precession 


Observation I. 


Otiserv 


ation n. 


Observation UI. 


Eight «so. 




Eight Hso. 


Declinntion. 


Eight ase. 


DBolinatioii. 


— 12".86 
— 18 .13 
+ 5.43 


— 3".08 

— 9.89 
+ 0.62 


— 13".68 

— 21.51 
+ 2.55 


— 3".42 

— 1.63 
+ 0.39 


— 13".06 
— 15 .60 
— 1.51 


— 3''.75 

4- 9.76 

— 0.33 


Sum 


— 25 .56 


— 12 .35 


— 32 .64 


— 4.66 


— 30 .17 


+ ..as 
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Hence we have the following places of Pallas, for the basis of the comi);i- 
tation : — 



Moan Time, Piiris. 


Elglit Ascension. 


Declination. 


Nov. 5.574074 
36.475035 
76.349444 


78° 20', 12".24 
73 8 16 .16 
67 13 40 .93 


— 27° 17' 9''.05 

— 32 52 48 .96 

— 28 38 2 .42 



157. 

Now in the first place we will determine the positions of the great circles 
drawn from the heliocentric places of the earth to the geocentric places of the 
planet. We take the symbols % %', W, for the intersections of these circles 
with the ec^uator, or, if you please, for their ascending nodes, and we denote the 
distances of the points B, B', B" from the former points hy J, A\ A". In the 
greater part of the work it will be necessary to substitute the symbols 9(, 31', S[", 
for A, A, A!', and also A, J', J" for i?, IS', S"; but the careful reader will readily 
understand when it is necessary to retain A, A\ A", d, 6', d", even if we fail to 
advise him. 

The calculation being made, we find 
Eight ascensions of the 
points »[, a; a" . . . 23,S''64'6r.lO 

r, /, r" 61 17 16 .74 

J, A', J" 216 68 49 .27 

S,d',3" 66 26 34 .19 

%'D, %jr, %ff' ... 2.5 54 62 .13 

%"-D, VD, VB" . , 3.5 3 26 .35 

47 1 64 .69 
9.8643525 



logarithms of the sines 

log sin ^ e' 

log cos i e' .... 



263= 



8' 67".01 

90 1 3 .19 

212 62 48 .96 

65 26 31 .79 

30 18 3 .26 

31 69 21 .14 
89 34 67 .17 

9.9999886 
9.8478971 
9.85106U 



276°40'26".87 
131 69 68 .03 
220 9 12 .96 
69 10 57 .84 
29 8 43 .32 
22 20 6 .91 
42 33 41 .17 
9.8801910 
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The right ascension of the point St' is used in the calculation of article 138 
instead of I'. In this manner are found 

logy sin < 8.4868236 a 

logTcoB^ 9.2848162 » 

Hence< = 189° 2'48".83, log ?= 9.2902527 i moreover, < + / = 279° S'62".02, 

logS 9.0110666s 

log Tain (i + /) . . . 9.2847960 » 
whence J'—(y = 208° 1' 66".64, and = 4° 50' 63".S2. 

In the formulas of article 140 sin S, sin d\ sin d" must be retained instead of 
«, J and -, and also in the formulas of article 142. For these calculations we 
have 



log sin 9.1623306 
" " 8.9964722 
« « 9.0917972 
" " 8.8661620 
« " 9.0756844 
" " 8.9967978 



W'ly^J" = 171° 50' 8".18 
niy —A = 174 19 13 .98 

WB—J" = 172 64 IS .39 
a'Z) —J'J^a = 175 62 66 .49 
%B" — J = 173 9 64 .06 

Wl/'—J' + a = 174 18 11 .27 
Hence we deduce 

:ogK =0.9211850, log I = 0.0812067 « 

;"= 0.8112762, log I" = 0.0819601 » 

log a = 0.1099088, o = -|- 1.2879700 

log J =0.1810404, 
"; =0.0711314, 

whence we have log b = 0.1810402. 

mean between these two nearly equal values. Lastly we have 

log 0=1.0450295 
d — -\- 0.4489906 
log 8=9.2102894 
with which the preliminary calculations are completed. 



log cos 9.9966769 o 
" " 9.9978629 » 



"We shall adopt log i = 0.1810408 the 
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The interval of time between the second and third observations is 39.874409 
days, between the first and second 30.900961 : hence we have 
log 6 ^ 9.8362757, logr= 9.7255533. 
We put, therefore, for the Jirsf hypothem, 

a; ^ log P^ 9.8892776 
^^ log § = 9.5818290 
The chief results of the calculation are as follows : — 
w_j_a = 20° 8'46".72 
log §csinai~ 0.0282028 
Thence the true value of s is 21° 11'24".30, and of logj-', 0.3509379. The thvee 



remaining values of i 



equation IV., article 141, are, in this instance, 
s^ 63Mri2" 
2=101 12 58 
3=199 24 7 



the fii'st of whicli is to be regarded 
the deviation of which, however, 
example, on account of the too gi 
result from the subsequent calculati 
C . . . 

r . . 

log r . . 
log /' 

4 (»" + ») 

h {u" — u) 
2/' • . 
2/ . . 
2/" . . 



an approximation to the orbit of the Ciu-th, 

here much greater than in the preceding 

Teat interval of time. The following number,^ 



ie5M2' 2".48 

196 57 60 .78 

0.3647022 

■ 0.3355758 

266 47 60 .47 

-43 89 6 .33 

22 32 40 .86 

13 5 41 ,17 

9 27 .05 



We shall distribute the difference between 2/' a,nd 2/-|- 2/", wdiich in this case 
is 0".36, between 2/and 2/" in such a manner as to make 2/— 13° 6'40".96, 
ana2/"=9°26'69".90. 

The tunes are now to be corrected for aberration, for which purpose we are to 



Hosted by 



Google 



Smt. 1.] 

put in the formulas of article 145, 
AP—S^nil' — J + i- 
We have, therefore, 
logr . . . . 0.36470 log/ 
logsin(ilZ»'— S) 9.V6462 logsiu 
0.07918 



TIIRKK COMPLETE OBSERVATIONS. 



- 1, A" IT — (" = a"D' — J" - 



Clog sin ij . 
log const. . 



7.76633 



reduction of] 

the time j 

Hence follow. 



7.96483 
0.009222 



Clog sin 5' 
log const. . 



. 0.36094 

s) 9.76038 

. 0.08431 

. 7.75633 



7.94196 
0.008749 



log/' .... 0.38667 
log sin ( A'-iy— C") 9.84220 
0.02932 
7.76633 
7.96342 
O.009192 



Clog sin*" 
log const. 



I. 
IL 

m 



Nov. 6.664862 
86.466286 
76.840262 



30'.9014S4 
39 .873966 



1.4899786 
1.6006894 



whence are derived the corrected logarithms of the quantities 6, 6" respectively 
9.8362708 and 9.7256699. Beginning, then, the calculation of the elements 
from /, /', 2/, (3, we get log ij = 0.0031921, just as from r, /, 2/", &" we obtain 
log 1)" = 0.0017300. Hence is obtained 



log !>'= 9.8907612 
and, therefore, 

X= +0.0014736 
The chief results of the sea 



log §'=9.6712864, 



are the following : — 



r= +0.0094674 
;, in which we put 
log P = 9.8907512 
log §=9.6712864 



20° 8' 0".87 
0.0373071 

21 12 6 .09 
0.3507110 



C 195° 16' 59".90 

r 196 52 40 .63 

logj- .... 0.36.30642 

log/' . . . . 0.3369708 
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*(»" + «)■ ■ . 267- 6'10".75 2/' 22°32'8".69 

»{»"-•<)■ • --43 39 4.00 2/ IS 154.65 

2/" 9 30 14 .38 

The difference 0."a4, between 2/' and 2/+ 2/" is to be bo distributed, as to 
make 2/=13' r64".46, 2/"= 9° 30'14".24. 

If it is thought worth while to recompute here the corrections of the times, 
there will be found for the first observation, 0.009169, for the second, 0.008V42, 
for the third, 0.009236, and thus the con-ected times, November 5.664906, Novem- 
ber 36.466293, November V6.340280. Hence we have 

logi! 9.8362703 | logij" 0.001T418 

log6" . ..... 9.7266694 ' logP' 9.8907268 

l»g»J 0.0031790 I logs' 9.6710593 

Accordingly, the results from the second hypothesis are 

JC = — 0.0000244, r= — 0.0002271. 
Finally, in the tkird h/potkem, in which we put 
a: = log P= 9.8907268 
y = log § = 9.6710693 
the chief results of the calculation are as follows ; — 



M -\-o . . 
log Qcsmio 



log)- 



20° 8' 1".62 

0.0870867 

21 12 4 .60 

0.8607191 

196 16 64 .08 

, 196 62 44 .46 

0.3630960 

The difference 0".38 will be here distributed in such 
2/= 13° 1' 57".20, 2/" = 9° 30' 10".47.» 



log r" . 
^{u" -\-u) 
»(»"-«) 
2/' . . 
2/ . . 
2/". . 



0..3369536 

267 6 63 .09 

-43 39 4 .19 

22 32 7 .67 

13 1 67 .42 

9 30 10 .63 

manner as to make 



* This somewhat increased difference, nearly equal in all the hypotheses, has arisen chiefly from 
this, that ff had been got too httle by almost two hundredths of a second, and the logarithm of b too 
great by several units. 
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Since the differences of all these nnmbers from those which the second 
hypothesis furnished are very small, it may be safely concluded that the third 
hypothesis requires no further correction, and, therefore, that a new hypothesis 
■would be superfluous. Wherefore, it wiU now be proper to proceed to the calcu- 
lation of the elements from 2/', &', r, r" : and since the processes comprised in 
this calculation have been most fully explained above, it will be sufficient to add 
here the resulting elements, for the benefit of those who may wish to perform the 
com'putation themselves : — 

Eight ascension of the ascending node on the equator .... 158''40' S8".93 

Inclination of the orbit to the equator 11 42 49 .13 

Distance of the perihelion from the ascending node 323 14 56 .93 

Mean anomaly for the epoch 1806 335 4 13 .05 

Mean daily (sidereal) motion 770".2662 

Angle of eccentricity, 9 14 9 3 .91 

Logaritlim of the semi-axis major 0,4422438 

158. 

Tiie two preceding examples have not yet furnished occasion for using the 
method of article 120 : for the successive hypotheses converged so rapidly that 
we might have stopped at the second, and the thh'd scarcely differed by a sensible 
amount from the truth. We shall always enjoy this advantage, and be able to do 
without the fourth hypothesis, when the heliocentric motion is not great and the 
three radii vectores are not too unequal, particularly if, in addition to this, the 
intervals of the times differ from each other but little. But the further the con- 
ditions of the problem depart from these, the more will the first assumed values 
of P and Q differ from the correct ones, and the less rapidly will the subsequent 
values converge to the truth. In such a case the first three hypotheses are to 
be completed in the manner shown in the two preceding examples, (with this 
difference only, that the elements themselves are not to be computed in the third 
hypothesis, but, exactly as in the first and second hypotheses, the quantities tj, tj", 
P', Q', X, T) ; but then, the last values of P', Q' are no longer to be taken as 
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the new values of the quantities P, Q in the new hypothesis, but these are to 
bo derived from the combination of the first three hypotheses, agreeably to the 
method of article 120. It will then very rarely be requisite to proceed to the 
fifth hypothesis, according to the precepts of article 121. We wiU now explain 
these calculations further by an example, from which it wiU appear how far our 
method extends. 



159. 

For the third example we select the following observations of Ceres, the first 
of which has been made by Olbers, at Bremen, the second by Harding, at G-ot> 
tingen, and the third by Bessbl, at LilienthaL 



Mean time of plocs of observation. 


Eight Ascension. 


North declination. 


1805, Sept 5''13' 8™ 54' 
180G, Jan. 17 10 58 51 
J 806, May 23 10 1% 53 


95° 59' 25" 
101 18 40.6 
121 56 7 


22" 21' 25" 
SO 21 22.3 

28 2 i5 



As the methods by which the parallax and aberration are taken account of, 
when the distances from the earth are regarded as wholly unknown, have already 
been sufficiently explained in the two preceding examples, we shall dispense 
with this unnecessary increase of labor m this third example, and with that 
object wiU take the approximate distances from von Zach's Monailkhe Corr&- 
spondms, VoL XI., p. 284, m order to free the observations from the effects of 
parallax and aberration. The following table shows these distances, together 
with the reductions derived from them : — 

Distance of Ceres from the earth . . . 
Time in which the light reaches the earth 

Reduced time of observation 

Sidei'eal time in degrees 

Parallax in right ascension 

Parallax in declination . 



2.899 


1.638 


2.964 


23-49. 


13-28' 


24-21' 


12'- 46- 5- 


10»46-23' 


9»59-32 


S55° 56' 


9Y° 69' 


210° 41 


+ 1".90 


+ 0".22 


— 1".97 


— 2.08 


— 1.90 


— 2.04 
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Accordingly, the data of the problem, after being freed from parallax and 
aberration, and aft^r th(j times have been reduced to the meridian of Paris, are as 
follows : — 



Times of the observiitions. 


Rij^ht Ascension. 


DedinatiOTi, 


1805, Sept. 5, la' ig™ 14' 

1806, Jan. 17, 10 15 2 
1806, May 23, 9 33 18 


95° 5^ 23''.10 
101 18 40.38 
121 56 8 .97 


22= 21' 27".08 
80 21 24.20 
28 2 47.04 



From these right ascensions and dechnations have been deduced the longi- 
tudes and latitudes, using for the obliquity of the ecliptic 23" 27' 55".90, 23" 27' 
54".59, 23° 27' 53".27 ; the longitudes have been afterwards freed from nutation, 
■which was for the respective times -\- 17".31, -|- 17".88, -j~ 18".00, and next re- 
duced to the beginning of the year 1806, by applying the precession -j- 15".98, 
— 2".39, — 19".68. Lastly, the places of the sun for the reduced times have 
been taken from the tables, in which the nutation has been omitted in the longi- 
tudes, but the precession has been added in the same way as to the longitudes of 
Ceres. The latitude of the sun has been wholly neglected. In this manner have 
resulted the following numbers to be used in the calculation: — 
Times, 1805, September 6..51336 139.4271 1 

a, a', a" 96°32'18".66 99° 49' 6".87 

ft ft (3" —0 59 34.06 +7 16 36.80 

I, !',l" 342 64 66 .00 117 12 43 .25 

log /?, log ir, log ij" . 0.0031514 9.9929861 



The preliminary computations explained in articlei 
lowing : — 



265.39813 
118° 6'28".85 
+ 7 38 49.39 
241 58 60 .71 

0.0066974 
136-140 furnish the fol- 



r,r,r- ■ ■ 
a, »', *" . . . 

A'D, Ajy, AD" 
A' 11, A'ly, A'D' 



368 


65' 28" 


09 


112 


37 


9 


66 


16 


32 41 


40 


138 


45 


4 


60 


29 


18 


8 


21 



166°52'n".49 

18 48 39 .81 

252 42 19 .14 

6 26 41 .10 

170 32 69 .08 



170°48'44".79 
123 32 62 .13 
136 2 22 .38 
358 6 57 .00 
156 8 25 .25 
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= 8° 62' 4".05 
log o = 0.1840193 n, o = _ 1.52V6S40 
log h = 0.0040987 
log (1=2.0066786 
<i= 117.50873 

The interval of time between the first and i9ccond obscrvationa is 133.91.^76 
days, between the second and third, 126.97102 : hence 

log 15 = 0.3368520, log «"= 0.3624066, logy =0.0266646, logM"=0.6982686. 

We now exhibit in the following tabic the principal results of the first three 
hypotheses : — 



0.8668244 
n = 0.1611012 
«"= 9.9770819 b 
1=9.91640901! 
log)."=9.Y320127» 





1 


11. 


III. 


logP=x 


0.0266546 


0.0266968 


0.0266276 


\ogQ = t, 


0.6982686 


0.7390190 


0.7481056 


to-j-a 


7"'16'1S".623 


V°14'47".139 


7°14'45".071 


log ^csiniw 


1.1646660 a 


1.1973925 b 


1.2066327 b 


2 


7 3 69 .018 


7 2 32 ,870 


7 2 16 .900 


log/ 


0.4114726 


0.4129371 


0.4132107 


c 


160 10 46 .74 


160 20 7 .82 


160 22 9 .42 


£" 


262 6 1 .03 


262 12 18 .26 


262 14 19 .49 


log r 


0.4323934 


04291773 


04284841 


logr" 


0.4094712 


0.4071976 


0.4064697 


»(»" + «) 


262 65 23 .22 


262 57 6 .83 


262 67 81 .17 


i{^'-.:, 


273 28 60 .96 


273 29 16 .06 


273 29 19 .66 


if 


62 34 28 .40 


62 49 66 .60 


62 63 57 .06 


2/ 


31 8 30 .03 


31 15 69 .09 


31 18 13 .88 


2/" 


31 26 58 .43 ' 


31 33 67 .32 


31 85 43 .32 


log") 


0.0202496 


0.0203168 


0.0203494 


log .," 


00211074 


0.0212429 


0.0212751 


logi" 


0.0256968 


00256276 


0.0266289 


log e' 


07390190 


0.7481065 


0.7502387 


X 


— 0.0008678 


— 0.0000693 


+ 0.0000014 


T 


+ 00407604 


+ 0.0090865 


+ 0.0021282 



Hosteid by 



Google 



Sect. 1.] 



"THREE COMPLETE OBSERVATIONS, 



227 



If we designate tlie three values of X bj A, A, A'; tKe throe values of T bv 
B, B', B" ; the quotients arising from the division of the quantities AB" — A'B", 
A'B — AS', AS — AB, by. the sura of these quantities, by ^, //, h", respectively, 
so that we have ^-|-^'-|-/f"t=z 1 ; and, finally, the values of log P an<l log $' in the 
third hypothesis, by M and N, (which would become new values of x and y if it 
should be expedient to derive the fourth hypothesis from the third, as the third 
had been derived from the second) : it is easily ascertained from the formulas of 
article 120, that the corrected value of x is M — k {A -j- A') — VA, and the cor- 
rected value of y, N — k {S -\- B') — V S' . The calcalation being made, the 
former becomes 0.0256331, the latter, 0.7509143. Upon these corrected values 
we construct the fourth hypothesis, the chief results of which are the following : — 
w + . . . . 7''14'45".247 
log^esinw . . 1.2094284;; 

e 7 2 12 .736 

log/. . . , . 0.4132817 

C 160 22 45 .88 

T- . . . . . 262 15 3 .90 

logr 0.4282792 

The diiference between 2/' and 2/-|- 2/" proves to be 0".05, which we shall 
distribute in such a manner as to make ^f=^ 31° 19' 1".47, 2/"^^ 31° 36'15".17. 
If now the elements are determined from the two extreme places, the following 
values result : — 

True anomaly for the first place 289° 7'39".75 

True anomaly for the third place , . , 352 2 56 .39 

Mean anomaly for the first place 297 41 35 .65 

Mean anomaly for the third place 353 15 22 .49 

Mean daily sidereal motion 769",6755 

Mean anomaly for the beginning of the year 1806 . . 322 35 52 .51 

Angle of eccentricity, (J) 4 37 57 .78 

Logarithm of the semi-axis major 0.4424661 

Jy computmg from these elements the heliocentric place for the time of the 



log/' . . 


0.4062033 


»(«"+«)■ 


. 262"67'38".78 


»(»"-.) . 


. 273 29 20 .73 


2/ . . . 


. 62 55 16 .64 


2/ . . . 


. 31 19 1 .49 


2/" . . . 


. 31 30 15 .20 
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middle observation, tlie meaji anomaly is fonnd to be 326° 19' 25".72, the logar 
rithm of the radius vector, 0.4132825, the true anomaly, 320" 43' 54".87 : this last 
should differ from the true anomaly for the first place by the quantity 2/", or 
from the true anomaly for the third place by the quantity 2/, and should, there- 
fore, be 320° 43' 64".92, aa also the logarithm of the radius vector, 0.41S2817: 
the difference 0".06 in the true anomaly, and of eight units in the logarithm, is 
to be considered as of no consequence. 

If the fourth hypothesis should be conducted to the end in the same way aa 
the three preceding, we would have X= 0, T= 0.0000168, whence the follow- 
ing corrected values of x and i/ would be obtained, 

2; = log P= 0.0256331, (the same as m the fourth hypothesis,) 
y = loge= 0.7508917. 
If the fifth hypothesis should be constructed on these values, the solution would 
reach the utmost precision the tables allow: but the resulting elements would 
not differ sensibly from those which the fourth hypothesis has furnished. 

Nothmg remams now, to obtain the complete elements, except that the posi- 
tion of the plane of the orbit should bo computed. By the precepts of article 
149 we have 

From tte fli^t place. p,^^ oie third pl.ice. 

f 364° 9'44".22 /'.... 67° 6' 0".91 

'• 261 56 6 .94 4" .... 161 1 .61 

'■ 10 37 S3 .02 10 37 33 .00 

8 80 68 49 .06 80 68 49 .10 

Distance of the perihelion ) 

fromthea^ccndmgnodel "^ ^ ^ '" "^ 2 4.62 

Longitude of the perihelion 146 53 .63 140 53 .62 

The mean being taken, we shah put i= 10° 37' 33".01, a = 80° 58' 49".08, the 
longitude of the perihehon = 146° 0' 63".57. Lastly, the mean longitude for 
the begmning of the year 1806 wiU be 108° 36' 46".08. 
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IGO. 

In the exposition of the method to which the preceding investigations have 
heen devoted, we have come upon certain special cases to which it did not apply, 
at least not in the form in which it has been exhibited bj us. "We have seen 
that this defect occurs first, when any one of the three geocentric places coincides 
either with the corresponding hehocentric place of the earth, or with the oppo- 
site point (the last case can evidently only happen when the heavenly body 
passes between the sun and earth) : seemd, when the first geocentric place of the 
heavenly body coincides with the third ; third, when all three of the geocentric 
places together with the second heliocentric place of the earth are situated in the 
same great circle. 

In the first case the position of one of the great circles AB, A'B', A"B", and in 
the second and third the place of the point B% will remain indeterminate. In 
these eases, therefore, the methods before explained, by means of which we have 
shown, how to determine the heliocentric from the geocentric places, if the quan- 
tities P, Q, are regarded as known, lose their efficacy : but an essential distinction 
is here to be noted, which is, that in the first case the defect will be attributable 
to the method alone, but in the second and third cases to the nature of the prob- 
lem; in the first case, accordingly, that determination can undoubtedly be effected 
if the method la suitably altered, but in the second and third it will be absolutely 
impossible, and the heliocentric places wiU remain indeterminate. It will not be 
unmteresting to develop these relations in a few words : but it would be out of 
place to go through all that belongs to this subject, the more so, because in all 
these special cases the exact determmation of the orbit is impossible where it 
would be greatly affected by the smallest errors of observation. The same defect 
will also exist when the observations resemble, not exactly indeed, but nearly, 
any one of these cases ; for which reason, in selecting observations this is to be 
recollected, and properly guarded agamst, that no place be chosen where the 
heavenly body is at the same time in the vicmity of the node and of opposition 
or conjunction, nor such observations as where the heavenly body has nearly re- 
turned in the last to the geocentric place of the first obseiwation, nor, finally, such 
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as where the great circle drawn from the miMh heliocentric place of the earth to 
the middle geocenta-ic place of the heavenlj body makes a very acute angle with 
the direction of the geocentric motion, and nearly passes through the first and 
third places. 

161. 

We will malie three subdivisions of the Jirst case. 

L If the point B coinciiies with A or with the opposite point, S will be equal 
to zero, or to 180° ; y, e', e" and the points I/, D", will be indeterminate ; on the 
other hand, /, f, e and the points X>, 5*, will be determmate ; the point O will 
necessai-ily coincide with A. By a course of reasoning similar to that pursued in 
article 140, the following equation will be easily obtained ; — 

"^ — "^ ^^^W^l UM^D-JiJ^a) « • 

It will be proper, therefore, to apply m this place all which has been explained in 
articles 141, 142, if, only, we put of = 0, and I is determined by equation 12, 
article 140, and the quantities s, /, ^, ^, will be computed in the same manner 
as before. Now as soon as s and the position of the point C have become 
known, it will bo possible to assign the position of the great circle CC, \\s, inter- 
section with the great circle Jil'B', that is the point (7", and hence the arcs CO', 
CO", CO", or 2/", 2/', 2/. Lastly, from these will be had 

__ « Vsin2 / „ _ jiVsin 2 f" 

n. Every thing we have just said can be .applied to that case in which B" 
coincides with ^" or with the opposite point, if, only, all that refers to the first 
place is exchanged with what relates to the third place. 

III. But it is necessary to treat a little differently the case in which B' coin- 
cides with iL' or with the opposite point. There the point C will coincide with 
-4' ; r'> h *" and the points D, D", B*, will be indeteraiinate : on the other hand, 
the intersection of the great circle BB" with the ecliptic,f the longitude of which 

tMoro generally, with the great circle AA!' : bat for the salse of brevity we are now considerin;; 
that case only where the ecliptie is taken as the fundamental plane. 
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maybe put equal to ^'-^jr, may be determined. By reasonings analogous to 
those whicli have been developed in article 140, will be obtained the equation 
Ji sin S»m(A"iy—Sf) 






niAD' — d)~'" M"sm(l"—('~7t)^"' ' 
Let uH designate the coefficient of «, which agrees with a, article 140, by the 
same symbol a, and the coefficient of n'r' by § : a may be here also determined 
by the formula 

M"sixi(i"—i'—fty 

We have, therefore, 

= an-\~ (inV -\-n", 
which equation combined with these, 

produces 

whence we shall be able to get /, unless, indeed, we should have ji = 0,m which 
case nothing else would follow from it except P = — a. Further, although we 
might not have (3^0 (when we should have the third case to be considered in 
the following article), still /5 will always be a very small quantity, and therefore 
P will necessarily differ but little from — a : hence it is evident that the deter- 
mination of the coefficient 

is very uncertain, and that r', therefore, is not determinable with any accuracy. 
Moreover, we shall have 

nV__I>+a ^__P + «. 

after this, the fallowing equations will be easily developed in the same manner as 
in article 143, 
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/' Kin C" = — ^'Jr^ sin (/' — /), 

)- sin (f — j1 Z)') = r'P ~ ?^ sin ((;" — A" IT) , 

from the combination of wliicli with equations VIII. and IX. of article 14.ii, the 
quantities r, f, r", i;" can be determined. The remaining processes of the calcula- 
tion will agree with those previously described. 

162. 

In the seami nax, where S" coincides with B, B' will also coincide with them 
or with the opposite point. Accordingly, we shaU have AlZ — i and A"iy — i" 
either equal to or ISO" : whence, from the equations of article 143, we obtain 

n'/ , aint'.ff'sinS" 



— imifsm(^+A'I/' — i'y 

I! sin i sin e" sin (s + A'll" — «') = -P-S" sin *" sin « sin (s + A'D — i'). 
Hence it is evident that 2 is determinable by P alone, independently of Q, (un- 
less it should happen that A'D" = A'D, or = A'D ± 180', when we should have 
the third case): s being found, r will also be known, and hence, by means of 
the values of the quantities 



and, lastly, from this also 

Evidently, therefore, P and Q cannot be considered as data independent of each 
other, but they will either supply a single datum only, or inconsistent data. The 
positions of the pomts C, O" will in this case remain arbitrary, if they are only 
taken in the same great circle as O'. 

In the third case, where A', B, B, B", lie in the same great circle, D and D" will 
coincide with the points B", B, respectively, or with the opposite points : hence is 
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obtained from the combination of equations Til., VIII., IX., article 143, 

p i^ sin a sin 6'^ S sin it'~ I ) 

*" Bin r Bin . ~ ii" Bin (r — I') ' 

In this case, therefore, the Talue of _P is had from the data of the problem, and, 
therefore, the positions of the points O, C, 0", will remain indeterminate. 



103. 

The method which we have fully explained from article 1.^6 forwards, is prm- 
cipally suited to the first determination of a wholly unknown orbit : still it is em- 
ployed with equally great success, where the object is the correction of an orbit 
already approximately known by means of three observations however distant 
from each other. But in such a case it will be convenient to change some things. 
When, for example, the observations embrace a very great heliocentric motion, it 
will no longer be admissible to consider ^ and 6F as approximate values of the 
quantities P, Q : but much more exact values wiU be obtained from the very 
nearly known elements. Accordingly, the heliocentric places in orbit for the 
three times of observation will be computed roughly by means of these elements, 
whence, denoting the true anomalies by v, v', /', the radii vectores by r, /, /', the 
semi-parameter by p, the following approxunate values will result : — 

^— /'sin(,/'-.')' ^^ poo4>f^„) ■ 

With these, therefore, the first hypothesis wil be constructed, and with them, a 
little changed at pleasure, the second and thurd: it would be of no advantage 
to adopt P' and ^ for the new values, since we are no longer at liberty to sup- 
pose that the.se values come out more exact. For this reason all three of the 
hypotheses can be mcst conveniently despatched at the same time: the fourth will 
then be formed according to the precepts of article 120. Finally, we shall not 
object, if any person thinks that some one of the ten methods explained in arti- 
cles 124-129 is, if not more, at least ahnost equally expeditious, and prefers to 
use it. 

30 
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SECOND SECTION. 

DETEEMINATIOH OF AN ORBIT FROM FOUR OBSERVATIONS, OF WIUCH TWO 
ONLY ARE COMPLKTE. 



164. 

We have already, in tlie beginning of the second book (article 115), stated 
that the use of the problem treated at length in the preceding section is lim- 
ited to those orbits of which the inclination is neither nothing, nor very small, 
and that the determination of orbits slightly inclined must necessarily bo based 
on four observations. But four complete observations, since they are equivalent 
to eight equations, and the number of the unknown quantities amounts only to 
sixj would render the problem more than determinate : on which account it will 
be necessary to set aside from two observations the latitudes (or declinations), 
that the remaining data may be exactly satisfied. Thus a problem arises to 
which this section will be devoted : but the solution we shall here give will ex- 
tend not only to orbits slightly inclined, but can be applied also with equal suc- 
cess to orbits, of any inclination however great. Here also, as in the problem of 
the preceding section, it is necessary to separate the case, in which the approxi- 
mate dimensions of the orbit are already known, from the first determination 
of a wholly unknown orbit: we will begin with the former. 

165. 

The simplest method of adjusting a known orbit to satisfy four observations 
appears to be this. Let x,^, be the approximate distances of the heavenly body 
from the earth in two complete observations : by means of these the correspond- 
ing heliocentric places may be computed, and hence the elements; after this, 
(2^4) 
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from these elements the geocentric longitudes or right ascensions for the two 
remaining observations may be computed. If these happen to agree with the 
observationsj the elements will require no further correction: but if not, the 
differences X, T, will be noted, and the same calculation will be repeated twice, 
the values of «, y being a little changed. Thus will be obtained three systems 
of values of the quantities a;,y, and of the differences X, Y, whence, according 
to the precepts of article 120, will be obtained the corrected values of the quan- 
tities X, y, to which will correspond the values X=0, Y^= 0. From a similar 
calculation based on this fourth system elements wiU be found, by which all four 
observations will be correctly represented. 

If it is in your power to choose, it will be best to retain those observations 
complete from which the situation of the orbit can be determined with the great- 
est precision, therefore the two extreme observations, when they embrace a helio- 
centric motion of 90° or less. But if they do not possess equal accuracy, you 
will set aside the latitudes or declinations of those you may suspect to be the 
less accurate. 

166. 

Such places will necessarily be used for the first determination of an entirely 
unknown orbit from four observations, as include a heliocentric motion not too 
great ; for otherwise we should be without the aids for forming conveniently the 
first approximation. The method which we shall give directly admits of such 
extensive application, that observations comprehending a heliocentric motion of 
30° or 40° may be used without hesitation, provided, only, the distances from the 
sun are not too luiequal : where there is a choice, it will be best to take the 
intervals of the times between the first and second, the second and third, the 
third and fourth but little removed from equality. But it wiU not be necessary 
to be very particular in regard to this, as the annexed example will show, in 
which the intervals of the times are 48, 55, and 59 days, and the heliocentric 
motion more than 50°. 

Moreover, our solution requires that the second and third observations be 
complete, and, therefore, the latitudes or declinations in the extreme observations 
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are neglected. "We liave, indeed, shown above that, for the sake of accuracy, it is 
generally better that the elements be adapted to two extreme complete observa, 
tions, and to the longitudes or right aiicensions of the intermediate ones; never- 
theless, we shall not regret having lost this advantage hi the first determination 
of the orbit, because the most rapid approximation is by far the most important, 
and the loss, which affects chiefly the longitude of the node and the inclina- 
tion of the orbit, and hardly, in a sensible degree, the other elements, can after- 
wards easily be remedied. 

We will, for the sake of brevity, so arrange the explanation of the method, 
as to refer all the places to the ecliptic, and, therefore, we will suppose four longi- 
tudes and two latitudes to be given : but yet, as we take into aecount the latitude 
of the earth in our formulas, they can easily be transferred to the case in which 
the equator is taken as the fundamental plane, provided that right ascensions and 
declinations are substituted m the place of longitudes and latitudes. 

FinaUy, aU that we have stated m the preoedmg section with respect to nut*, 
tion, precession, and parallax, and also aberration, applies as well here: unless, 
therefore, the approxhnate distances from the earth are othenyise known, so that 
method 1, article 118, can be employed, the observed places will m the beginning 
be freed from the aberration of the fixed stars only, and the times will be cor- 
rected as soon as the approximate determination of the distances is obtained m 
the course of the calculation, as will appeal- more clearly in the sequel. 

167. 

We preface the explanation of the solution with a list of the principal sym- 
bols. We will make 

^, i, f, f", the tunes of the four observations, 

a, a', a", o'", the geocentric longitudes of the heavenly body, 

ft fl'i P", (5'", then- latitudes, 

r, /, /', /", the distances from the sun, 

<i, ?'; ?", ?'", the distances from the earth, 

1 1', I", V", the hehocentric longitudes of the earth, 
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B, S, B'\ B'", the heliocentric latitudes of the earth, 
R, -W, R", R'", the distances of the earth from the sun, 

(ttOl), (« 12), (re 23), {)! 02), (« 13), the duplicate areas of the triangles which 
are contained between the snn and the first and second places of the heavenly 
body, the second and third, the third and fourth, the first and third, the second 
and fourth respectively; (»j 01), (ij 12), (•»? 23) the quotients arising from the 
division of the areas ^ (w 01), k (n 12}, i [n 23), by the areas of the correspond- 
ing sectors ; 

p'_(^i3) ry>_(l^) 
~ (nOiy (»23)' 

V, v', v", /", the longitudes of the heavenly body in orbit reckoned from an arbi- 
trary point. Lastly, for the second and third observations, we will denote the 
heliocentric places of the earth in the celestial sphere by A, A", the geocentric 
places of the heavenly body by B', B", and its heliocentric places by C, C". 

These things being understood, the first step will consist, exactly as in the 
problem of the preceding section (article 136), in the determination of the posi- 
tions of the great circles A!0'B', A"G"B", the inclinations of which to the eclip- 
tic we denote by /,/': the determination of the arcs^'.fi'^^', ^4"^'^^" will be 
connected at the same time with this calculation. Hence we shall evidently have 
r' —\l {()'(}' + 2 ()'R' cos d' + R'Rf) 
/'= V (qY + 2 Q"Ii" cos d" + R"R"), 
or by putting q' -\- S' cos 6' = xf, {>" -j- R' cos S" :=:= a/', R sin d' = d, R" sin S" =i d\ 
/ =:i\j (^afsf -\- a'a') 
r"zzrY/(/V' + «"«"). 

168. 

By combining equations 1 and 2, article 112, the following equations in sym- 
bols of tiie present discussion are produced : — 

=1 (ji 12) i^ cosi? sui (^— a) — (fi 02) (9' cos |3'sin (a'— a) + TT cos i?'sin (r— «)) 
-J- {n 01) (^i" cos ^" sin [a" — a) -j- R" cos B" sin {I" — «)), 
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= (» 23) (f ' COS |S' sin (a'"— <t') -f- -B' cos .B' sin {a'"— I')) 
— (lilS) (5"cos/J"sin{(»"'— o") + iJ"eos_B"sin{o"'— ;")) 
-|- (» 12) iJ'" cos ^" sin («'" — r'). 
Tliese equations, by putting 



^fiWS'sinjr— «)_ 



- -S' cos d' ^ S' 



.■(f sin (.'-„) 



■> («'"- '') 



■ii'cos*': 



cos ^ sin («"' — «') 

^,^.^ , ,;_ ^ — i? cos ir =^ X 5 

■Scoa-gsin(^ — «) j 

cosf si. (»•-„) ^*' 

ig"'c09g"'sin(w"^ — r") . ,„ 

CO. (f sin (,/"-.') — *• ' 
cos/rsinK—o) 



»(i'.ioK-„) 
»f' sin («-"-«') 



= H , 



and all the reductions being properly made, are transformed into the ibll( 

.-(.+p-)y+y) ^^ 

1-' 



owing:- 



(«'«'+.'«')■ 









1?' 


=/+«' + > 


,"'P"; 




JV + ci'V)* 




or. 


, by putting 


; besides, 








inl 


;o these. 


— Jl'- 




, ^"(l+P"): 


:<f, 
= <?', 




L 


it": 


=/+ — 


0' 





1+- 



Hosteid by 



Google 



Sect. 2.] of which two only aee comflete. 



n. ^^^'j^^J^^^AlL. 



With the aid of these two equations a/ and a/' can be determined from «', V, <f, (f, 
(/. d', h", c", (f' , Q". If, indeed, / or a;" should be eliminated from them, we should 
obtam an equation of a very high order : but still the values of the unknown 
quantities af, af', will be deduced quickly enough from these equations by indi- 
rect methods without any change of form. Generally approximate values of 
the unknown quantities result if, at first, ^ and Q" are neglected ; thus : — 
,_ <l'+d" {h" + O + d'd"i/ 

1 — d'd" ' 

^ ~ I — d'd" 

But as soon as the approximate value of either unknown quantity is obtained, 
values exactly satisfying the equations will be very easily found. Let, for ex- 
ample, I' be an approximate value of /, which being substituted in equation I., 
there 'results x" ^^ '%" ; in the same manner from ^' = %" being substituted in 
equation II., we may have x' ^X.'; the same processes may be repeated by sub- 
stituting for sf in I., another value ^'4-^') which may give of' ^^ I" -\- v" ; this 
value being substituted in II., may give af i= X' -\~ N'. Thereupon the corrected 
value of x' will be 

e, , i^-X'),/ __l' N'-X'/ 
5 T jf'—v" ~ N'—if ' 

and the corrected value of a/', 

If it is thought worth while, the same processes will be repeated with the cor- 
rected value of ^ and another one slightly changed, until values of x', ct/' satisfy- 
ing the equations L, II. exactly, shall have been found. Besides, means will not 
be wanting even to the moderately versed analyst of abridging the calculation. 

In these operations the irrational quantities (ic'/ 4" '*''''')' {'^'^' "I" f^'"")! "'^^ 
conveniently calculated by introducing the arcs s', s", of which the tangents are 



Hosted by 



Google 



240 DETERMINATION OF AN OKBIT FROM FOUK OBSEKVATIONS, [BoOK II, 

respectively -?, -^„ whence come 

These auxHiary arcs, which must be taken between 0" and 180°, in order that 
/, /', may come out positive will, nianifestly, be identical with the arcs G'B', C"B", 
whence it is evident that in this way not only / and /', but also the situation of 
the points O', 0", are known. 

This determination of the quantities x', x" requires a', d', V, b", c', d', d', &', g, 
(^' to be known, the first fom- of which quantities are, in fact, had from the data 
of the problem, but the four following depend on P", P". Now the quantities 
P'l P"^ Q', Q'i cannot yet be exactly determined ; but yet, since 

in jy^^ — J'faQl) 

t'—t (i^n)' 

TV p"—f:zl(Rl^ 
"if"--^' (^12)' 

^ *• •'^ ■* r'/" (, 12) (, 23) ms ^ (^'-v') cos i (^"'^ v') cos i (.■"'^W')' 

the approximate values are immediately at hand, 

J*' = — ^ P" ^^ ^' — ^ 

on wMch the first calculation will be based. 

169. 

The calculation of the preceding article being completed, it will be necessary 
first to determine the ore CO". Which may be most conveniently done, if, as 
in article 137, the intersection S of the great circles A'CB", A"C"Ji", and their 
mntual incHnation i shall hare been previously determined: after this, will be 
found from e, 0'D=/-\-^I>, and 0"Z> = s" + S"D, by the same formnlas 
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which we have given in article 144, not only C G" =; /' — v', but also the angles 
(w', it",) at which the great chcles A!S, A'ff', cut the great circle C"C". 

After the arc /' — v' haa been found, / — v, and r will be obtained from a 
combination of the equations 



-.)^'- 



1+7" ^s\ a{v" — v') 



r sin {v' — v-\-i/' — v') ^ -^^ ' -^ 

and in the same manner, /" and v'" — /' from a combination of these : — 

r mx{v —v)^ ^, \ 

/" sin {t/" — /' + ," _ v") = L + f . ' ^'^'"(-"-f) _ 

All the mmibers found in this manner would be accurate if we could set out in 
the beginning from true values of -P', Q', F", Q" : and then the position of tlie 
plane of the orbit might be determined in the same manner as in article 149, 
either from A'C, u' and ■/', or from A'O", w" and y"; and the dimensions of the 
orbit either from /, /', f, f, and v" — /, or, which is more exact, from r, /", i, 
f, ff" — V. But in the first calculation we will pass by aU these things, and will 
direct our attention chiefly to obtaining the most approximate values of P', P", 
Q', Q". We shall reach this end, if by the method explained in 88 and the fol- 
lowing articles, 

from r, r', / — v, f — t we obtain (^ 01) 

« /^r",v!' — v'J' — t' " (ijl2) 

" r",r"'y—i/',r—f ■•' (tj 23). 
We shall substitute these quantities, and also the values of r, /, /', /", cos ^ (/ — v), 
etc., in formulas III.- VI., whence the values of P', Q', P", Q" will result much 
more exact than those on which the first hypothesis had been constructed. With 
these, accordingly, the second hypothesis will be formed, which, if it is carried to 
a conclusion exactly in the same mamier as the first, will furnish much more 
exact values of P', Q', P", Q", and thus lead to the tMrd hypothesis. These 
processes will continue to be repeated, until the values of P', Q', P", Q" seem to 
31 
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require no further eon-ection, how to judge correctly of which, frequent practice 
will in time show. When the heliocentric motion is small, the first hypothesis 
generally supplies those values with sufficient accuracy : but if the motion in- 
cludes a greater arc, if, moreover, the intervals of the times are very unequal, 
hypotheses several times repeated will be wanted ; but in such a case the first 
hypotheses do not demand great prcciseness of calculation. Finally, in the last 
hypothesis, the elements themselves will be determined as we have just indicated. 

170. 

It will be necessary in the first hypothesis to make use of the times t, if, f, i'", 
uncorrected, because the distances from the earth cannot yet be computed : as 
soon, however, as the approximate values of the quantities ^, ^' have become 
known, we shah be able to determine also those distances approximately. But 
yet, since the formiilas for (i and p'" come out here a little more complicated, it 
, will be well to put off the computation of the correction of the times until the 
values of the distances ha,ve become correct enough to render a repetition of the 
work imnecessary. On which account it will be expedient to base this operation 
on those values of the quantities af, x", to which the last hypothesis hut one leads, 
so that the bst hypothesis may start with corrected values of the times and of 
the quantities P', P", g, Q". The following are the formulas to be employed 
for this purpose : — 

Vn. 9' = /— iTcosd', 
Vni. f^itf'~B"(iosd", 
IX. ^cos/3^=^ — _S cos .Boos (a — I) 

-h-;— ^- — g:(^''cos(5'cos{a' — tt)-f-_K'cos.5'cos(^'— a)) 

— pi (^"cos /f'cos {a" — a) --j- i?"cos B" cos (/"— a)\ , 
X. ? sin i? zizz — i? sui ^ -)- - --i--' , (o' sin 8' + // sin B') 

— ^, {i>" sin ti" + B" sill B") , 
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XI. y'" cos /?'" ~ — K" cos B"' cos {a'" —I'") 

\ -\-P" / \ 

H --/y , ( q" cos fi" COS (a'" — a")-|- R" cos .B" cos ( «'" — /") ) 

-p"(i+|.) ' 

— pv ( f;/ cOK f^' cos («'" — «')-]- -^ COS .C cos («'" T) K 

XIL q'" sin ,5'" == — JI" sm ^" -) ^"t^, (o" si.n (3" J-. iT' sin ^') 

The formulas IX -XII. are derived without difficulty ft-ora equations 1, 2, 3, article 
112, if, merely, the symbols there used are properly converted into those we here 
employ. The formulas will evidently come out much more simple if B, B', S' 
vanish. Not only ^, but also (3 wiU follow from the combination of the formulae 
IX. and X, and, in the same manner, besides ?-"', also (?'" from XI. and XII. : the 
values of these, compared with the observed latitudes (not entering into the 
calculation), if they have been given, will show with what degree of accuracy 
the extreme latitudes may be represented by elements adapted to the six remain- 
ing data. 



171. 

A suitable example for the illustration of this investigation is taken from Vesta, 
which, of aU the most recently discovered planets, has the least inclination to 
the ecliptic* We select the following observations made at Bremen, Paris, 
Lilicnthal, and Milan, by the iHiistrious astronomers Olbeks, Bouvaud, Bessel, and 
Oeiasi : — 



* IS'evertheless this inclination is stil! great eniiugli to admit of a sufficiently safe and accui'ate deter- 
mination of the orbit based upon (Aree observations: in tact the first elements which had bpen denred 
ill this way from observations only 19 days distant from oach other (see von Zacu's Monatlkhe Cor- 
respondent, Vol. XV. p. 695), approach nearly to those which were here deduced from four observa- 
tions, removed from each other 162 days. 
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Msan time of place of observation. 


Kight Ascension. 




1807,Marcli30, 12*33"'17• 
May 17, 8 16 5 
July 11, JO 30 19 
Sept. 8, 7 22 16 


183° 52' i(f.8 
178 36 42 .3 
189 49 7.7 
212 50 3.4 


11°54'27''.0N. 
11 39 46.8 

3 9 10 .IN. 

8 38 17 .OS. 



We find for the same times from the tables of the sun, 





from app. Equinox. 


Nutation. 


DiBtanoB from 
the Eartli. 


Latitude of 
the Sun. 


Apparent obliquity 
ortLeEoiipftc!. 


March 30 
Jlay 17 
July 11 
Sept. 8 


9° 21' SO'-S 

55 56 20 .0 
108 34 33 .3 
166 8 57 .1 


" 


hl6.8 
-16.2 
- 17.3 
-16.7 


0.9996448 
1.0119789 
1.0165795 
1.001i742i 


-}- 0".23 

— 0.63 

— 0.46 
4-0 .29 


23° 27' 50".82 
49 .83 
49.19 

23 27 49 .26 



The observed places of the planets have, the apparent obliquity of the eclip- 
tic being used, been converted into longitudes and latitudes, been freed from 
nutation and aberration of the fixed stars, and, lastly, reduced, the precession 
bemg subtracted, to the beginning of the year 1807; the fictitious places of the 
earth have then been derived from the places of the sun by the precepts of arti- 
cle 72 (in order to take account of the parallax), and the longitudes transferred 
to the same epoch by subtracting the nutation and precession ; finally, the tunes 
have been counted from the beginning of the year and reduced to the meridian 
of Paris. In this manner have been obtained the following numbers : — 

i, t', f, f . . 89.505162 | 137.344502 192.419502 251.288102 

174° 1'30".08 187°45'42".23 213°34'15".63 

10 8 7 .80 6 47 25 .51 4 20 21 .63 

235 66 .63 288 35 20 .32 345 9 18 .69 

0.0051376 0.0071739 0.0030625 



1,1', I", t" . . 

lo^B,R,B",R" 
Hence we deduce 
/=168°32'41".34, 
J'"=17S 6 15.68, 



89.506162 
178°43'38".87 
12 27 6 .16 
189 21 83 .71 

9.9997990 



: 62-23' 4".88, 
= 100 46 1 .40, 



log d = 9.9526104, 
logo"= 9.99948S9, 
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J'=— 11.009449, »'= — 1.083306, log J, = 0.0728800, logft' =9.7139702» 
i"=— 2.082036, «" = + 6.322006, logl"'=0.0798612» logf»"= 9.8387061 
A'D= 37°17'61".50, A"I>= 89° 24' 11".84, t = 9'6'6".48 
i?^) = — 26 6 13 .38, i"D = — 11 20 49 .66. 
These preliminary calculations completed, we enter npou the /irst hi/pothem. 
From the inteiTals of the times we obtain 

log i (t — t)= 9.9163666 
log i{r—/)= 9.9766369 
logi(r— r) = 0.0054661, 
and hence the first approximate values 

log P = 0.06117, log (1 + P) = 0.33269, log d = 9.69087 
logP"= 9.97107, log(l+P") = 0.28681, log C"= 9.87997, 
hence, further, 

</= — 7.68361, log (?' = 0.04666 n 
c"= + 2.20771, log d"= 0.12662. 
With these values the following solution of equations I., 11., is ohtained, after a 
few trials : — 

i'= 2,04866, / = 23° 38' 17", log r'= 0.34951 
i"= 1.96746, z"=27 2 0, logr"= 0.34194. 

From g', s" and g, we get 

e"C"= »" — »' = 17° 7' 6": 
hence d' — v, r, v'" — /', /", will be determinable by the following equations : — 
log r sin (»' — v)= 9.74942, log r sin (/ — !> + 17° 7' 6") = 0.07500 
log/"sin(!/"— »")= 9.84729, log,-"'sin(!."'— »"+ 17 7 6") = 0.10733 
whence we derive 

»'—!> = 14° 14' 32", log )•= 0.35866 
k'"— t."=18 48 33, log/"= 0.33887. 

Lastly, is found 

log (n 01) = 0.00426, log (» 12) = 0.00599, log(n 23) = 0.00711, 
and hence the corrected values of P\ P", (y, Q". 
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log P' = 0.05944, log (/ = 9.60374, 
log!" =9.97219, log e"= 9.69681, 
upon which the second hy])oihisis will be constructed. The principal results of this 
ao^ as follows : — 

»' = — 7.67820, log d' = 0.045736 « 
<;"= + 2.21061, logi"= 0.126064 
/ = 2.03308, / = 23° 47' 64", log / = 0.346747, 
/'= 1.94290, s"= 27 12 26, log r"= 0.339373 
C"(7"=»" — »'=17" 8' 0" 
ti — v= 14° 21' 36", log r = 0.364687 
/"—»"= 18 50 43, logr'"= 0.334564 

log (s 01) = 0.004359, log(» 12) = 0.006102, log {» 23) = 0.007280. 
Hence result newly con-ected values of P, P", (/, §", 

log i" = 0.059426, log e' = 9.604749 
log P" = 9.972249, log §" = 9.697664, 
from which, if we proceed to the third hypoth£m, the following numbens result : — 
/ = — 7.67816, log / = 0.046729 « 
/' = + 2.21076, log i"= 0.126082 
a/ = 2.08266, / = 23° 48' 14", log / = 0.346663 
/'= 1.94236, s"=27 12 49, log/'= 0.339276 
(7'(7"= »"—!/= 17° 8' 4" 
i/—v= 14°2r49", logr =0.854622 
!/"—!'"= 18 61 Y, log>-"'= 0.834290 

log (» 01) = 0.004363, log {» 12) = 0.006106, log (n 23) = 0.007290. 
If now the distances from the earth are computed according to the precepts of 
the preceding article, there appears : — 

p' = 1.5636, ()"= 2.1319 

log 9 cos |5 = 0.09876 log ()'" cos fl'" = 0.42842 

log q sin (9 = 9.44262 log ()'" sin jS'" = 9.80905 

|3 = 12°26'40" |S'" = 4°20'39" 

log () = 0.10909 log f = 0.42967. 
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Hence are found 





Oo,,..tl.„.„ftl«Tta... 


Omeoted Times. 


L 


0.007336 


89.497827 


IL 


0.008921 


136.336581 


III. 


0.012165 


192.407337 


IT. 


0.016346 


261.272766 



whence will result newly corrected values of the quantities P', F", Q', (^\ 
log P' = 0.059415, log ^ ^ 9.604782, 
log i>"^ 9.972253, log ^"^ 9.697687. 
Finally, if the fourth hjpoihesis is formed with these new values, the following 
numbers are obtained : — 

(/ — — 7.678116, log ft = 0.045723 

/'= -|- 2.210773, log (£'= 0.126084 

3^=^2,032473, /:==23U8'16".7, log / = 0.346638 

a/'^ 1.942281, s^'^ 27 12 51 .7, log /'= 0.339263 

^'—,J^\T 8' 5".l, J {«("+«') = 176" 7'50".5, H«"— «0^4''33'23".6 

f/ — «j = 14 21 51 .9, log r = 0.354503 

v"'—v"^\% 51 9 .5, log/"= 0.334263 

These numbers differ so little from those which the third hypothesis furnished, 
that we may now safely proceed to the determination of the elements. In 
the first place we get out the position of the plane of the orbit. The inclina- 
tion of the orbit 7° 8'14".8 is found by the precepts of article 149 from /, m', 
and ^,'(7' = d' — /, also the longitude of the ascending node lOS"" 16'37".2, the 
argument of the latitude in the second observation 94° 36' 4".9, and, there- 
fore, the longitude in orbit 197" 52'42".l ; in the same manner, from y", u", and 
A'C" — d" — /', are derived the inclination of the orbit = 7° 8' 14".8, the longi- 
tude of the ascending node 103° 16'37".5, the argument of the latitude m the 
third observation 111" 44' 9".7, and therefore the longitude in orbit 215° 0' 47".2. 
Hence the longitude in orbit for the first observation wiU be 183° 30' 50".2, for 
the fourth 233° 51'56".7. If now the dimensions of the orbit are detennined 
from f— i,r,r"', and v"'^v= 50° 2Y 6". 5, we shall have, 
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True anomaly for the first place 293° 33' 43".7 

True anomaly for the fourth place 343 54 50 .2 

Hence the longitude of the perihelion ..... 249 57 6 .5 
Mean anomaly for the first place ....... 302 33 32 ,6 

Mean anomaly for the fourth place 346 32 25 .2 

Mean daily sidereal motion 978".7216 

Mean anomaly for the beginning of the year 1807 . 278 13 39 .1 

Mean longitude for the same epoch 168 10 45 .6 

Angle of eccentricity y 5 2 68 .1 

Logarithm of the semi-axis major 0.372898 

If the geocentric places of the planet are computed from these elements 
for the corrected times % t', f, f, the four longitudes agree with a, a', a", a'", and 
the two mtcrmediate latitudes with ^', /3", to the tenth of a second; but the 
extreme latitudes come out 12° 26'43".7 and 4" 20'40".l. The former in error 
22".4 in defect, the latter 18".5 in excess. But yet, if the inclination of the 
orbit is only increased 6", and the longitude of the node is diminished 4' 40", the 
other elements remaining the same, the errors distributed among aU the latitudes 
will he reduced to a few seconds, and the longitudes will only be affected by the 
smallest errors, which will themselves be almost reduced to nothing, if, in addition, 
2" is taken from the epoch of the longitude. 
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THIED SECTION. 

THE DETEBMINATIOH OF AH OBBIT SATISUTISG AS NEAELT AS POSSIBLE ANY 
NUMEEE OF OBSEKVATIONS WHATEVER. 



172. 

If the astronomical observations and other quantities, on which the computa- 
tion of orbits is based, were absolutely correct, the elements also, whether deduced 
from three or four observations, would be strictly accurate (so far indeed as the 
motion is supposed to take place exactly according to the laws of Keplbe), and, 
therefore, if other observations were used, they might be couiirmed, but not cor- 
rected. But since all our measurements and observations are uothmg more tlian 
approximations to the truth, the same must be true of all calculations resting 
upon them, and the highest aim of all computations made concerning concrete 
phenomena must bo to approximate, as nearly as practicable, to the trutk But 
this can be accomplished in no other way than by a suitable combination of 
more observations than the number absolutely requisite for the determination of 
the unknown quantities. This problem can only be properly undertaken when 
an approximate knowledge of the orbit has been already attained, which is after- 
wards to be oorreoted so as to satisfy all tho observations in the most accurate 
manner possible. 

It then can only be worth while to aim at the highest accuracy, when the 
final correction is to be given to the orbit to be determined. But as long as it 
appears probable that new obsei-vafions will give rise to new corrections, it will 
be convenient to relax more or less, as the case may be, from extreme precision, 
if in tliis way the length of the computations can be considerably diminished. 
We will endeavor to meet both cases. 

32 (249) 
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173. 

In the first place, it is of the greatest importance, that the several positions of 
the heavenly body on which it is proposed to base the orbit, should not be 
taken from single observations, but, if possible, from several so combined that the 
accidental errors might, as far as may be, mutually destroy each other. Obser- 
vations, for example, such as are distant from each other by an interval of a few 
days, — or by so much, in some cases, as an interval of fifteen or twenty days, — 
are not to be used in the calculation as so many different positions, but it would 
be better to denve from them a single place, which would be, as it were, a mean 
among all, admitting, therefore, much greater accuracy tlian single observations 
considered separately. This process is based on the following principles. 

The geocentric places of a heavenly body computed from approximate ele- 
ments ought to differ very little from the true places, and the differences between 
the former and latter should change very slowly, so that for an interval of a 
few days they can be regarded as nearly constant, or, at least, the changes may 
be regarded as proportional to the times. If, accordingly, the observations should 
be regarded as free from aU error, the differences between the observed places 
corresponding to the times t, f, f, f", and those which have been computed from 
the elements, that is. the differences between the observed and the computed 
longitudes and latitudes, or right ascensions and declinations, would be quanti- 
ties either sensibly equal, or, at least, uniformly and very slowly increasing or de- 
creasing. Let, for example, the observed Tight ascensions a, a', a", a"', etc., coi> 
respond to those times, and let a-\-$,a' -\-d', a" -\- d", a'" -\- d'", etc., be the 
computed ones ; then the differences 8, d', d", S"', et-c. will differ from the true 
deviations of the elements so far only as the observations themselves are errone- 
ous : if, therefore, these deviations can be regarded as constant for aU these ob- 
servations, the quantities d, d', d", 8'", etc. will furnish as many different determi- 
nations of tlie same quantity, for the correct value of which it will be proper to 
take the arithmetical mean between those determinations, so far, of course, as 
there is no reason for preferring one to the other. But if it seems that the same 
degree of accuracy cannot bo attributed to the several observations, let us assume 
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tliat the clegTce of accuracy in each may bo considered proportional to the num- 
bers e, e', /', e'", etc. respectively, that is, that errors reciprocally proportional to 
these nnmbers could have been made in the observations with eo^sX facility; 
then, according to the principles to be propounded below, the most probable 
mean value will no longer be the simple arithmetical mean, but 
eeS^/e'S ' + d'd'S' -[- e"'e'"8"' -f etc. 

Putting now this mean value equal to A, we can assume for the true right ascen- 
i^ionis. a-\-d — A,ct-\-^' — J,cc"~\-S" — J,a"'-\-6"' — J, respectively, and then 
it will be arbitrary, which we use in the calculation. But if either the observar 
tions are distant from each other by too great an interval of time, or if suflft- 
ciently approximate elements of the orbit are not yet known, so that it would 
not be admissible to regard their deviations as constant for all the observations, it 
will readily be perceived, that no other differenee arises from this except that the 
mean deviation thus found cannot be regarded as common to all the observa- 
tions, but is to be referred to some intermediate time, which must be derived from 
the individual times in the same manner as J from the corresponding deviations, 
and therefore generally to the time 

e c I + e'e'f + ^VV -[- /'V"f" + c tc- 
■e. + ,V + e'V'+«"V"4.etc. ' 

Consequently, if wc desire the greatest accuracy, it will be necessary to compute 
the geocentric place from the elements for the same time, and afterwards to free 
it from "the mean error J, in order that the most accurate position may be ob- 
tained. But it will in general be abundantly sufhcient if the mean error is 
referred to the observation nearest to the mean time. "What we have said here 
of right ascensions, applies equally to declinations, or, if it is desired, to longitudes 
and latitudes : however, it will always be better to compare the right ascensions 
and declinations computed from the elements immediately with those observed ; 
for thus we not only gain a much more expeditious calculation, especially if we 
make use of the methods explained in articles 53-60, but this method has the 
additional advantage, that the incomplete observations can also be made use of; 
and besides, if every thing should be referred to longitudes and latitudes, there 
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would be cause to fear lest an observation made correctly in right ascension, 
but badly in declination (or tlie opposite), should be vitiated in respect to both 
longitude and latitude, and thus become wholly useless. The degree of precision 
to be assigned to the mean found as above will be, according to the principles to 
be explained hereafter, 

^/ (ee -I- A' + c"e" + /V" + etc.) ; 
so that four or nine equally exact observations are required, if the mean is to 
possess a double or triple accuracy. 

174. 

If the orbit of a heavenly body has been determined according to the methods 
given in the preceding sections from three or four geocentric positions, each one 
of which has been derived, according to the precepts of the preceding article, 
from a great many observations, that orbit will hold a mean, as it were, among 
all these observations ; and in the differences between the observed and computed 
places there will remain no trace of any law, which it would be possible to re- 
move or sensibly diminish by a correction of the elements. Now, when the whole 
number of observations does not embrace too great an interval of time, the best 
agreement of the elements with all the observations can be obtained, if only 
three or four normal positions are judiciously selected. How much advantage 
we shall derive from this method in determining the orbits of new planets or 
comets, the observations of which do not yet embrace a period of more than 
one year, will depend on the nature of the ease. When, accordmgly, the orbit 
to be determined is inclined at a considerable angle to the ecliptic, it will be 
in general based upon three observations, which we shall take as remote from 
each other as possible : but if m this way we should meet with any one of the 
cases excluded above (articles 160-162), or if the inchnation of the orbit should 
seem too small, we shall prefer the detemunation from four positions, which, also, 
we shall take as remote as possible from each other. 

But when we have a longer series of observations, embracing several years, 
more normal positions can be derived from them ; on which account, we should 
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not insure the greatest accuracy, if we were to select three or four positions only 
for the determination of the orbit, and neglect all the rest. But in such a case, 
if it is proposed to aim at the greatest precision, we shall take care to collect 
and employ tiie greatest possible number of accurate places. Tlien, of course, 
more data will exist than are required for the determination of the unknown 
quantities : but all these data wiU be Hable to errors, however small, so that it 
will generally be impossible to satisfy all perfectly. Now as no reason exists, 
why, from among those data, we should consider any six as absolutely exact, but 
since we must assume, rather, upon the principles of probability, that greater or 
less errors are equally possible in all, promiscuously ; since, moreover, generally 
speaking, small errors oftener occur than large ones ; it is evident, that an orbit 
which, while it satisfies precisely the six data, deviates more or less from the 
others, must be regarded as less consistent with the principles of the calculus of 
probabilities, than one which, at the same time that it differs a little from those 
six data, presents so much the better an agreement with the rest. The investigar 
tion of an orbit having, strictly speaking, the imnmum probability, will depend 
upon a knowledge of the law according to which the probability of errors de- 
creases as the errors increase in magnitude : but that depends upon so many 
vague and doubtful considerations — physiological included — which cannot be 
subjected to calculation, that it is scarcely, and indeed less than scarcely, possible 
to assign properly a law of this kind in any case of practical astronomy. Never- 
theless, an investigation of the connection between this law and the most prob- 
able orbit, which we will undertake in its utmost generality, is not to bo regarded 
as by any means a barren speculation. 

175. 

To this end let us leave our special problem, and enter upon a very general 
discussion and one of tlie most fruitful in every application of the calculus to 
natural philosophy. Let V, V, V", etc. be functions of the unknown quantities 
p, q, r, s, etc., fi the number of those functions, v the number of the unlcnown 
quantities ; and let us suppose that the values of the functions found by direct 
observation are V ^ M, V'^M', V" =^ M", etc. Generally speaking, the 
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determination of (he unlmown quantities will constitute a problem, indetemii- 
nate, determinate, or more than determinate, according as fi<^v, fi = v or 
li>v.' We shall confine ourselves here to the last case, in which, evidently, an 
exact representation of all the observations would only be possible when they 
were all absolutely free from error. And smce this cannot, in the nature of 
things, happen, every system of values of the unknown quantities f, },'r, s, etc, 
must be regarded as possible, which gives the values of the functions V— M, 
V'—M', r" — M", etc, within the limits of the possible errors of observation; 
this, however, is not to be understood to imply that each one of these systems 
would possess an equal degree of probability. 

Let us suppose, in tire first place, the state of things in all the observations to 
have been such, that there is no reason why we should suspect one to be less 
exact than another, or that we are bound to regard errors of the same magnitude 
as equally probable in all. Accordingly, the probability to be assigned to each 
error J will be expressed by a function of J which we shaU denote by <fj. Now 
although we cannot precisely assign the form of this function, we can at least 
affirm that its value should be a maximum for J = 0, equal, generally, for equal 
opposite values of 4 and should vanish, if for J is taken the greatest error, or a 
value greater than the greatest error: rpj, therefore, would appropriately be re- 
ferred to the class of discontinuous functions, and if we undertake to substitute 
any analytical fimction in the place of it for practical purposes, this must be of 
such a foi-m that it may converge to zero on both sides, asymptotically, as it were, 
from ^= 0, so that beyond this limit it can be regarded as actually vanishing. 
Moreover, the probability that an error lies between the limits J undj -i-ij 
differing from each other by the iufiuitely small difference d J, will be expressed 
hjtfiJiJ; hence the probability generally, that the error lies between D and 

• If, in the thipd case, tbe functions V, V, V" .hould be of such « nalnre tb«t ,. + 1 — , of them, 
or more, might be regarded as functions of tlie remainder, tlie problem would still be more than determi- 
nate with respect to these functions, but indefenninate with respect to tbe quantities p, q, r, s, etc. ; tliat 
is to saj, it would bo impossible to determine the values of tlie latter, even if the values of the func- 
tions V, V, V, etc, should be given with absolute extictness : but we shall exclude this case from our 
discussion. 
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/>'j will be given by tlie integral ftp J. d J extended from J =^D to A^D'. 
This integral taken from the greatest negative value of J to the greatest positive 
value, or more generally from z/ = — ot to A^-\-ai must necessarily be equal 
to unity. Supposing, therefore, any determinate system of the values of the 
quantities f, q, r, s, etc., the probability that observation would give for V the 
value M, -will be expressed by 9 {M — V), substitating in V for p, q, r, s, etc., 
their values; in the same manner ^ {M' — V), (p {M"—V"), etc. will express the 
probabilities that observation would give the values M', M", etc. of the func- 
tions V, V", etc. Wherefore, since we are authorized to regard all the observa- 
tions as events independent of each other, the product 

^(lf_F) <p{M'—V') <p(M"^V") etc., =i2 
will express the expectation or probability that all those values wiU result to= 
gether from observation. 

176. 

Now in the same manner as, when any determinate values whatever of the 
unknown quantities being taken, a determinate probability corresponds, previ- 
ous to observation, to any system of values of the functions V, V, F", etc.; so, 
inversely, after determinate values of the functions have resulted from observffr 
tion, a determinate probability will belong to every system of values of the un- 
known quantities, from which the values of the functions could possibly have 
resulted : for, evidently, those systems will be regarded as the more probable in 
which the greater expectation had existed of the event which actually occurred. 
The estimation of this probability rests upon the following theorem : — 

If, am/ hypothesis H being made, the prohahilitjj of any dcteimnate eicid ^ is h, and 
if, another hypothesis H' letm/ iiw/h excluding iJte forme? and equally p ohable in Uself, the 
probaiiBy of the same event is h' ; iheit I say, when the eient ^ Ms aetuoEy occurred, that 
the probability that H was the true hypothesis, is to the pi obabiMy thii H' was tJie true 
hypothesis, ash. to h'. 

For demonstrating which let us suppose that, by a classification of all the cir- 
cumstances on which it depends whether, with ^or H' or some other hypothesis, 
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the eTeiit E or some otiier event, slionld occur, a system of the .different cases is 
formecl, each one of which oases is to be considered as equally probable in itself 
{that is, as long as it is uncertain whether the event -E", or some other, will occur), 
and that these cases be so distributed. 



r^rb^tt- 


in whioh should bo assumed 
the hypothesis 


in finch a mode as would give 


m' 

m" 
n" 


H 
H 

H' 

H' 
different fr'om if and ff' 
different from H aroA H' 


E 
different from E 

E 
different from E 

E 
different from E 



Then we shall have 

moreover, before the event was known the probability of the hypothesis II i 



but after the event la known, when the cases n, n', n" disappear from the number 
of the possible cases, the probability of the same hypothesis will be 



in the same way the probability of the hypothesis II' before and after the event, 
respectively, will be expressed by 



n + n + n,^--^n'--\-m"-^n" 



« + -' + -"• 

since, therefore, the same probability is assumed for the hypotheses II and //' 
before the event is known, we shall have 

m-^n = m' -\- n', 
whence the truth of the theorem is readily inferred. 

Now, so far as we suppose that no other data exist for the determination of 
the unknown quantities besides the observations F— J^, V'z=M', V"^:^M", 
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etc., iind, therefore, tliat all systems of values of these unknown quantities were 
equalJy probable previous to the observations, the probability, evidently, of any 
cletenninate system subsequent to the observations will be proportional to S2. 
This is to be understood to mean that the probability that the values of the un- 
known quantities lie between the infinitely near limits jo and/* -j-djo,g' and j-j-d^, 
r and r-{-dr, s and s + ds, etc. respectively, is expressed by 

XSid^fdgdrds , etc., 

where the quantity X will be a constant quantity independent of p, q, r, s, etc. : 
and, indeed, i will, evidently, be the value of the integral of the order v, 

/'^S2dpdqdrds , etc., 

for each of the variables j!>, g, r, s^ etc., extended from the value — <x> to the 
value -|- 00 . 

177. 

Now it readily follows from this, that the mbst probable system of values of 
the quantities p, q, r, s, etc. is that in which £1 acquires the maximum value, and, 
therefore, is to bo derived from the v equations 

V^'^' d7="**' 17^*^' ^^0, etc 
These equations, by putting 

r—M=v, F'-jr = /, F"-J(f"=„", etc, una -%!=»' ^, 
assume the following form : — 

dv , , di/ , , , di/' , ,, , , 
_y^,_i___cp/ + — ye/'+etc.= 0, 

d" ^ I d/ , , , d«" , „ , , 

rr^ ^ + d7^^ +j;rg>/'+etc.= 0, 
Jifp'v^^^'v' + ~ <p't/' + etc. = 0. 

Hence, accordingly, a completely determinate solution of the problem can be 
obtained by elimination, as soon as the nature of the function <p' is known. Since 
33 
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this cannot be defined a priori, we will, approaching the subject from another 
point of view, inquire upon what function, tacitly, as it were, 
base, the common principle, the excellence of which is generally a 
depends. It has been customary certainly to regard as an axiom the hypothesis 
that if any quantity has been determined by several direct observations, made 
under the same cu-cumstances and with equal care, the aritiimetical mean of the 
observed values affords the most probable value, if not rigorously, yet very 
nearly at least, so that it is always most safe to adhere to it. By putting, 
therefore, 

F= F'=:r' etc. ==^, 
we ought to have in general, 

9' {M—p) -j- fp' {M'~p) -\- c/ [M" — p)-\- etc. = 0, 
if instead of p is substituted the value 

l{M-\-M'^M"~\-e\G.), 
wnatever positive integer fi expresses. By sixpposing, therefore, 

M' = M'= etc. =M—iiN, 
we shall have in general, that is, for any positive integral value of fi, 

q)'(ft-l)i\r^(l~;*)y'(_jV), 
whence it is readily inferred that ^ must be a constant quantity, which we will 
denote by h Hence we have 

log(pJ=HJ^-\- Constant, 



denoting the base of the hyperbolic logarithms by e and assuming 

Constant =^ log z. 
Moreover, it is readily perceived that /c must be negative, in order that S2 may 
really become a maximum, for which reason we shall put 

ik=^ — hk. 
and since, by the elegant theorem first discovered by Laplace, the inteo-ral 
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from // =: — cc to J ^-\-zo is -^, (denoting by ji the semicircumference of 
the circle the radius of which is unity), our fimction becomes 

^ sin 

178. 

The function just found cannot, it is true, express rigorously the probabilities 
of the errors : for smce the possible errors are in all cases confined within certain 
limits, the probability of errors exceeding those limits ought always to be zero, 
while our formula always gives some value. However, this defect, which every 
analytical function must, from its nature, labor under, is of no importance in 
practice, because the value of our function decreases so rapidly, when h^ has 
acquired a considerable magnitude, that it can safely be considered as vanishing. 
Besides, the nature of the subject never admits of assigning with absolute rigor 
the limits of error. 

Finally, the constant h can be considered as the measure of precision of the 
observations. For if the probability of the error J is supposed to be expressed 
in any one system of observations by 



and in another system of observations more or less exact by 

sin' 
the expectation, that the error of any obsei-vation in the former system is con- 
tained between the limits — @ and -|- d will be expressed by the integral 

./ ■^^ 
taken from //:^ — ^to /I ^-{-d; and in the same manner the expectation, that 
the error of any observation in the latter system does not exceed the limits — 8' 
and -{- d' will be expresised by the integral 



/. 



, . "d^ 



extended from J ^ — 8' to J ^-\-d' : but both integrals manifestly become 
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squal when we haYe 4 ^ = W. Now, therefore, if for example // = 2 4, a double 
error can be committed in the former system with the same facility ae a sino-le 
error in the latter, in which case, according to the common way of speakino-, a 
double degree of precision is attributed to the latter observations. 

179. 

We will now develop the conclusions which follow from this law. It is evi- 
dent, in order that the product 

/2 — 4^5t-i/'«r**'''"'l-'^^'+""'^+ J 

may become a maximum, that the sum 

vv-{- v'v' -\- i^'i/' -\- etc., 
must become a minimum. Therefore, Hint mil he the most prolalk st/stem of mines of 
the un/cmwn qumiUka p, q, r, s, de., in wUeh the sum of the sjmres of the iltfereiwes 
hetwem the oiserved and comptiled values of the fundions V, V, V", etc. k a mirmium, if 
the same degree of accuracy is to be presumed in all the observations. This prin- 
ciple, which promises to be of most frequent use in all applications of the mathe- 
matics to natural philosophy, must, everywhere, be considered an axiom with 
the same propriety as the arithmetical mean of several observed values of the 
same quantity is adopted as tlie most probable value. 

This principle can be extended without difficulty to observations of rniequiA 
accuracy. If, for example, the measures of precision of the observations by 
means of which 7=U, r = M', r" = M", etc. have been found, are expressed, 
respectively, by h, h', *", etc., that is, if it is assumed that errors reciprocally pro- 
portional to these quantities might have been made with equal facility in those 
observations, this, evidently, will be the same as if, by means of observations of 
equal precision (the measure of which is equal to unity), the values of the func- 
tions JF, h'V, h"V", etc., had been directly found to be hW, h'M', X'M", etc.: 
wherefore, the most probable system of values of the quantities p, q, r, s, etc., 
will be that hi which the sum o!hhvv-{- HUM + WW + etc., that is, m wUsh 
lU sum of the sgrnrei of the iifermees betuem the mtmOy observed aiid computed vahes 
mttSplied it/ numiers that imanire the iegree of fredsim, is a mimmtmi. In this way it 
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is not even necessary tliat the functions V, V, V", etc. relate to homogeneous 
quantities, but tliey may represent heterogeneous quantities also, {for example, 
seconds of arc and time), provided only that the ratio of the errors, which might 
have been committed witli equal facility in each, c;ui be estimated, 

180. 

The principle explained in the preceding article derives value also from this, 
that the numerical determination of the unltnown quantities is reduced to a very 
expeditious algorithm, when the functions V, F', V", etc. are linear. Let us 
suppose 

F~- M^v^ — m ^ a2:> -^ h q -\- cr -\- ds -\- etc. 
V — M'^v'^^ — m' '\' d'p -\-l/q-\- c'r ^ ds-^ etc, 
V"— M" =v"= — m" -f- a"2> -f l/"q -[- e"r 4- d"s -f- etc. 
etc., and let us put 

av -{- dv' -\- a"v" -\- etc. -^^ P 
hv-\-l'iJ^ b"v" + etc. — Q 
cv -\- c'v' -\- c'v" -\- etc. = R 
dv -\- <^v' -\- d'v" -\- etc. = S 
etc. Then the v equations of article 177, from which the values of the unknown 
quantities must be determined, will, evidently, be the following : — 

P~0, §— 0, -fi— 0, ^z^O, etc., 
provided we suppose the observations equally good; to which case we have sho\vn 
in the preceding ai-ticle how to reduce the others. We have, therefore, as many 
linear equations as there are unknown quantities to be determined, from which 
the values of the latter will be obtained by common elimination. 

Let us see now, whether this ehmination is always possible, or whether the 
solution can become indeterminate, or even impossible. It is known, from the 
theory of elimination, that the second or third case will occur when one of the 
eqiiations 

P^ 0, Q=%M^^, S= 0, etc., 
being omitted, an equation can be formed from the rest, either identical with the 
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omitted one or inconsistent with it, or, which amounts to the same thing, when 
it is possible to assign a Imear function 

aP-\-^Q-\- yli J^dS-{- etc., 
which is identically either equal to zero, or, at least, free from all the unknoivn 
quantities p, g, r, s, etc. Let us assume, thei'cfore, 

aF~\-pQ-^yM-\-^>S^ etc. := x. 
We at once have the identical equation 

(v-\-m)v-\-{i/-}- m') v' + {/' 4- m") v" -\- etc. =pP -\-qQ-\-rIi^ s>S-\- etc. 
If, accordingly, by the substitutions 

p ^ ax, q :^ ^ z, r = yx, s =^ dx, etc. 
we suppose the functions v, /, v", to become respectively, 

— m-\~ Xz, — h/ -j~ ^'^i — ^^" -\- ^"^} etc., 
we shall evidently have the identical equation 

{XX -\'VV -\-X"X" -\- etc.) zx — {Xm -\- X'm' -\-X"m" etc.) x ^= kx, 
that is, 

II J^ X'l' -(- X"l" -f etc. ~ 0, -A-^^Xm-]- X'm' -f- X"m" -|- etc. = : 
hence it must follow that X — 0, J.' ^ 0, X" = 0, etc. and also « = 0. Then it ia 
evident, that all the functions F", V V", are such that then- values are not 
changed, even if the quantities p, q, r, s, etc. receive any increments or decre- 
ments whatever, proportional to the numbers a, (?, /, d, etc. : hut we have already 
mentioned before, that cases of this kind, .in which evidently the determination 
of the unknown quantities would not be possible, even if the true values of the 
functions V, V, V", etc., should be given, do not belong to this subject. 

Finally, we can easily reduce to the case here considered, all the others in 
which the fimctions V, V, V", etc. are not hnear. Letting, for instance, n, x, i>, 
a, etc., denote approximate values of the unknown quantities jo, q, r, s, etc., (which 
we shall easily obtain if at first we only use r of the /j. equations V^M, V'=^M', 
V" ^ M", etc.), we will introduce in place of the unknown quantities the others, 
P'> 4, r, /, etc., puttmg p = n -|-/, j3:=x+?'>i^ — ? + /, s = CF-}-fi', etc. : the 
values of these new unknown quantities will evidently be so small that their 
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squares and producte may be neglected, by which means the equations become 
linear. If, after the calculation ia completed, the values of the unknown quanti- 
ties y, q, /, s', etc., prove, contrary to expectation, to be so great, as to malie it 
appear unsafe to neglect the squares and products, a repetition of the same pro- 
ce^ {the corrected values of jc, q, r, 5, etc. being taken instead of n, %, (.), a, etc.), 
will furnish an easy remedy. 

181. 

When we have only one unknown quantity j?, for the determination of which 
the values of the functions ap -\- n, a'p -\- n', a"p -\- n", etc. have been found, re- 
spectively, equal to M, M', M", etc., and that, also, by means of observations 
equally exact, the most probable value of p will be 



A = 



/_j_«V_[_etB. 



}-«"«" +61 

putting m, m', m", respectively, for M — n, M' — n', M' — w", etc. 

In order to estimate the degree of accuracy to be attributed to this value, let 
us suppose that the probability of an error A in the observations is expressed by 

Hence the probability that the true value oi p is equal to A. -\-p' will be propor- 
tional to the function 

if il A^p is substituted for p. The exponent of this function can be reduced to 
the form, 

— hh {ua 4- aW -f a"a" -{- etc.) {pp — 2pA + £), 
in which S is independent of p : therefore the function itself will be propor- 
tional to 

It is evident, accordingly, that the same degree of accuracy is to be assigned to 
the value A as if it had been found by a direct observation, the accuracy of which 
would be to the accuracy of the original observations as >^v/(««-|-fl'a'-I-ffl'V'+ etc.) 
to h, or as v' («« + «V + a"a" -j- etc.) to unity. 
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182. 

It will be necessary to preface the discussion concerning the degree of accu- 
racy to be assigned to the values of the unknown quantities, when there are sev- 
eral, with a more careful consideration of the function vv -{- t/v' -\- v"v" ~\- etc., 
which we will denote by W. 

L Let us put 

^ T^ — -?'' = ^ + '^^ + (^ ? + ^ '' + "^ ^ H" ^*^-' 
also 

and it is evident that we have p' = P, anrl, since 

AW _ dW V V r, 

dp dp a dp ' 

that the function W is independent of j). The coefficient a =aa-\- a'a' -|- a"a"-{- 
etc. will evidently always bo a positive quantity. 
II. In the same manner we wiU put 



also 



-q' ^1' -]- ^'q -\- y'r -f- ^'s -f- etc., 

IT— $^=z.r', 



and we shall have 

? = 5 T ^~-^= — '-p. and -1— - 

' dq « dj * a^ ' 115 

whence it is evident that the function W" is independent both of p and q. 
This would not be so if (9' could become equal to zero. But it is evident 
that W is derived from vv -\- v'v' -j- if'v" + etc., the quantity p being eliminated 
from V, if, v", etc., by means of the equation y ^ j hence, ^' will be the sum of 
the coefficients of qq m vv, v't/, v"v", etc., after the elunination; each of these 
coefficients, in fact, is a square, nor can all vanish at once, except in the case 
excluded above, in which the xmknown quantities remain indeterminate. Thus 
it is evident that j3' must be a positive quantity. 
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III. By putting again, 

i^~/ = X"^ fr J^ 8"s + etc., and JT' —- ~ = W"\ 
we shall have 

also W" independent of p, and q, as well as r. Finally, that the coefficient of /' 
must be positive is proved in the same manner as in IL In fact, it is readily per- 
ceived, that Y' is the sum of the coefficients of rr in vv, v'v', v"v", etc., after the 
quantities p and q have been eliminated from Vy v\ j/\ etc., by means of the equar 
tions p' =^0,q'^=z 0. 

IV. In the same way, by putting 

i^"-:=5'=r'+r's+etc., w"=w"~'^,, 

we shall have 

c' c ^ ' ^ ' ^v 

s=8~-~p—^q~--^/, 

W-' independent o? p, q, r, s, and d'" a positive quantity, 

V. In this manner, if besides p, q, r, s, there are still other unknown quanti- 
ties, we can proceed further, so that at length we may have 

W= — p'p' ^ _ ^j' -|- _//_{_ _ s's' 4- etc -\- Constant, 

in which all the coefficients will be positive quantities. 

VI Now the probability of any system of determinate values for the quan- 
tities p, q, r, s, etc. is proportional to the function e"**^; wherefore, the value of 
the quantity p remaining indeterminate, the probability of a system of determi- 
nate values for the rest, will be proportional to the integral 

extended from^= — co to^— -j-^; which, by the theorem of Laplace, becomes 

therefore, this probability will be proportional to the fimetion g"***^'. In the 
same manner, if, in addition, q is treated as indeterminate, the probability of a 
34 
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system of determinate values for r, s, etc. will be proportional to the integral 

extended from q-=^ — co upto^^-f"'^) which is 

or proportional to the function e"^'"^". Precisely in the same way, if r also is 
considered as indeterminate, the probability of the determinate values for the rest, 
s, etc. will be proportional to the function e"*^^'", and so on. Let us suppose the 
number of the unknown quantities to amount to four, for the same conclusion 
will hold good, whether it is greater or less. The most probable value of s will 
be — ^, and the probability that this will differ from the truth by tlie quantity 
a, will be proportional to the function e^''^'"-"'; whence we conclude th;it the 
measure of the relative precision to be attributed to that determination is ex- 
pressed by \^^", provided the measure of precision to be assigned to the original 
observations is put equal to unity, 

183. 
By the method of the preceding article the measure of precision is conven- 
iently expressed for that unknown quantity only, to which the last place has 
been assigned in the work of elimination ; in order to avoid which disadvantage, 
it will be desirable to express the coefficient 8'" in another manner. From the 
equations 

it follows, that/, /, r', »', can be thus expressed by means of P, Q, B, ,% 
p'=P 
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c'=a-|-a'§-l-rp 
/=«+g"ij+ sB"e +a"P, 

so that % St', Si', W, ffl", £" may be determinate quantities. "We shall haye, 
therefore (by restricting the number of uniinown quantities to four), 

« — — r, + ji,-P + 5»e + ji7!-B+yr,«. 

Hence we deduce the following conclusion. The most probable values of the 
unknown quantities/), ^, r, s, etc., to be derived by eMmination from the equations 

P=0, Q = 0,B=6,S=0,etc., 
will, if P, Q, i?, S, etc., are regarded for the time as indetermin.ate, be expressed 
in a linear form by the same process of elimination by means of P, Q, B, S, etc., 
so that we may have 

f = L+AP + BQ-^aB-\-I)8+,ite. 

q = L' + A:P-\-SQ\. O'S+D'S-i- etc. 

r = Z"-\-A"P+B'Q-{-0"B-\-B"S+etc. 

s=£"+A"'P+B"'Q-{-0"'B-\-I>"'S'+etc. 

etc. 
This being done, the most probable values of p, q, r, s, etc., will evidently be 
i, i', Z", Z"', etc., respectively, and the measure of precision to be assigned to 
these determinations respectively will be expressed by 



the precision of the original observations bemg put equal to unity. That which 
we have before demonstrated concommg the determination of the unknown 
quantity » (for which ^, answers to 7/") can be applied to all the others by the 
simple interchange of the unknown quantities. 

184. 
In order to illustrate the preceding investigations by an example, let us sup- 
pose that, by means of observations in which equal accuracy may be a»umed, 
wc have found 
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p — g-\-1r^ 3 
S^ + 2j — 6i'=6 

but from a fourth observatiou, to which is to be aawigned one lialf the same 
accuracy only, there results 

— 2io+6f+6r = 28. 
We will substitute in place of the last equation the following : — 

—f+il+ir — U, 
and we will suppose this to have resulted from an observation possessing equal 
accuracy with the former. Hence we have 

J> = 2Yjo+ 6j — 88 

Q= ip-\-Wq + r — 70 
R= j_(_64r_10Y, 

and hence by elimination, 

19899 J) = 49164 + 809 P— S24 § + 6 J? 

mq= 2617— 12^-1- 64 6 — .B 
6683i- = 12707+ 2P— 9e+123iJ. 
The most probable values of the unknown quantities, therefore, will be 
^ = 2.470 
J = 3.661 
r = 1.916 
and the relative precision to be assigned to these detei-minations, the preci.sion of 
the original observations being put equal to unity, will be 

f"^ v/w = «« 



&"•• ^^=7.34. 
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185. 

The subject we have just treated might give rise to several elegant analytical 
investigations, upon which, however, we will not dwell, that we may not be too 
much diverted from our object. For the eame reason we must reserve for another 
occasion the explanation of the devices by means of which the numerical calcu- 
lation can be rendered more expeditious. I will add only a single remark. 
When the number of the proposed functions or equations is considerable, the 
computation becomes a little more troublesome, on tiiis account chiefly, that the 
coefficients, by which the original equations are to be multipHcd in order to ob- 
tain -P, Q, R, 8, etc., often involve inconvenient decimal fractions. If in such 
a case it does not seem worth while to perform tliese multiplications in the most 
accurate manner by means of logarithmic tables, it will generally be sufficient 
to employ in place of these multipliers others more convenient for calculation, 
and differing but little from them. This change can produce sensible errors in 
that case only in which the measure of precision in the determination of the 
unknown quantities proves to be much less than the precision of the original 
observations. 



186. 

In conclusion, the principle that the sum of the squares of the differences 
between the observed and computed quantities must be a minimum may, in the 
following manner, be considered independently of the calculus of probabilities. 

When the number of unknown quantities is equal to the number of the ob- 
served quantities depending on them, the former may he so determmed as exactly 
to satisfy the latter. But when the number of the former is less than that of the 
latter, an absolutely exact agreement cannot be obtained, unless the observations 
possess absolute accuracy. In this case care must be taken to establish the best 
possible agreement, or to diminish as far as practicable the differences. This idea, 
however, from its nature, involves something vague. For, although a system of 
values for the unknown quantities which makes aU the differences respectively 
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less than another system, Is witliout doubt to be preferred to the latter, still the 
choice between two systems, one of which presents a better agreement in some 
observations, the other in others, is left in a measure to our judgment, and innu- 
merable different principles can be proposed by which the former condition is 
satisfied. Denoting the differences between observation and calculation by J, 
A', A", etCj the first condition will be satisfied not only M A A -\- A' A' -f- A" A" -j- 
etc, is a minimum (which is our principle), but also if A^-\-A"^-\- A"^-\- etc., or 
A^ -\- A'^ •-\' A"^ -^ etc., OT in general, if the sum of any of the powers with an 
even exponent becomes a minimum. But of all these principles ours is the most sim- 
ple ; by the others we should be led into the most complicated calculations. 

Our principle, which we have made use of since the year 1795, has lately 
been published by Legejsdre in the work NmveUes methodes povr h detemtimUm des 
GvbUes des comeies, Paris, 1806, where several other properties of this principle have 
been explained, which, for the sake of brevity, we here omit. 

If we were to adopt a power with an infinite even exponent, we sliould be 
led to that system in which the greatest differences become less than in any other 
system. 

Laplace made use of another principle for the solution of linear equations the 
number of which is greater than the number of the unknown quantities, which 
had been previously proposed by Boscovich, namely, that the sum of the errors 
themselves taken positively, be made a minimum. It can be easily shown, that a 
system of values of unknown quantities, derived from this principle alone, must 
necessarily* exactly satisfy as many equations out of the number proposed, as 
there are unknown quantities, so that the remaining equations come under consid- 
eration only so far as they help to ddenmne the choice : if, therefore, the eqtiation 
F = il^ for example, is of the number of those which are not satisfied, the sys- 
tem of values found according to this principle would in no respect be changed, 
even if any other value iV" had been observed instead of M, provided that, denotr 
ing the computed value by n, the differences M — n, JY — n, were affected by the 
same signs. Besides, Laplace qualifies in some measure this principle by adding 

* Except Uie special cases in wliioh the problem remains, to some exteat, indeterminate. 
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a new condition : ke requires, namely, that the sum of the differences, the signs 
remaining unchanged, be equal to zero. Hence it follows, that the number of 
equations exactly represented may be less by unity than the number of unknown 
quantities ; but what we have before said will stni hold good if there are only 
two unknown quantities. 

187. 

From these general discussiona we return to our special subject for the sake 
of which they were undertaken. Before the most accurate determination of 
the orbit from more observations than are absolutely requisite can be com- 
menced, there should be an approximate determination which will nearly satisfy 
all the given observations. The corrections to be applied to these approxunate 
elements, in order to obtain the most exact agreement, will be regarded as the 
objects of the problem. And when it can be assumed that these are so small 
that their squares and products may be neglected, the corresponding changes, 
produced in the computed geocentric places of a heavenly body, can be obtained 
by means of the differential formulas given in the Second Section of the First 
Book. The computed places, therefore, which we obtain from the corrected ele- 
ments, will be expressed by linear functions of the corrections of the elements, 
and their comparison with the observed places according to the principles before 
explained, will lead to the determination of the most probable values. These 
processes are so simple that they require no further illustration, and it appears at 
once that any number of observations, however remote from each other, can 
be employed. The same method may also be used in the correction of the para- 
hoUc orbits of comets, should we have a long series of observations and the best 
agreement be required. 

188. 

The preceding method is adapted principally to those cases in which the 
greatest accuracy is desired: but cases very frequently occur where we may, 
without hesitation, depart from it a Uttle, provided that by so doing the calcular 
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tion is considerably abridged, especially -when the observations do not embrace a 
great interval of time; here the final determination of the orbit is not yet 
proposed. In such cases the following method may be employed with great 
advantage. 

Let complete places L and U be selected from the whole number of observa- 
tions, and let the distances of the heavenly body from the earth be computed 
from the approximate elements for the corresponding times. Let three hypothe- 
ses then be framed with respect t« these distances, the computed values being 
retained in the first, the first distance being changed in the second hypothes^ 
and the second in the third hypothesis ; these changes can be made in proportion 
to the uncertainty presumed to remain in the distances. According to these 
three hypotheses, which we present in the following table. 





Hyp. I. 


Hyp. II. 


Hjp. ni. 


Distance * corresponding to the first place, 
Distance corresponding to the second place, 


D 

ly 


jy 





let three sets of elements be computed from the two places L, L', by the methods 
explained in the first book, and afterwards from each one of these sets the geo- 
centric places of the heavenly body corresponding to the times of all the remain- 
ing observations. Let these be (the several longitudes and latitudes, or right 
ascensions and declinations, being denoted separately), 



in the first set . 

in the second set 

in the third set . 

Let, moreover, the observed 

places be respectively . . 



M, M', 



M", etc. 

■ a', M"-\- a", etc. 



-^ 



^'> 



N", 



etc. 



Now, so far as proportional variations of the individual elements correspond 



* It wiU be stiU Ji 
curtate 4 



:, instead of the distances themselves, the logavitliins of the 



Hosted by 



Google 



Sect. 3.] aky number of observations. 273 

to small Tariatlons of the distancea D, I/, as well as of the geocentric places 
computed from tliem, we can assmne, that the geocentric places computed from 
the fourth system of elements, based on the distances from the earth D-\-x8. 
ly -\-i/S', axe respectively M-\-ax-^{i^, 3f -\-a'x--\- (i'?/, M" ^a"x '\- (i"y, etc. 
Hence, w, y, will be determined, according to the preceding discussions, in such a 
manner (the relative accuracy of the observations being taken into account), that 
these quantities may as far as possible agree with iV", N', JV'\ etc., respectively. 
The coi-rected system of elements can be derived either from L, U and the dis- 
tances D -\- xd, D' -\- x8', or, according to well-known rules, from the three first 
systems of elements by simple interpolation. 

189. 

This method differs from the preceding in this respect only, that it satisfies 
two geocentric places exactly, and then the remaining places as nearly as possi- 
ble ; while according to the other method no one observation has the preference 
over the rest, but the errors, as far as it can be done, are distributed among all 
The method of the preceding article, therefore, is only not to be preferred to the 
former when, allowing some part of the errors to the places X, L', it is possible to 
diminish considerably the errors in the remaining places : but yet it is generally 
easy, by a suitable choice of the observations L, L', to provide that this difference 
cannot become very important It will be necessary, of course, to take care that 
such observations are selected for L, II, as not only possess the greatest accuracy, 
but also such that the elements derived from them and the distances are not 
too much affected by small variations in the geocentric places. It will not, there- 
fore, be judicious to select observations distant from each other by a small inter- 
val of time, or those to which correspond nearly opposite or coincident heliocen- 
tric places. 

35 
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ON TI-IE DETEEMWATJQN OF ORBITS, TAKING INTO ACCOUNT THE 
PEKTUKBATIOKS. 



190. 

The perturbations which the motions of plcmets suffer from the influence of 
other planets, are so small and so slow that thej only become sensible after a 
long interval of time ; within a shorter time, or even within one or several entire 
revolutions, according to circumstances, the motion would differ so little from the 
motion exactly described, according to the laws of Kepler, in a perfect ellipse, 
that observations cannot show the difference. As long as this is true, it would 
not be worth while to undertake prematurely the computation of the perturba- 
tions, but it will be sufficient to adapt to the observations what we may call an 
osculating conic section: but, afterwards, when the planet has been accurately 
observed for a longer time, the effect of the perturbations will show itself in such 
a manner, that it will no longer be possible to satisfy exactly all the observations 
by a purely elliptic motion ; then, accordingly, a complete and permanent agree- 
ment cannot be obtained, unless the perturbations are properly connected with 
the elli;;tlc motion. 

Smco the determination of the elliptic elements with which, in order that the 
observations may be exactly represented, the perturbations are to be combined, 
supposes a knowledge of the latter; so, inversely, the theory of the perturbations 
cannot be accurately settled unless the elements are already very nearly known : 
the nature of the case does not admit of this difficult task being accomplished 
with complete success at the first trial : but the perturbations and the elements 
can be brought to the highest degree of perfection only by alternate corrections 
(274) 
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often repeated. Accordingly, the first theory of perturbations will be constructed 
upon those purely elliptical elements which have been approximately adjusted to 
the observations ; a new orbit will afterwards be investigated, which, with the 
addition of these perturbations, may satisfy, as far as practicable, the obscrvar 
tions. If this orbit diifers considerably from the former, a second determination 
of the perturbations will be based upon it, and the corrections will be repeated 
alternately, until observations, elements, and perturbations agree as nearly as 



191. 

Since the development of the theory of perturbations from given elements is 
foreign to our purpose, we will only point out here how an approximate orbit 
can be so corrected, that, joined with given perturbations, it may satisfy, in 
the best manner, the observations. This is accomplished in the most simple 
way by a method analogous to those which we have explained in articles 124, 
165, 188. The numerical values of the perturbations will be computed from the 
equations, for the longitudes in orbit, for the radii voctorcs, and also for the helio- 
centric latitudes, for the times of all the observations which it is proposed to use, 
and which can either be three, or four, or more, according to circumstances : for 
this calculation the materials will be taken from the approximate elhptic ele- 
ments upon which the theory of perturbations has been constructed. Then two 
will be selected from all the observations, for which the distances from the earth 
will be computed from the same approximate elements : these will constitute the 
first hypothesis, the second and third will be formed by changing these distances 
a little. After this, in each of the hypotheses, the heliocentric places and the 
distances from the sun will be determined from two geocentric places; from those, 
after the latitudes tave been freed from the perturbations, will be deduced the 
longitude of the ascending node, the inclination of the orbit, and the longi- 
tudes in orbit. The method of article 110 with some modification is useful in 
this calculation, if it is thought worth while to take account of the secular varia- 
tion of the longitude of the node and of the inclination. If ^, (3', denote the 
heliocentric hiitudes freed from the periodical perturbations; ^, ^', the heliocen- 
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trie longitudes; S, Q-{-J, the longitudes of the ascending node; i;*-j-^, the 
inclinations of the orbit ; the equations can be conveniently given in the follow- 
ing form : — 

tan (3 = tan i sin {X — Q ), 

j^~~^ tan ^' = tan «' sin (r — ^ — a ). 

This value of ^— --^'^gy acquires all the requisite accuracy by substituting a,n 
approximate value for i: i and Q, can afterwards be deduced by the common 
methoda 

Moreover, the sum of the perturbations will be subtracted from the longitudes 
in orbitj and also from the two radii vectores, in order to produce purely elliptical 
values. But here also the effect, which the secular variations of the place of the 
perihelion and of the eccentricity exert upon the longitude in orbit and radius 
vector, and which is to be determined by the differential formulas of Section I. 
of the First Book, is to be combined directly with the periodical perturbations, 
provided the observations are sufficiently distant from each other to make it 
appear worth while to take account of it. The remaining elements will be deter- 
mined from these longitudes in orbit and corrected radii vectores together with 
the corresponding thnes. Finally, from these elements will be computed the 
geocentric places for all the other observations. These being compared with the 
observed places, in the manner we have explained in article 188, that set of 
distances will be deduced, from which will follow the elements satisfying in the 
best possible manner all the remainmg observations. 

192. 

The method explained in the preceding article has been pnncipally adapted 
to the determination of the first orbitj including the perturbations: but as soon 
as the mean elliptic elements, and the equations of the perturbations have both 
become very nearly known, the most accurate determination will be very con- 
veniently made with the aid of as many observations as possible by the method 
of article 187, which will not require particular explanation in this place. Now 
if the number of the best observations is sufficiently great, and a great interval 
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of time is embraced, this method can also be made to answer in several cases for 
the more precise determination of the masses of the disturbing planets, at least 
of the larger planets. Indeed, if the mass of any disturbing planet assumed in 
the calculation of the perturbations does not seem sufficiently determined, besides 
the six unkno^vn quantities depending on the corrections of the elements, yet 
another, fi, will be introduced, putting the ratio of the correct mass to the assumed 
one as 1 -f- /i to 1 ; it will tlien be admissible to suppose the perturbations them- 
selves to be changed in the same ratio, whence, evidently, in each one of the com- 
puted places a new linear term, containing fi, will be produced, the development 
of which will be subject to no difficulty. The comparison of the computed places 
with the observed according to the principles above explained, will furnish, at the' 
same time with the corrections of the elements, also the correction fi. The 
masses of several planets even, which exert very considerable perturbations, can 
be more exactly determined in this manner. There is no doubt but that the mo- 
tions of the new planets, especially Pallas and Juno, which suffer such great per- 
turbations from J upiter, may funaish in this manner after some decades of years, 
a most accurate determination of the mass of Jupiter ; it may even be possible 
perhaps, hereafter, to ascertain, from the perturbations which it exerts upon the 
others, the mass of some one of these new planets. 
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1.' 

The VJllue of t adopted in the Solar Tables of Hansen and Oluesen, (Copen- 
hagen, 1868,) is S66.2563682. Using this and tte value of /i, 

^ 354936' 
from the last edition of Laplace's S^sthm du Mmide, the computation of h is 

log2ii 0.Y981798684 

Compl. logi T.4374022164 

Compl. logv/(l + rt . . . 9.9999903882 

log* ........ . 8.2355814Y20 

/t= 0.01Y20210016. 

11. 

The following method of solving the equation 

M=E—emxE, 
is recommended by Encke, Berliner Astronomisches Jahrhich, 1838. 
Take any approximate value of E, as £, and compute 

M' z=s — e" sin e , 



'' Tht! numbering of the Notes of the Appendix designates tlie artides of the original ivoiii to 
which (hey perlain. 
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e" being used to denote c expressed in seconds, tlien we have 

or 

M— M' ^E — £ — e" (sin E~ sin k) 
— {_ff— £)(1 — ecos£), 
if E — e is regiirded as a small qiiantity of the first order, and quantities of 
the second order are neglected for the present : — so that the correction of e is 

M— M' 

and a new approximate value of e is 

, M—M' 
^ + 1^37^.' 

with which we may proceed in the same manner until the true vahie is obtained. 
It is almost always unnecessary to repeat the calculation of 1 — e cos e. Gener- 
ally, if the first e is not too far from the truth, the first computed value of 
1 — e cos £ may be retained in all the trials. 

This process is identical with that of article 11, for X is nothing more tlian 

TB ~^ sin A" 
if we neglect the moduhis of Briggs's system of logarithms, which would subse- 
quently disappear of itself, and 

__ d\ og {^' sin S) 1 

'* ^ ~rf («" sin .E) ~7^^' 
therefore. 



and 



-=^(*+''"™"— ) = (*-*')^i= 



M— M' 



and the double sign is to be used in such a way that X shall always have the same 
sign as cos E. In the first approximations when the value of e differs so much 
from E that the differences of the logarithms are uncertain, the method of tiiis 
note will be found most convenient. But when it is desired to insure perfect 
agreement to the last decimal place, that of article 11 may be used with 
advantage. 



Hosted by 



Google 



APPENDIX. 

As an illustration, take tlie data of the exam' 
Assume « = 326°, and we find 
log sine 9.74756« 
loge" 4.70415 
log e" sin e 4.45171w 

e" sin £ = — 28295" = — 7° 51' 35" 
M'= e — e" sin e == 333° 51' 35" 
M—M' = — i%Q" 

1 — ecQse ~ J. — eu^. 

= — 1°43'46". 
And for a second approximation, 

6 T= 326° — 1= 43' 46"" 324= 16' 14" 



lein 


article 18. 




log 


cos a 




9.91867 


log 


e 




9..38978 


log 


ecos 


s 


9.S0830 


' 


1 


— e cost =.79662 


log 


(1- 


ecose 


9.90125 


log 


M- 


M' 


S.695t8» 


log 


M— 


M' 


3.79423« 



log sine 9.7663820» 






loge" 4.7041613 






loge" Bint 4.4706333 » 






e" sin « = — 29648".86 = 


— 8°12'28".36 




jr = 332»28'42".36 


log(l — etcosE) 


9.90356 


Jf— J¥' = + 12".41 


\a^{M—U') 


1.09377 


M-M' _ + 16,50 


, M—M' 


1.19021 


ives 

E= 324° 16' 14" - 


h 15".60 = 324° 16'29".60. 





Putting 



18. 

j=i ^ ^ ^ perihelion distance, 
;k = 8.0860864436, 

tan ^v-\-\ tan^ Iv^^iAt^ 

T =:3 g- (3 tan i y ^ tan^ \t 

36 
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a table may be computed from this formula, giving v for values of % as the argu- 
ment, which will readily furnish the true anomaly corresponding to any time 
from the perihelion passage. Table Ha is such a table. It is taken from the 
first volume of Anmles dc VOhservatmre Impiriale de Paris, (Paris, 1855,) and differa 
from that given in Delambre's Astronomy, (Paris, 1814,) VoL III., only in the 
intervals of the argument, the coefficients for interpolation, and the value of k 
with which it was computed. 

The tme anomaly corresponding to any value of the argument is found by 
the formula 

!'^«'o + A(^ — To) + A(t— T(,)^ + (ir — T-o)Mg + ^,(T — ro)^. 

The signs of A.^, \, A^, are placed before the logarithms of these quantities 
in the table. 

Burckhardt's table, Bowditch's Appendix to the third volume of the Mecamque 
Celeste, is similar, except that logT is the argument instead of T. 

Table Ila contains the true anomaly corresponding to the time from peri- 
helion passage in a parabola, the perihelion distance of which is equal to the 
earth's mean distance from the sun, and the mass /t equal to zero. For if we put 
^ ^ 1 , i(i ^= , we have t^=i. 

By substituting the value of k in the equation 

T ^ g— (S tan hv^ tan^ J v) 
it becomes 

T = 27.40389544 (3 tan i i; + tan^ v) 
= 1.096155816 (76 tan i?;-|- 25 tan^ii^; 
and therefore, if we put -^'^0.912279061, 

76 tan iv-\-26 tan^ ^v^=x't 

log k' = 9.9601277069 

Barker's Table, explained in article 19, contains z't for the argument v. 

The Mean d&Uy motion or the quantity M, therefore, of Barker's Table may be 

obtained from table IL, for any value of v, by multiplying the corresponding 

value of t by z'. 

The following examples will serve to illustrate the use of the table. 
Given, the perihelion distance ?— 0.1; the time after perihelion 
d— 6''.590997, to find the true anomaly. 
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Assuming ^ ^ 0, we fmd 

1 = 208.42661 
T, = 200. 
I— 1,= 8.42661 
i.,= 110°24'46".69 
A (t — T.) = + r 14' 42".42 
At(t — t,f = — 2'20".19 
Ait— <:«)' = + *"-V6 

^fc — J«)'' = — 0"-16 

» = 111°37'1S".62 
or 

•!r = 208.42661 
to =210. 
<c— To = —1.67439 

»o=lir60'16".87 
yli(T — T,) = — 12'68".98 
A(t — 1,)' = — 4".36 

A(^—Hf = — 0".03 

^(i — ir„)* = — 0".00 

»=lir37'13".63 
The latter form of calculation is to be preferred because the value of T — % 
is smaUer, and therefore the terms depending on (t — To), {t — To)^, (t — fo)^, are 
smaller, and that depending on (t — To)* is insensible ;. and it is the only form 
of which all the appreciable terms are to be found in the table. 

Beyond T ^= 40000, the limit of the table, we can use the formula, 

!. = 180" — [6.0947259] Q*— [6.87718] (i) — [7.313] (i)*, etc., 

in which the coefficients expressed in arc are given by their logarithms. 
For T ^^ 40000, for example, we have 

V = 180° — 10° 6' 6".87 — 3' 8".41 — 0".44 
= 169°60'44".28 
If V is given, and it is required to find T, we have 

t %„— IT Toj_ (T— Toj. 



Hosted by 



Google 



284 APPENDIX. 

'EoT a firat approximation the terms depending on the square and third power 
of T — To may be neglected, and the value of t — t^ thus found can be corrected 
so as to exactly satisfy the equation. 

If V exceeds 169°, the formula 

T = [1.9149SS6] tan ^ y + [1.437812S] tan^ i v 

may be used instead of the table. 
Thus, for V = 169° 50'4r.28, 



log tan ^f'. .1.0518610 

1.9149336 

925.33 2.9662946 



logtan^^y. .3.1540830 

1.4378123 

39074.67 4.5918953 



This method will often be found more convenient than the table, even where 
V is less than 169°. 



35. 

Table Ya contains Besbel's table here referred to, in a slightly modified 
form; and also a similar table by Posselt, for the coefficients i-' and if' in. the 
formula of article 34, 

io = v-{-8v'-\-6Sv"-\-S^ 'v'" -f etc., 

it is taken from Encke's edition of Olbers Mhandlung uber die IdcUede mid hequemste 
Mdhode die Bahn eims Cometen su lertchnm, (Weimar, 1847). The following 
explanation of its construction and use is taken from the same work, with 
such changes as are needed to adapt it to the notation of the preceding 
articles : — 
If we put 

5- = tan ^ w 
T = tan i V 
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the formulas of article 34 become 






(l + ry 



-r (i + #y " 

The second equation, in which v is expressed in terms of w, is that given by 
Bessel, Monatliche Correspondent. VoL XII., p. 197. He also gives the third coeffi- 
cient of the series, but has computed a table of only the first two. Posselt, in 
the ZeiUchnft fiir Asironomie und verwandte Wissensekaffen, "Vol. V,, p. 161, has given 
the first equation ; he has also given three coefficients of the series, but a table of 
the second only, since Bessel's table will give the first coefficient simply by 
changing the sign. Posselt has changed the sign of the second ooefficient also. 

Instead of the logarithma as given in the tables of Bessel and Posselt, the 
corresponding numbers are given in table Va, and to avoid large numbers, 0.91 
is taken as the unit of d . 

Patting 

tan i ^ = 1 
the table contains 

"" ' "'^206265 



100 (i + p)- -""-"J 


10000(l-|-P)< 

-ftS + AS' + ftP + iWiS'- 


-*?- 


-VftS", 









So that when a: = ti: we have 

And when x = 'e>, 

u>^v~A{WQd) — B'{100df 

It seems unnecessary to recompute the table in order to be certain of the 
accTiracy of the last place, or to extend it further, as its use is limited. For 
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absolute values of d greater than 0.03, and for values of a; considerably greater 
than 90°, the terms here given would not be sufficient. In such cases the 
method of 37 and the following articles should be used. 
Example. — For Halley's comet, 

log d = 8.5099324, and t — 63''.43592, we have 
hy table II^,, iv = 99° 36' 55".91 

and by table y„, ^ = -f- 417.45 1st cor. + 22' 30".G3 

B^-{- 3.U1 2d cor. + 32".57 

?p=99^59'59".ll 
which, rigoronslyj should be 100"; so that S is in this case too great. 
Inversely, we find, for v = 100°, 

v = 10Q^ 0'00".00 
^^-1-426.78 1st cor. — 23' 0".83 

B = -\- 0.297 2d cor. — 3'Ml 

w= 99°36'56".06 
which agrees nearly with the preceding value. The change of the table to the 
present form has been made under the supervision of D'Arrest. 

39. 

"When table IIo is used instead of Barker's table, w is the value of v, which 
corresponds to the argument 



40. 
If we put 



the formulas for computmg the true anomaly and radius vector are 
tan^v^^U^y tan I ^v 
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Table la for the Ellipse contains log-E„ and log_£v for the argument J., to- 
gether with the logarithms of their differences corresponding to a change of a unit 
in the seventh decimal place of the argument. It was computed by Prof. J. S. 
Hubbard, and has been used by him for several years. Since it was in type, a 
similar table, computed fay Mr. A. Maiith, has appeared in the Astronomische Nach- 
jichtm, Vol. XLHL, p. 122. The example of article 43 will furnish an illustra- 
tion of its use. 

Formulas expressing the differentials of the true anomaly and radius vector 
in a very eccentric ellipse, in terms of the differentials of the time of perihelion 
passage, the perihelion distance and the eccentricity may be obtained from the 
equations of this article. 

If we put B = \, C = , we have, article 3 9, 

tan itv -\- I tan^ ^tv ^-^ 

which, by article 20, gives 

dw _ a 
2 COS* iw" 75 

We also have, article 40, 

log tan k J'::^ log tan ^tv — Hog{l — | ^ tan^ i w') -{- log y 
and, therefore, 

dv _ ct,f?\wdw I t?7 . jA d^ 

dv acos'iw ,j 3a* cos= ^w , 

— ■•'-'■' ^ ag 



-■,'!« +i-\ 



1-tA f 
which, by putting 

^— 75tanJ«.(l'— fT) 
<1 + «){1 + !I«) 
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1-fA 
P = 



is reduced to 

^^ — KdT—KLtdq-{- IKMt—N—Op-] de, 

observing that dt^ — dT, if T denotes the time of perihelion passage. 
If we differentiate the equation 



iir = - aq-\ — hrT-^de-\ — j^—. — r dv. 



These formulas are given by Nicolai, {MonatUcke Correspondent;, Vol. XXVH, 
p. 212). The labor of using them is greatly abridged by the fact that K, L, 
M, etc., are computed once for all, and that the quantities needed for this pur- 
pose are those required for computing the true anomaly and radius vector. 

If the ellipse so nearly approaches the parabola that, in the coefficients, we 
may assume 

tan kv = y tan J iv 

2,^1 tan ii, 

the values oi dv and dr assume a much more simple form. In this case we 
should have 

^dn :— ^ ^^"^ '■'"' ^ ^ ^'" i " ^ k ^^"^^^Hj' _ ^JH 

2q%Un^v q^ ^ 






-(l + .)Cl+9.) 
and consequently, 
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This form is given hy Encke [Berliner Astronomisches Jahrhich, 1822, page 184.) 
If we put e = 1 in the coefficient of de it becomes 

^,^ 2^ — ^ — I- tan U. 

If we substitute the value of dv in the expression for dr given above, it 
may be reduced to the form 

dr=^ ^amv d T -{- COBV d q -\- (Jn - ^'"^ -I- tV '>' tan^ iv)de. 

41. 

The time t may be found from table Iltj, by multiplying the value of % cor- 
responding to w by 



45. 

Table la for the hyperbola is similar to that for the ellipse, and contains 
log E^ and log J> for the foi-mulas 

tan \v^^E^y tan k w 
r^E, sec^ h v . 
The differential formulas of article 40, of the Appendix, can be applied to 
the hyperbola also, by changing the sign of A and of 1 — e in the coefB-cients. 

56. 

As the solution here referred to may sometimes be found more convenient 
than the one given in articles 53-57, the formulas sufficient for the use of prac- 
tical computers are given below. 

Using the notation of 50 and the following articles, the expressions for the 
rectangular coordinates referred to the equator are, — 

x^r cos u cos Q — r sin u sin Q cos i 
(1) T/^^rcosusin S cos e -j- »' sin m cos Q, cos i cos e — r sm u sin {sine 
= rcos u sin £3 sin e -|- '' ^i" ^ ^os 9, cos i sin « -|- r sin u sin i cos e. 
37 
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which can be put in the form 

:i: = r sin a sin {A -(- u) 

(2) ^ =^ r sin i sin {B -\- ii) 
s=zr sin c sin (0-\-u) 

or 

a; = r sin « sin j1 cos M -|- r sin a cos ^ sin m 

(3) ^ ^ ?■ sin * sinS cos M -}- r sin b cos -5 sin w 
2 ^:^ r sin £T sin Ccos u-{-rsinc cos Csin u 

equations (3), compared with (1) give 

sin a sin 4 =: cos 9, sin « cos yl — — sin S cos t 

{4} sinisin^^sin Q cose sin 5 cos _B— cos Q cos i cose — sin ? sine 
sin e sin C = sin a sin e sin ^ cos (7 — cos S3 cos i sin e -|- sin / cos e . 
Bj introducing the auxiliary angle ^7 

tan_£^^3 _ant_ 
cosS 
we shall find 

cotan A^ — tan gj cos i 

cotan^ = S^i.^^(^+J)_ 
tan a cos ^ COSE 



sina:=-:-^=- 
smA 

sin 5 = !^?-B-™i ' 



sin a, am b, sin c are always positive, and the quadrants in which A, B, are to 
be taken, can be decided by means of equations (4). 

The following relations between these constants, easily deducible from the 
foregoing, are added, and may be used as checks : 



■m(0-~B) 
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cos a ^^ sin Q, sin { 

cos h = — cos Q, sin i cos e — cos i sin e 

COS c :^ — cos Q, sin i sin e -[" ^''^^ *' cos e 

sin^ a -{- sin^ h ■\- sin^ e = 2 

cos^ a -\- cos^ 5 + cos^ e =: 1 
cos {A — B) = — cotan a cotan b 
cos (-5 — C) = — cotan 5 cotan c 
cos [A — C) ^ — cotan a cotan c. 

58. 

If in the formulas of article 56 of the Appendix, the ecliptic is adopted as 
the fundamental plane, in which case e =: ; and if we put 

71 z= long, of the perihelion 
sin«^^x A^K^ — (n: — Q) 
sin 5 ^ ^^ S = K^~(7t~a) 
sinc^^, C—K, — {7r—Q) 
we shall have 

k^ sin (_ff; — (jt — . Si )) = cos £2 
k^ cos (^ — (ti — S3 )) ^ — sin S3 cos i 
^jSiu^^cos S3 cos(7i: — S3) — sin S3 sin(n: — S3)cos« 
kj^cos K'^:= — [cos S3 sin ( TV — £3) -j-sin S3 cos(n: — S3)cosr[ 
which can easily be reduced to the form, 

^j, sin K^ := cos^ i i cos Ji -|- sin^ i i cos (re — 2 S3 ) 
k^ cos -S^ ^^^ — [cos^ ^ J sin JT -|- sin^ ^ {sin [n — 2 S3 )] 
and in like manner we should find 

^y sin _S^ ^ cos^ h i sin n — sin^ limi{it — -2 S3 ) 

Jsy cos Ky = cos^ i i cos n — sin^ h i cos (re — 2 S3 ) 

k^ sin K^ = sin i sin (re — S3 ) 

ki cos _ff^ = sin I sin (re — S3 ) 
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If these values are substituted in the gencval expression for coordinates, 

ah cos cp cos K^viE-^ah sin^(cos_£^ — e) 
and if we put 

a cos (f=:zl) 

a cos^ ^ i cos 7t [l -h tan^ k t- "''^^^^] = ^ 

■^/icos^ k /sinjT [l +tan^ i ^ !!?i(!^=^J] =B 

a cos' J 2 sin si [l — tan^ | * ™-^=M) j _ ^' 

I cos^ h i cos TT [l — tati^ k i ''"'^""J^ "] ^ -S' 
a sin i sin (jt — fi ) ^ -4" 

^ sin »'C0S (re £^) :rr:_B" 

the coordinates will be 

x=^A (cosE — e)-j-_e sinE — ^ (1 — esocE)4-5 sin B 
^ = A' (cosE— e)-i-_B'smE = iL' (1 — esecB)+5' sin E 
2 ^ ^" (cos E — e) 4- ^' sin E = ^" (1 — fi sec E) + B" sin E. 

If the equator is adopted as the fundamental plane instead of the ecliptic, 
the same formulas may be used, if S , 7t , and i are referred to the equator by 
the method of artiele 55. Thus, if S^ denote the I'Ight ascension of the node 
on the equator, for S, n, and i, we must use 9.^, S^ + (^~^) — -^ > ^""^ ' 
respectively. 

This form has been given to the computation of coordinates by Prof. Peirce, 
and is designed to be used with Zech's Tables of AddUion and Subtraction Logarithms.^ 
Example. — The data of the example of articles 56 and 58, furnish 
S = 158°30'50".43, 7tz^l22°12'2S".55, ;=ir43'52".89 when the equator 
is adopted as the fundamental plane ; and also log b = 0.4288533. 
Whence we find 
bgcos(7r — 2S) 9.9853041 w log sin (jt — 2 S) 9.4079143 ■ 

log sec ;i 0.2732948 n log cosec tt 0.0725618 

log tan' J «■ 8.023 4332 logtanH* 8.0234332 

logc 8.2820321 logc' "775039093 
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oM. log - 


0.0082S54 


G. sub. log - 


9.9916062 


log cos n 


9.726Y062» 


log cos 31 


9.7267062 


log cos^ i i 


9.9954404 


log cos^ ^ i 


9.9954404 


logo 


0.4423790 


log* 


0.4288633 


log 4 


0.1727600 » 


log-B- 


0.11260411 


add. log - 


0.0013836 


0. sub. log -, 


9.9986120 


log sin n 


9.9274382 


log sin 71 


0:9274382 


log cos^ i i 


9.9954404 


log cos^ ^ i 


9.9964404 


logs 


0.4288633 


log a 


0.4423700 


logs 


0.3531155 ti 


log A' 


0.3638696 



This method may also be i 
of article 57. Thus: — 



. to compute k and IC for the general formula 



add. log - 






0.0082354 


G. sui. log - 




9.9916062 


log cos ;c 






9.72670521! 


log cos IE 




9.7267052 1> 


log cos^ t i 






9.9964404 


log cos^ h i 




9.9954404 


logJe^siaE^ 






9.7303810 n 


log l€,j COS Ky 




9.7137608 « 


add. log - 






0.0013836 


G. swS. log - 




0.9986120 


log sin 3t . 






9.9274382 


log sin IT 




9.9274382 


log cos^ i i 






9.9954404 , 


log cos^ i 1 . 




9.9964404 


log k^ cos K^ 






9.924262211 


log k^ sin Ky 




9.9214906 


log tan .s:; 






9.8061188 


log tan Ky 




0.20773981! 


log cos K^ 






9.925469811 


log sin K^ 




9.9294068 




log 


*.= 


= 9.9987924 




logi-,= 


: 9.9920848 


K 


.= 


212' 


' 36' 66".l 


Ky^Vil'irW, 


".1 



It will not be necessary to extend the example to the final expressions for 
x,y,s,sJi illustrations of similar applications of the Addition and Subtraction 
Logarithms are given in the directions accompanying Zech's Tables. 
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59. 

If r, b, and I denote the radius vector, the heliocentric latitude and longitude 
of any planet, the rectangular coordinates referred to three axes, — of which 
that of X is directed towards the vernal equinox, that of s, parallel to the earth's 
axis, and that of j/, 90" of right ascension in advance of x, — will be as in case II. 

x^ rcosh coal 

y^r cos 1} sin I cos £ — r sin J sin i 

z^r cos h sin e sin l-\- r sin i cos e 
and by putting 




they assume the following forms convenient for computation : 

x = r cos u 

y = r sinMcos(d -f-e) 

8 = rsmus'm(6 +«)■ 



74. 

The following are the solutions and examples from the J 
denz referred to in this article, adopting the notation of article 74, and using L 
to denote the longitude of the Sun. 

Given, S, i', A l,i, R, to find m, r, J, and the auxiliary angles^, B, 0, etc. 
I. 
1. 

2. 

3. 

4. 





-=t!ini 


^Sf^=-» 


>m(i'-()lan.' 

co.(i'— a) 


= bmB 


^i^i^^=^-'- 


sm(i'-a)toni 


'=tan(7 


»„c.tari'-a) _t^^„ 


>in(i'-Ot>nr 


»n(0+i'-8)»>i 


coi(X'— a)t«n! 


= tan i) 


m2)i»(i'-8)cos(i'-;) 


co3(i' — Otani 


.in(I> + i'-Ocos.- '""" 
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The angle u is to be taken between 0° and 180° when i is positivej and be- 
tween 180° and 360" when h is negative. When i =: 0°, the body is in one of the 
nodes of its orbit, in the ascending node when sin{Z' — /) and sin {I — S) have 
the same sign ; and in the descending node when they have opposite signs. 

It is immaterial in which of the two quadrants that give the same tangent, 
the auxiliary angles A,By C, etc., are taken. In the following examples they 
are always taken between -j- 90° and ■ — 90". 

II. 



5. 


tan & i T 


.in_B,in(i'-8) r 


.m(/_S) *^"^ 


-«„(i-iS).in. S 


g 


tan i sin {I — £i ) ^ tan # 


COsJ'sin(i' — S)ain5 r 




sm(^-S).in.co,.- S 


7. 


cos i tan u ^^ tan €r 




8 


'"<'-8)-tonS 


tmJI,m(7J—l) r 




8m(ir— M)sin(i — S3) £ 


9. 


tan 6 , J. 


sin /cos {i' — a) r 


.in,-co,((-ffi)*™-' 


.in(«-i) M 


10 


sin a cos (^ — Q) tan u = tan X 


cosii-si„S<»,(i'-8) r 




sm(-ff— 6)cosM -ffi 




,i„0,m(L^l) _ 


sill L r 




„»(0+i'-_i)a„(i'-.a)«,( '»°^ 


sin(.--i)cos(i'-8) ii! 


ID 


£^m^i^ = --^ 


sinjf r 




,m(.-ilf)co! (i'-a) ii 




III. 




13 


r,m,.mi 






siui ■^ 




14. 


,i„(.-^)sinS —«n{i-J! 


n(i'-a)sini_ 
™(i-a)cosS— ^ 


15. 


RcmFBm(L' — Q)1ani SdnFdn 


(i'-8)«"((-8) ^ 

sin (!■— S) — ■■' 


,i„(r-b) 



Other expressions for J may be obtained by combining 13 with all the 
fonnulas II. 

Examples : — 

Given, S^80''59'12".07, i:'==28ri'3r.99, ^=53°23'2".46,j'^10°8r9",55, 
7; ^ __ 3= 6' 33".561, log R= 9.9926158. 
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log tan b 
log cos (i' — S ) 
Clog sin (Z' — J) 



8.V34: 
9.9728762 » 
0.131S827» 



log sin A 
log tan {L' - 
Clog sin {A -f- 



8.8381965 n 

9.6620014 

0.9360608 



log tan J. 


8.88922871! 


log tan u 




9.33526771! 


A = — 


3'67'2".136 


11 = — 


• 12- 12' 37".942 


A + i = 


6° 40' 7".414 








log sin (Z' — 


2 
■ !) 9.8686173» 


log cos i? 




9.9953277 


log tan i 


9.2729872 


log sin b 




8.7343300 ij 


€. log cos {L 


—8) 0.0271238 a 


log tan (X' ' 


--8) 


9.6620014 


log tan .B 


9.1687283 


C log sin (Z 


! + i) 


1.0360961 


B = 


= 8°23'21".88S 


Clog COS! 




0.0075025 


B + h = 


= 6°16'48".327 


log tan u 




9.3362677)! 


log sin (i' — 


■a] 9.53487761! 


log sin C 




9.124358311 


log tan b 


8.734969811 


log sin (X' - 


-a) 


9.53487761! 


a. log sin [L' ■ 


— I) 0.1313827)1 


C.logsin((7+X'— 


■ 8)0.6686194 11 


Clog tan ( 


0.7270128 


0. log cos ) 




0.0075026 


log tan 


9.1282429 n 


log tan If 




9.33625781! 


= 


— 7" 39' 7".068 








0+M—ii = 


192° 23' 16".864 








log cos (X' — 


4 
-a) 9.9728762 n 


log sin D 




9.6736295n 


log tan 5 


8.7349698)1 


log tan (X'- 


-a) 


9.6620014 


<7.1ogcos(X' 


— I) 0.1714973)1 


log cos (X' - 


-I) 


9.828602711 


C. log tan i 


0.7270128 


C.logsin(X> + X'- 


-I) 0.363721711 



X = — 21-69' 61".182 
— 1= 206"38'41".348 



Clog cos 1 0.0075026 

log tan IJ 9.3362678 ii 
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2 


log tan S 8.7349698 b 


b . 


log sin ja 


9.0661081 


log sin (!—a) 9.6668973 n 




logsin{Z' — a) 


9.6348776 m 


log tan* 9.0690725 




ClogBin{! — J?) 


1.1637907 


Ji'=6Ml'12".412 




C. log sin w 


0.6746802 » 


! — .E'=3"56'67".138 




i°es 


0.4394566 






logi-=logB+log^ = 


= 0.4320724 


log tan ; 9.2729872 


6», 


log COS F 


9.9983674 


log sin (i— a) 9.6858973 » 




log sin /; 


8.73433001. 


log tan J- 8.93888461! 




log sin (i' — a) 


9.6348776 ii 


_P=— 4°67'B3".966 




C.logsin(l'— J) 


1.4896990 n 


J?— S = — r6r20".394 




0. log sin M 


0.6746802 « 






C. log cos i 
logs 


0.00760251! 




0.4394667 



log COS! 9.9924975 

log tan 11 9.336267711 

log tan C 9.3277652 Ii 

(7 = — 12° 0'27".118 

I- 



log cos ff 9.9903922 

logsin(// — 9.8686173 n 

O.logsmQ—a—G) O.57O6092« 
a log cos II 0.0099379 



-a— ff = — 16°36'42".492 


'"BS 


0.4394666 


i 
Iogtan(i— 8) 9.71837441! 


i°. 

log sin H 


9.6717672 1! 


logcosi 9.9924975 


log sin (.Z/' — I) 


9.86861731! 


log bm n 9.7258769 ii 


e.logsin(,ff— ») 


0.66496961! 


//=— 28° 0'39".879 


C.log,sin(? — a) 


0.3341027 » 


B"— I. =—15° 48' ]".937 


log J 


0.4394567 


38 
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9°. 

log sin 7 




9.4991749 a 


Clog sin i 0.7345163 


logsin(Z'- 


-8) 


9.972876211 


C log cos (i— a) 0.0642771 


0. log sin {w — 


-I) 


0.9674064 


log tan 7 9.5237622 » 


I'^si 




0.4394665 


J= — 18-23' 56".384 








a — /= 6°iri7".392 


10°. 






log sin! 9.2664847 


log cos K 




9.9997290 


logoos{<— 8) 9.9476229 


log sin 1) 




87348300 » 


log tan » 9.3362677 » 


log cos {U - 


-a) 


9.9728762 n 


logtan.r 8.5482663» 


0. log sin {K- 


-b) 


1.7226836 


.r= — 2°1'26".344 


0. log cos u 




0.0099379 


K-^b= rS' 7".217 


11°. 




0.4394567 


C+£' — Z = 


= 219°69'25".474 






log sin t? 9.1243683 b 


log sin L 




9.6279439 n 


logsin(i;'— 9.8686173» 


Clog sin (if — 


L) 


0.8843888 


C.logco3{C+i'— i) 0.1166860 » 


Clog cos (7'- 


-8) 


0.027123811 


(7.log tan (i'— a) 0.4379986 


l°8i 




0.4394565 


Clog COS! 0.0076026 








log tan £ 9.6641617 » 








i = — 19".42'32".533 








» — £= 7°29'54".591 








12°. 




13°. 




Xl+Z'— £2= 178° 2' Sl".738 


logr 




0.4320724 


log sin D 9.6735296 » 


log sin u 




9.3263198 « 


log cos (i' — 8) 9.9728762 n 


log sin i 




9.2664847 


(7.1ogcos(Z<-|-Z'— a) 0.0002.53611 


Clog sin 5 




, 1.2656700 « 


Clogcos! 0.0076026 


log J 




0.2886469 


logtan j¥"(=i) 9.5541618« 
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76. 

If ill the equations of article 60, 

X — X=^ A cos^ cos a 
y — Z^i^cosd sin« 
^ — Z^= A i\\\.8 
a denoting the right ascension, and 8 the declination, we suppose X.,Y,Z known, 
we have 

dx^^ cos a (io&8 dA — A sax a. cosd da — A cos cc sin*!"!^*!' 
d ?/ =^smcc cos 3 dA -\-A cos cc cos d da — ^ sin « sin d dd 
d3-=. sin 6 dA -^A cos 6 dd. 

Multiply the "first of these by sina, and subtract from it the second multiplied by 
cos a , and we find 

A cos S da = — dx sin « -\- dy sin a . 
Multiply the first by cos a and add to it the second muUiplIcd by sino;, and 
we find 

dx cosa -\-dy 8ma = cobS d A — A sind dd. 

Multiply this equation by — sint? and add it to the third of the differential equa- 
tions above multiplied by cos d and we find 

— (7a; cos « siniJ — d^sina sm(^-[- ds cosi^ ^Add 
and, therefore, 

cos d da z^ — dx -\ — ~r- dy 

7 [. COS « sin 5 , sin a sin S , . cos fi , 

d3 = d:e -j—dy^^^dz. 

Froin the formulas of article 56 of the Appendix are obtained 
dx X dy y dz z 



<7a ^^ *' '■''^^■•^•^ (-^ "h ") ' ^"^ — ^ cotan {B-\-u), 7^ = ^ cotan ( C-\- u) 
-^ = xsni.ucosa, -J^.^^r miuco^b, ^^::r sinzfcos e, 
and the partial differentials 
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whence 

dx^=--dr -(-3;c(Jtan [A -\-u) d v ~\~ x coiixa [A-\-u)d7f 

— [x cotan(j4-(-M)-(-^ cose -\-s&mii'\dQ, -|- r sin m cos « di 
dy = ^-dr -|- y cotan (5 -f- m) dv-\-yiio%w\. {B-\-u)d'Jt 

— \_y cotan (5 -\-ii) — x cos i\ d ^ ■-\- r ^\n u cos b di 
ds^-dr — 2 cotan ( C -[- 1() dv -\- s cotan {C-\-ii)d7i 

— [s cotan ( G-\- u) — x sin e^ d Si --\- r sin u cos e c?{. 

These formulas, as well as those of 56 may be found in a small treatise 
TIeier die Differ&rAmlformdn fur OometeiirBaJmen, etc., by G. D. E. Weyeii, (Berlin, 
1852). They are from Bessel's Ahhandlimg ilber den Olbers'schen Gomden. 

90. 

Gauss, in the BerUmr Mtronomisches Jahrhich for 1814, p. 256, has given an- 
other inethod of computing % , and also ^ of a,rticle 100. It is as follows : — 
We have 






^x-^x^ 



This fraction, by substituting for X the series of article 90, is readily trans- 
formed into 

t 8 „/, , 2.8 , 3.8.10 „ , 4.8.10.12 , , 5.8.10.12.14 , , , \ 

^^i05^(i + -r^+-i>7ir^+^7[rn-3--^+-9.n.i3.i5--^+«*'^-) 

Therefore, if we put 

4 = l + ^,^.. + ^V + etc, 
we shall have 



xX^ 


iX+JJL = ,i 


X= 




i = 


A-^j^a-jit) 


l-«r^="' 



by means of wliich 5 can always be found easily and accurately. 
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For 'C,, article 100, it is only necessary to write s in place of ^ in the pre- 
ceding formulas. 

A may be computed more conveniently by the following formula: — 



142. 

Prof. Encke, on the 13th of January, 1848, read a paper before the Royal 
Academy of Sciences at Berlin, entitled Ueber den Aimmhmefall dner doppettm 
Bahnbestimmmg mis dmselbm drd geocentrisehm Oeriem, in which he entered into a 
full discussion of the origin of the ambiguous case here mentioned, and the 
manner in which it is to be explained. The following paragraphs, containing 
useful instructions to the practical computer, embody the results of his in- 
vestigation : — 

By putting 

Equation IV., 141, becomes, for / > -S' 

m sin^ z = sin {s — q) 
andfor/<ir 

m sin* s i;^ sin (s 4" ?) 
m is always positive. 

The number and the limits of the roots of this equation may be found by 
examining both forms. 

Take the first form, and consider the curves, the equations of which are 

y ^ m sin* e, ij' ^= sin (2 — 5-) 

y and y being ordinates, and s abscissas. 
The first differential coefficients are 



= im sin^ z cos z, ■/- ■= cos (« ■— q), 
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There will, therefore^ be a contact of the ciirvcs ■when we have 

mi sin* 3 ^=^ sin [s — q) 
and 

4 m sin^ s cos s ^^ cos {s - — q) 
or when 

4 sin [s — q) cos z = cos (z — q) sin 8 

which may be more simply written 

sin (2 « — q) = ^ sin q. 

"When the value of ^ deduced from tfiis equation satisfies 

m sin* = sin (^ — j) 

then there is a contact of the curves, or the equation has two equal roots. These 

equal roots constitute the limits of possibility of intersection of the curves, oi' the 

limits of the real roots of the equation. 

For the delineation of both curves it is only necessary to regard values of 
g — q between 0° and 180°, since for values between 180° and 360° the solution 
is impossible ; and beyond 360° these periods are repeated. 
The curve 

^' = sin (s — q) 

is the simple sine-curve, always on the positive side of y, and concave to the axis of 
abscissas, and has a maximum for 

s — q= 90°. 
The curve 

^ = sin* s 

is of the fourth order, and since it gives 

^ =: 4msin^gcos« ^^ m sin 2 3 — hm&mis 

—f :^ 12 m sin^ s cos^ s — 4: in sin* s 

z= im sin^ 2 (1 ^ 2 cos 2 g:) = 2m (cos 2 3 — cos 4 s) 
■T-| ^ — 4 m (sin 2 g — 2 sin 4 2) 
__| :=^ — 8 m (cos 2 3 — 4 cos 4 ^) 

it has a maximum for 

^ 90° 
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and a point of contrary flexure foe 

s = 60°, and s = 120°. 

rrom g=0° to ^=60% it is convex to the axis of abscissas, from 60° to 
120° it is concave, and convex from 120° to 180°. 
For osculation, the three equations, 

m sin* 2 irz sin (3 — q) 
4 m sin® s cos s = cos (s — q) 
4wsin23(l+2cos2«)=— sin(2 — y) 
must coexist, or 

msin*0^^sin [s — q) 
sin(2^ — q)=i^sn\q 
cos 2 g ^^ — I . 
In this case we should have 

sin (2 2 — ?)=^ 5 '^°s^-{--| mnq, 
consequently, 

tan J = f 
and 

sin q^^, 
or 

gz=45° + ^sin-^|. 

From these considerations we infer that for the equation 
m sin* 3 = sin (s — q) 
or even when it is in the form 

m^sin*^ — 2 m cos ^ sin^ « -j- sin^ « — sin^^^^O 

of the eighth degree, there can only be four real roots ; because, in the whole 
period from s — q^O'to s — ^ = 360°,only four intersections of the two curves 
are possible on the positive side of the axis of ordinates. 

Of these, three are between 0^0° and 2^=180°, and one between 180° 
and 180° -}- j; or, inversely, one between 0° and 180°, and three between 180° 
and 180° -j-j'; consequently, there are three positive and one negative roots, or 
three negative and one positive roots for sin z. 
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Contact of the curves can exist only when for a given value of a, 

/ = lq-\-^ sin-^ |- sin q 
and 



If the contact of the curve of the fourth, order with the sine-cm-ve is with- 
out the latter, then will m' constitute the upper limit, — for m greater than this 
values of the roots will be impossible. There would then remain only one positive 
and one negative root. 

If the contact is within the sine-curve, then will the corresponding iif con- 
stitute the lower limit, and for m less than this, the roots again would be re- 
duced to two, one positive and one negative. 

If q is taken negative, or if we adopt the form 

m sin* 2 ^^ sin {s -j- q) 
180° — z must be substituted for z. 
The equation 

•(}■? sin^ s — 2 )H cos ^ sin^ e -j- sin^ s. — sin^ q=i^ 
shows, moreover, according tfl the rule of Descartes,, that, of the four real 
roots three can be positive only when q, without regard to sign is less than 
90°, because m is always regarded as positive. For q greater than 90°, there is 
always only one real positive root Now since one real root must always cor- 
respond to the orbit of the Earth, that is, to / — TT; and since smcT, in the 
equation, article 141, — 

is always positive, so that it can be satisfied by none but positive values 
of 3 ; an orbit can correspond to the observations only when three real roots are 
■ positive, or when q without regard to its sign is less than 90°. These limits are 
still more narrowly confined, because, also, there can be four real roots only 
when m lies between m' and m", and when we have 

I sin ^ < 1, or sin ? < |, ^ < 36° 52' 1 1".64 

in order that a real value of s' may be possible. 
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Then the following are the conditions upon which it is possible to find a 
planet's orbit different from that of the earthj which shall satisfy three complete 
observations. 

First. The equation 

m sin* s = sin [s -j- q) 

must have four real roots. The conditions necessary for this are, that wc must 
have, without regard to sign, 

sin q<C-i 
and m must lie between the limits m' and in". 

Second. Of these four real roots tlaree must be positive and one negative. 
For this it is necessary that cos q should remain positive for all four of those 
values for which 

sin J <; =1= I , 

the two in the second and tliird quadrants are excluded, and only values between 
— 36° 52' and -J- 36° 52' are to be retained. 

If both these conditions are satisfied, of the three real positive roots, one must 
always correspond to the Earth's orbit, and consequently will not satisfy the 
problem. And generally there will be no doubt which of the other two will 
give a solution of the problem. And since by the meaning of the symbols, arti- 
cles 139, 140, we have 

R' ~ ),' ~ / 

not only must 3 and &' bo always leas than 180", but, also, sin(i>' — s) must be 
positive, or we must have 

If, therefore, we arrange the three real positive roots in the order ot their 
absolute magnitudes, there may be three distinct cases. Either the smallest root 
approaches most nearly the value of d', and corresponds, therefore, to the Eartli's 
orbit, in which case the problem is impossible ; because the condition S' ^s can 
never be fulfilled. Or the middle root coincides with d', then will the problem 
be solved only by the smallest root. Or, finally, the greatest of the three roots 
differs least from tl". in which case the choice must lie between the two smaher 
39 
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roots. Each of these will give a planetary orbit, because each one fulfils all 
the conditions, and it will remain to be determined, from observations other than 
the three given ones, which is the true solution. 

As the value of m must lie between the two limits m' and m", so also must 
all four of the roots lie between those roots as limits which correspond to m' and 
m". In Table TV a. are found, therefore, for the argument q from degree to degree, 
the roots corresponding to the limits, arranged according to their magnitude, and 
distbiguiahed by the symbols ^, 2°, 2™, £". For every value of m which gives a 
possible solution, these roots will lie within the quantities given both for m and 
■m", and we shall be enabled in this manner, if S' is found, to discern at the first 
glance, whether or not, for a given m and q, the paradoxical case of a double orbit 
can occur. It must, to be sure, be considered that, strictly speaking, 9' would 
only agree exactly with one of the s's, when the corrections oi P and Q belong- 
ing to the earth's orbit had been employed, and, therefore, a certain diiference 
even beybnd the extremest limit might be allowed, if the intervals of time should 
be very great. 

The root ^, for which sins is negative, always falls out, and is only intro- 
duced here for the sake of completeness. Both parts of this table might have 
been blended in one with the proviso of putting in the place of z its supplement ; 
for the sake of more rapid inspection, however, the two forms sin (2 — q) and 
sin (s -|- q) have been separated, so that q is always regarded aB positive in the 
table. 

To explain the use of Table IVa. two caaes' are added ; one, the example of Ceres 
in this Appendix, and the other, the exceptional case that occurred to Dr. Gould, 
in his computation of the orbit of the fifth comet of the year 1847, an account of 
which is given in his Astronomical Journal, Vol. T., No. 19. 

L In our example of Ceres, the final equation in the first hypothesis is 

[0.9112987] sin* 2 = sin (s — 7" 49' 2".0) 
and 

«^'^24°19'53".34 

the factor in brackets being the logarithm. By the table, the numerical factor 
lies between m and m'\ and this 8' answers to z", concerning which there can be 
no hesitation, since s" must he between 10° 27' and 87° 34'. Accordingly, we 
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have only to clioose for the r} wliicli occurs in tliig case, and which, as we per- 
ceive, is to be sought between 7° 50' and 10° 27'. 

The root is in fact 

2- = T 59' 30".3, 
and the remaining roots, 

0" = 20 24 3 

z" :^ 148 2 35 
■ g"^ 187 40 9 
are all found within the limits of the table. 

2. In the case of the fifth comet of 1847, Dr. Gould derived from bis first 
hypothesis the equation 

[9.7021264] sin*s = sin (a + 32" 53' 28".5). 
He had also 

8' = 133° 0' 31". 

Then we have sin g ■< |, and the inspection of the table shows that the factor 
in the parenthesis lies between m' and m" ; therefore, there will be four real roots, 
of which three will be positive. The given d' approximates here most nearly to 
2'", about which, at any rate, there can be no doubt. 

Consequently, the paradoxical case of the determination of a double orbit 
occurs here, and the two possible values of s will lie between 



1 








88° 


29' - 


- 106° ! 


W 










106 


69 - 


-131 


7 


In 


fact, the 


four roots 


are 


















2' = 


= 95° 


SI' 43' 


'.6 










3» = 


= 117 


31 18 


.1 










2« = 


= 187 


38 16 


.7 










s" = 


= 329 


68 36 


.6. 



By a small decrease of m without changing q, or by a small decrease of q 
without changing m, a point of osculation will be obtained corresponding to 
nearly a mean between the second and third roots ; and on the contrary, by a 
small increase of m without changing q, or a small increase of g without changing 
m, a point of osculation is obtained corresponding to nearly a mean between the 
first and second roots. 
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Wii have, therefore, the choice between the two orbits. The root used by Dr. 
GoTUD was 3°, which gave him an ellipse of very short period. The other obser- 
vations showed him that this was not the real orbit M. D'Arrest was involved in 
a similar difficulty with the same comet, and arrived also at an ellipse. An ellipse 
of eight;yK)ne years resulted from the nse of the other root. 

" Finally, both forms of the table show that the exccptioniil case can never 
occnr when d' < 63° 26'. 

" It will also seldom occur when if < 90°. For then it can only taka place 
with the first fomi sin (2 — §■), and since here for all values of g either the limits 
are very narrow, or one of the limits approximates very nearly to 90", so it will 
be perceived that the case where there are two possible roots for 5^ <; 90° wUI 
very seldom happen. For the smaller planets, therefore, which for the most part 
are discovered near opposition, there is rarely occasion to look at the table. For 
the comets we shall have more frequently d' > 90° ; stillj even here, on account 
of the proximity to the sun,<f > 150° can, for the most part, be excluded. Con- 
sequently, it will be necessary, in order that the exceptional case should occur, 
that we should have in general, the combination of the conditions d' > 90° and 
q between 0° and 32° m the form sin {s — g), or between 22° and 36° 52' in the 
form sin (s- -|- ^)" 



Pi'ofe,ssor Peirce has communicated to the American Academy several methods 
of exhibiting the geometrical construction of this celebrated equation, and of 
others which, like tliis, involve two parameters, some of which are novel and 
curious. In order to explain them, let us resmne the fundamental equation, 

771 sin* s ^= sin (s^ — q). 
1. The first method of representation is by logaritlimic curves ; the logarithm 
of the given equation is 

log m -\~ 4l log sin s ^ log sin (s — q). 
If we construct the curve 

^ ^1 4l log sin 2, 



Hosted by 



Google 



find also the same curve on another scale, in which ^ is roclnced to one fourth of 

its value, so that 

y = log sin iS, 

it is plain that if the second curve is removed parallel to itself by a distance equal 

to q in the direction of the axis of s, and by a distance equal to — logm in the 

direction of the axis of y, the value of s on the first curve where the two curves 

intersect each other will be a root of the given equation ; for, since the point of 

intersection is on the first curve, its coordinates satisfy the equation, 

J/ ^= 4 log sin 0, 

and because it is on the second curve its coordinates satisfy the equation, 

7/ -|- log m ^^ log sin [s — q); 

and by eliminating // from tliese two equations we return to the original equation, 

msia^s = sin (s — q). 

A diagram constructed on this principle is illustrated by figure 5, and it win 
be readily seen how, by moving one curve upon the other, according to the 
changeable values of g and m, the points of intersection will be exhibited, an(i also 
the limits at which they become points of osculation. 

On this and all the succeeding diagrams, we may remark, once for all, that 
two cases are shown, one of which is the preceding example of the planet Ceres, 
in w-hich the four roots of the equation will correspond in all the figures to the 
four points _of intersection D, IX, D", D'", and the other of which is the very 
remarkable case that occurred to Dr. Gould, approaching the two limits of 
the osculation of the second order, the details of which are given in No. 19 of his 
Adrmmimeol Journal, and the points of which are marked on all our diagrams 

G, G\ a", a'". 

2. The second method of representation is by a fixed curve and straight line, 
as follows. 

{a.) The fundamental equation, developed in its second luember, and divided 
by m cos s, assumes the form 

— ._ —_ _ — I ^tans — tan q) 
By putting 

X = tan s,b = tan q, a =: ^^ 
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the roots of the equation will correspond to the points of intersection of thi,-* 
curve 



with the straight line 

y = ffl (a: — h). [Figs. 6 and 6'.] 

It wUl be perceived that the curve line, in this as in oil the following cases 
under this form, is not affected by any change in the values of in and q, and that 
the position of the straight line is determined by its cutting the axis of x at 
the distance tan q from the origin, and the axis of y at the distance — ^^^ 
from the origin. The tangent of its inclination to the axis is obviously equal to 
— -, which may in some cases answer more conveniently for determining its 
position than its intersection with the axis of ^. 

{h.) The development of the fundamental equation divided by msais, is 

sin^s: = — i- (cotan J — cotan^) ; 
and by putting 

X =: cotan^ 
h ==. cotang- 

the roots of the equation correspond to the intersection of the curve 

with the straight line 

?J = a{b-.x). [Kg. 7.] 

The position of the straight line is determined by its cutting the axis of :c at a 
distance equal to cotan q from the origin, and the axis of y at a distance equal to ^^^ 
from the origin. This form of construction is identical with that given by M. 
Binet in the Journal de VEeoh Poly technique, 20 Cahier, Tome XIII. p. 285. His 
method of fixing the position of the straight line is not strictly accurate. This 
mode of representation is not surpassed by either of the others under this form. 

{c.) The fourth root of the fundamenta! equation developed, and divided by 
cos {s — q), assumes the form 

^mcosq (tan (s — q) -\- tan q) = ^.-^^^U, 
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By putting 

a: = tan {n — q) 
b = tajiq 
a =: \/ in COS q 
the roots of the equation correspond to the intersection of the curve 

with the straight line 

y = a{x-i^h). [Kg. 8.] 

The straight line cuts the axis of a; at a distance equal to — tan y, and the axis 
of ^ at a distance equal to if m sin q, from the origin. 

id,) The development of the fourth root of the fundamental equation divided 
by sin {z — q) is, 

ij m sin g (cotan (s — ?) -h cotan q) = cosec (2 — g). 
By putting 

a; = cotan (s — q) 
1> =1^ cotan q 
ffl = if m sin §• 
the roots of the equation correspond to the intersection of the curve 

S = (l + -J?f 
with the straight line 

p = a{x-\-J)), [Figs. 9 and 9'.] 
The straight line cuts the axis of 3: at a distance equal to — cotan q, and the 
axis of ^ at a distance equal \o ^ m cos q, from the origin. 

(e.) IVom the reciprocal of the fundamental equation multiplied by m, its 
roots may be seen to correspond to the intersection of the curve 

r ^= cosec* s 
with the straight line 

r = m cosec {s — q). [Figs. 10 and iO'.] 
Both these equations are referred to polar coordinates, of which r is the radius 
vector, 3 the angle which the radius vector makes with the polar axis, m the dis- 
tance of the straight line from the origin, and q the incluiation of the line to the 
polar axis. 
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with the strfiiehfc line 



(/). IFroni the reciprocal of the fourth root of the fmidanieiitol equation^ its 
roots may be seen to correspond to the intersection of the curve 
r = cosec^ q> 

r^=^- cosec (cp -|- j), 
in which 

^ = ,-g. [Kg. 11.] 

Both these equations are referred to polar coordinates, of which (p is the 
angle which the radius vector r makes with the polar axis, ^ - the distance of the 
straight Hue from the origin, and q the inclination of the line to the polar axis. 

3. The third method of representation is by a curve and a circle. 

(a.) The roots of the fundamental equation correspond to the intersection 
of the curve 

r ^i^ sin* s 
with tlie circle 

r^^sin(0 — 4 [Fig. 12.]. 

Both these equations are referred t« polar coordinates, of which r is the radius 
vector, 2 the angle which the radius vector makes with the polar axis, - the 
radius of the circle which passes through the origin, and 90° -\- g is the angle 
which the diameter drawn to the origin makes with the polar axis. 

{!>.) From the fourth root of the fundamental equation it appears that its 
roots correspond to the intersection of the equation 

r=^ ^ sin (f 
with the circle 

'■ = <' '««»(? + ?) [Kg. 13], 
in which f ^^ (s — j) is the inclination of tlie radius vector to the polar axis, 
^m is the diameter of the circle which passes through the origin, and 90° — g 
is the inclination of the diameter drawn through the origin of the polar axis. 

In these last two delineations the curve I K I' K' I" incloses a space, within 
which the centre of the circle must be contained, in order that there should be 
four real roots, and therefore that there should be a possible orbit. The curve 
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itaelf corresponds to the limiting points of osculation denoted bj Professor Encke's 
rd and m", and the points K and K' correspond to the extreme points of oscular 
tion of the second order, for which Encke has given the values y ^^ ^ 36° 52' 
and m' = 4.2976, and m" = 9.9999. 

On the delineations, 8 is the centre of the circle for our example of Ceres, 
and 8' the same for Dr. Gould's exceptional case. A careful examination of the 
singular position of the point .5" will illustrate the peculiar difficulties attending 
tlie solution of this rare example. 

159. 

We add another example, which was prepared with groat care to illustrate the 
Method of Computing an Orbit from three observations published in pamphlet 
form for the use of the American Ephemeris and Nautical Almanac iii 1852. It 
furnishes an illustration of the case of the determination of two orbits from the 
same three geocentric places, referred to In article 142. 

We take the following observations, made at the Greenwich Observatory, 
from the volume for the year 1845, p. 36. 



Jleaa Time, Greenwich. 



1845. July SO, U 5 10.8 
Sept. 6, 11 6 56.8 
Oct. 14, 8 19 35.9 



Appai-ent Right Aaceneion. 



339 51 15.16 
S.12 22 89.30 
328 7 51.45 



S. 23 31 34.60 
27 10 23.13 
26 49 57.23 



From the NavHeal Minanac for the same year, we obtain 



Date. 


Longitutla of ihe Sun 
from App. Equinox. 


Nutation. 


Distaiica from tha 

Earth. 


Lutitufle of the 
Sun. 


Apparent Obliqaity 


July 30. 
Sept 6. 
OcL 14. 


127 4^ 11.32 

164 9 40.85 
201 21 12.49 


- 


-14.99 
-14.06 
-12.16 


0.0064168 
0.0031096 
9.9984688 


—0.17 
+0.21 
-1-0.53 


23 27 28J3 
28.41 
28.05 



The computation is arranged as if the orbit were whoUy unknown, on which 
account we arc not at liberty to free the places of Ceres from parallax, but must 
transfer it to the places of the earth. 

40 
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deducing the observed places of the pknet from the equator to the ecliptic;, 
we find 



DMle. 


App. Longitude of Cei-os. , App. Latitude of Cores. 


July 30. 
Sept. 6. 
Oct. 14. 


332 28 28.02 
324 35 58.87 
321 4 54.55 


S. 13 54 52.47 
14 45 30.00 
13 5 35.33 



Date. 


Longitude of Zonitli. 


UtitudQ of Zenitii. 


July 30. 
Sept. 6. 
Oct. 14. 


11 i 

i 49 
1 4 


W. 63 26 
66 22 
68 4 



The method of article 72 gives 



Date. 


Kcduetion of Longitude. 


EoduotionofDistanoe. 


EeduotionofTimB. 


July 30. 
Sept. 6. 
Oct. 14. 


+1I32 
- 7.10 


+0.0001368 
1421 
0007 


—0.070 
—0.065 
—0.071 



The reduction of time is merely added to show that it is wholly insensible. 

All the longitudes, both of the planet and of the earth, are to be reduced to 
the mean vernal equinox for the beginning of the year 1845, which is taken as 
the epoch ; the nutation, therefore, being applied, we are still to subtract the 
precession, which for the three observations is 28".99, S'f'.SO, and 39".41, re- 
spectively; so that for the first observation it is necessary to add — 43".[I8, for 
the second, — 48".26, and for the third, — 51".57. 

Mnally, the latitudes and longitudes of Ceres are to be freed from the aber- 
ration of the fixed stars, by subtracting from the longitudes 18".76, 19".69, and 
10".40, respectively, and adding to tlie latitudes —2.02, +1.72, and -j-4.02, 

numbers wiiich are obtained from the following formulas of Prof Peirce : 

&cc^=meos(0 — a) sec/5 

(J"/? ^3jisin(o — a) since ; 

where © := sun's longitude, and ?n ^^ aberration of Q. 
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The longitudes of the sun were corrected for aberration by adding 20".06j 
20".21, and 20".43, respectively, to the numbers given in the Nautwal 
Almanac. 

These reductions having been made, the correct data of tlie problem arc as 
follows : — 

Times of observation. 



For WasHngton Meridian. 


July 30. 372903. 


Sept. G. 248435. 


Oct. 14. 132915. 


Ceres'a long. «, «', a" 


iW 27' 25".28 


324 34 60.92 


321 3 62.58 


latitudes ft /?', /3" 


— 13 64 64 .49 


— 14 46 28.28 


— 13 5 31.31 


Earth's long. I, t, t' 


307 39 43 .68 


344 8 46.49 


21 19 63.97 


logs.ofdist.iJ, R, S' 


0.0064753 


00031709 


9.9986083 


By the formulas of 


Arts. 136 and 137, 


we find 




t, 7, f 


329° 25' 34".81 


218° 11' 22".38 


194 69 36 .16 


<?,*',*". .... 


28 12 66 .84 


24 19 63 .34 


61 6 60.78 


log 8, S') d" sines 


9.6746717 


9.6149131 


9.9422976 


A:D,Aiy,Aiy' 


199° 46' 41".00 


204° 8'26".14 


203° 56' 46".66 


x'D,ii'jy,jin', 


233 64 11 .72 


233 31 23 .54 


199 80 24 .04 


e, t', e" 


27 32 46 .72 


142 37 26 .44 


115 4 41 .10 


log E, £', e" smes, . , 


9.6650753 


9.7832221 


9.966992 


log sin k «' 




9.9764767 




log cos k e' 




9.5067163 




And by article 138 










logTsin^ . 


. . . 6.2664993 


n 




logy cos; 


9.2966278 


1 



wherefore 

!l=180° 3' 12".63, log r . . . 9.2966280 

(+/= 38°14'35".01, logsin(i4-/) 9.7916898 

log S ..... . 8.6990834 

\ogTsm{t + r) . . 9.0873178 

"Whence log tan («'— o) . . . 9.6117656 

«" — = 22° 14' 47".47 and o = 2° 6' 6".87. 
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By articles 140-143, we find 

Al'ry—j" =172° 24' 82".76 log sin 9.1208996 log cos 9.9961773 » 
Aiy — S =175 65 28.30 8.8516890 9.9989004i! 

Ji'D—S" =172 47 20.94 9.0987168 

AD — S' + a =177 30 53.63 8.6370904 

Aiy' — d =175 43 49.72 8.8718646 

il'iJ" _«'-(_<,= 177 16 86 .57 8.67943Y3 

log a 0.0096616,0=1.0222370 

log J 0.1389045. 

Formula 13, which serves as a check, would give log 5 = 0.1389069. We 
prefer the latter value, because sin {A! D — S' ^ a) is less tliau sin (jl' i>" 
—>■' + ")■ 

The interval of the time (not corrected) between the second and third obser- 
vations is 37.884480 days, and between the first and second 37.875632 daya 
The logarithms of these numbers are 1.6784613 and 1.5783587 ; the logarithm 
of k is 8.2356814 ; whence log ti = 9.8140427, log t" = 9.8139401. 
We shall put, therefore, for the first hypothesis 

2: = logP = j" =9.9998974 

y = log §= (I r = 9.8269828 
and we find 

o) = 5" 43' 66".13 
i»-(-o = 7 49 2 .00 
log <)c sin 01 = 0.9112987 
It is found, by a few trials, that the equation 

Qcsinia sin* z = sin (s -f- 7° 49' 2".00) 
is satisfied by the value 

s = 7° 59' 30".30, 
whence log sin s := 9.1431101, and 

/=:^^'= 0.474939. 
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Besides this solution, tiie equation admits of tliree others, — 
s= 26° 24' S" 
«=148 2 36 
s = 187 40 9 

Tlic third must he rejected, because sin s is negative j the second, because n is 
greater than <f ; the first answers to the approximation to the orbit of the earth, 
of which we have spolien in article 142.* 

The manner of making these trials is as follows. On looking at the table of 
sines we are led \fi take for a first approximation for one of the values, 3^8° 
nearly, or %" -\-x. Then we have 

logsins 9.14356 + 892; 

logBm*s 6.67424-1-366 3: 

log § c sin 0) 0.91130 

logsin(3 — 0) — o) . . . 7.48664 + 356 a; 
3_a_o = 0"10'62" + A"A« 
i»+(T = 7 49 3 

3^7 59 65 + jV«^; nearly ^ 8° + a;. 
For the second approximation, we make 

2 ^ 7° 59' 30" + / ; and have 

logsins 9.1431056+160/ 

log Bin's ..... 6,5724224 + 600/, 

gcsmo) 0.9112987 

logsin(s — »— o) . 7.48872ri + 600/ 
s — i» — = 0° 10' 28".27 + A ^ nearly. 
» + o = 7 49 2. 00 

s=7 59 30. 27+iV^='i'°69'80".80. 
The process is the same for the other roots. 

* See article 142 of the Appendix. 
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Again, hy art. 143 we obtain 

C=185°10'31".78 

r=189 26 30.26 

log r= 0.4740722 

log/' =0.4744748 

}(»" + «) = 264° 21' 48".61 

1(«" — o) = 288 49 5.19 

2/ = 6 67 7 .46 

2/" = 6 66 32 .68 

The sum 2/+ 2/", which is a check, only differs by 0".20 from 2/', and the 
equation 

p rEm2 /" t^ 

is suificiently satisfied by distributing this 0".2 equally between 2/ and 2/", so 
that 2/= 6°59'7".3e, and 2/"= 6"66'S2".68. 

Now, in order that the times may be coiTected for aberration, the distances 
Q, (}', q" must be computed by the formulas of Art. 145, and then multiplied int« 
the time 493" or 0'.006706, as follows : — 



1 




47497 


log sin (AD — C) 




9.61187 


eomp. log sin d , 




0.32633 


log 9 




0.31217 


log const 




7.76064 


log of reduction 




8.07271 


Reduction =: 


0.011823 




log/, 




0.47497 


log sin ((¥ — s) 




9.44921 


comp log sin S', 




0.38609 


log of reduction 




0.30927 


Reduction, 0.011744. 





It of aberration ia that of M. Stru 
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seiTatioiia. 


Corrected Times. 


I. 


July 30. 361080 


n 


Sept. 6. 236691 


m. 


Oct 14. 119260 



logr" 0.47447 

logam(A"D' — C") . . • 9.84263 

log sin (!" 0.05770 

log of reduction .... 0.37470 
Eeduction = 0.013663 



87.876611 
87.882669 



1.6784396 



Hence tlie corrected logarithms of the qiiantities S, &" become 9.8140209, 
and 9.8139410. 

We are now, according to the precept of Art. 146, to commence the determi- 
nation of the elements from the qiiantities/, /, /', d, and to continue the calcula- 
tion so far as to obtain ij, and again from the quantities /", r, /, 6" so as to 
obtain *j". 

logij 0.0011576 

logij" 0.0011662 

logi' .... 9.9999225 

log <)' .... 9.6309476 

From the first hypothesis, therefore, there results X= 0.0000261, and 
T= 0.0029648. 

In the second hypothesis, we assign to P and Q the values which we find 
in the first hypothesis for P' and (^. We put, therefore, 

2! = log P= 9.9999226, 
y = log 6=9.6309476. 

Since the computation is to be performed in precisely the same manner as in 
the first hypothesis, it is sufficient t« set down here its principal results: — 



., + . . 

lo.ir Q e sin oi , 



6° 43' 66" .10 
7 49 1 .97 
. 0.9142633 



7° 69' 34" 98 
. 0.4749037 
. 0.7724177 
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Hu + u) 

i (."-.) 

2/' . . 
2/. . . 
2/" . . 



264° 21' 60" .64 
288 49 6 .5Y 
.13 63 68 82 
. 6 67 16 68 
. 6 56 43 41 



log 5^ 0.7724962 

C 186°10'S9"64 

r 189 25 42 .36 

logr 0.4748696 

logr" 0,4743916 

In this case we distribute the difference 0".17 so m to make 2/= 6= 61' 15".49 
and 2/"= 6° 66' 43".33. 

It would not be worth while to compute anew the reductions of the time on 
account of the aberration, for they scarcely differ 1" from those which we de- 
rived from the first hypothesis. 
Further computations furnish 

log.) = 0.0011682, log^"= 0.0011658, whence are deduced 
log J" =9.9999225, X= 0.0000000 
log §■= 9.6309966, r= 0.0000479. 
From which it is apparent how much more exact the second hypothesis is than 
the first. 

For the salte of completing the example, we will still construct the third 
hypothesis, in which we shall adopt the values of P' and (/ derived from the 
second hypothesis for the values of P and Q. 
Putting, therefore, 

a; = log i" = 9.9999225 
y = log § = 9.6309966 
the following are obtained for the most important parts of the computation : — 



(r» 

O+O. . . . 


. . . 5°43'56".10 
. . . 7 49 1 .97 
. . . 0.9143111 
. . . 7°69'36".02 
. . . 0.4749031 
. . . 0.7724168 

. . . 0.7724943 
. 186° 10' 39".69 


r 


. . 189°25'42".46 
. . . 0.4748690 






. . . 0.4743909 


S 

log/ .... 
log^ ■ ■ ■ 

>og^r . . . 

c 


4 {»"+«) . . 
J (»"-») . . 
2/ . . . . 
2/ .... 
2/" .... 


. . 264° 21' 60".64 

. . 288 49 6 .67 

. . 13 53 58 .94 

6 67 15 .66 

6 66 43 .49 
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The difference (y',2 between 2/' and 2/ -f- 2/" is divided as in the first 
hypothesis, making 2/— 6= 57' 15".55, and 2/"= 6° 56' 43".39. 

All these numbers differ so little from those given bj the second hypothesis 
that it may safely be concluded that the third hypothesis requires no further cor- 
rection ; if the computation should be continued as in the preceding hypotheses, 
the result would be X= 0.0000000, r= 0.0000001, which last value must be 
regarded as of no consequence, and not exceeding the unavoidable uncertainty 
belonging to the last decimal figure. 

We are, therefore, at liberty to proceed to the determination of the elements 
from 2/', r, /', &' according to the methods contained in articles 88-97. 
The elements are found to be as follows : — 

Epoch of the mean longitude, 1845, .... 278° 47' 13".79 

Mean daily motion, 771".5855 

Longitude of the perihelion, 148° 27' 49".70 

Angle of eccentricity, 4 33 28 .35 

Logarithm of the major semi-axis .... 0.4417481 

Longitude of the ascending node, .... 80° 46' 36".94 

Inclination of the orbit, 10 37 7 .98 

The computation of the middle place from these elements gives 
a'= 324° 34' 5r'.05, |3'^ — 14= 45' 28".31 
which differ but Uttle from the observed values 

a'^ 324° 34' 50".92, ^'=— 14° 45' 28".28. 

41 
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FORMULAS FOR COMPUTING THE ORBIT OP A 
Given 

Mean times of the observations in days, t\ 

Observed longitudes of the comet, c'^ 

Observed latitudes of the eometj 

Longitudes of the sun, 

Distances of the sun from the earth, 
Eequired 

The curtate distances from the earth, 
Compute 

L 



fl'. 


r. 


|3"' 


4', 


A", 


A'" 


-S', 


-S", 


K" 



M-- 



J"—f msin («'— ^") — taii f^f' 



and by means of this, approximatelyj 

9'" = M^, 

IL 

E" cos (^"'— ^') — i? — ^ cos ( ff — A) 
K" sin {A"— ^') == y sin ( 6^ — J^) 
g is the chord of the earth's orbit between the first and third places of the earth. 
G the longitude of the first place of the earth as seen from the third place. 

III. 

M — cos [a'" — «') =^ A cos C cos [H — a'") 

sin {a'" — a') =; A cos C sin {H — a'") 

Mtan |5"'— ian^' — h sin C 

k is always positive. If iVis a point, the coordinates of which, referred to the 

third place of the earth, are 

ii' cos a, ()' sin a', q tan (3, 
then are 
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the polar coordinates of the third place of the comet, (that is, the distance, longi- 
tude and latitude,} referred to the point iV as the origin. 



cos C cos ( ff — H) .^= cos 9 ffsin^i=A 

cos /5' cos («' — A') ^ cos Y ^ sin i/^'^ Jff 

cos (?'" cos («"' — A") ^^ cos Y" R'" sin ^l"' = B"' 
By means of q), i/^', if'", -4, 5', i?"', Olbers's formulas, become: — 
F —(^9' — ^cosy)^+4^ 
/2 ^(^)'sec(^'— ircosvO'H-^' 
/"2= {M(}' sec /i'" — iT" cos if'")' + -^"^ 

The computation would be somewhat easier by 







T. 




h cos (f- 


=/'■ 


!J 00s (p /' U COM J/''^^ 


(/ 


hc„r 

M 


=/' 


" ^ <!0S If/ /'" 7t!"' COS T(j' 






r 







VI. 

A value of u is to be found by trial which will satisfy the equation 

(r' + /"-I- k)^ — (/+ /"— k)^ = ^-^, 

in which 

log m/^ 0.9862673 

If no approximate value for q' or for / or /" is otherwise known, by means 

of which an approximate value of u can be foimd, we may begin with 
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This trial will be facilitated by Table IIIo, whicli gives ft corresponding to 

by means of which is found k, which coriesponds rigorously to r, r'", and f— if: ■— 

in which 

log x = 8.5366114. 

The process may be as follows : For any value of m compute Is, r', r'", by V, 
and with r', /", compute »/, with which ^ is to be taken from Table Ilia, and a value 
of /; is to bo computed which corresponds to the /, /", if" — if used. And u is to 
be changed until the second value of k shall agree exactly with that computed 
byV. 

Then we have 



VIL 

ijf cos {of — A) — R' ^r^ cos h' cos {t — A') 

(>' sin («' — A'):=/ cos b' sin (^ — A') 

q' tan (3' ^^ / sin b' 

^'"cos {a'" — A'") — -K"' ^ r'" cos A'" cos (/" — A'") 

i)'" sin {a'" — A") ^ /" cos h'" sin {/" — ■ A") 

q'" tan /5"' :^^ r'" sin ¥". 

FIRST CONTROL. 

The values of /, /", obtained from these formulas, must agree exactly with 
those before computed. 

^, b'; t", h'", are heliocentric longitudes and latitudes of the comet. 

The motion is direct when f— t is positive, and retrograde when t"— t is 
negative. 
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vni. 

= tan h' = tan i sin {f — ■ Q, ) 



i the melination is always positive, and less than 90°. The upper signs are to be 
used when the motion is direct ; the lower when it is retrograde. 



'"^-^' = tan (J -8), '"''l7'" = fa"i(-t"'-a). 
L' and £'" are the longitudes in orbit. 

SECOND CONTROL, 

The value of k before computed must be exactly 

k=^ [r'^ + /"3 _ 2 / /" cos {£'" ~ X')]. 



1 


X 

cosl{i'-«) 




co.(i"'-i') co,e 


:cl(X"'-i') , 


iin4{i'-«) 


,// 


»'? 



ST, the longitude of the perihelion, is counted from a point in the orbit from which 
the distance, in the direction of the order of the signs, to the ascending node, is 
equal to the longitude of the ascending node. 

XI. 

The true anomalies are 

v' ^11 — % ^ il" z=. Z'"— It . 
With these the corresponding M' and M"' are to be taken from 
Table, and we have then the time of perihelion passage 
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in wliicb M' and M'" have tlie sign of v' and v"'; the constant log n is 
log K= 0.0398723. 

The upper signs serve for direct, the lower for retrograde motion. 

For the use of Table Ua instead of Baiiker'9 Table, see Article 18 of the 
Appendix. 

THIRD CONTROL. 

The two values of T, from f, and f", must agree exactly, 

XII. 

With T, g, It, SJ, i, f, A", R', compute a" and ^", and compare them with the 
observed values. And also compute with these values the formula 



"•-»n(«"-J'')- 

If this value agrees with that of m of formulas I., the orbit is exactly deter- 
mined according to the principles of Olbers's Method. That is, while it satisfies 
exactly the two extreme places of the comet, it agrees with the observations in 
the great circle which connects the middle place of the Comet with the middle 
place of the Sun. 

If a difference is found, M can be changed until the agreement is complete. 
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TABLE T. (Bee articles 42, 45.) 



ELLIPSE.' 
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^ 


Z 


xo.. 


k 


f 


0.160 


0.0016131 


0.0013398 


0.200 


0.0025877 


0.0020507 


.161 


.0016344 


.0013559 


.201 


.0026154 


.0020702 


.162 


.0016659 


.0013721 


.202 


.0026433 


.0020897 


.163 


.0016775 


.0013883 


.203 


.0026713 


.0021094 


.164 


.0016992 


.0014047 


.204 


.0026995 


.0021292 


0.165 


0.0017211 


0.0014211 


0.205 


0.0027278 


0.0021490 


.166 


.0017432 


.0014377 


.206 


.0027564 


.0021689 


.167 


.0017654 


.0014543 


.207 


.0027851 


.0021889 


.168 


.0017878 


.0014710 


.208 


.0028139 


.0022090 


.169 


.0018103 


.0014878 


.209 


.0028429 


.0022291 


0.170 


0.0013330 


0.0015047 


0.210 


0.0028722 


0.0022494 


.171 


.0018558 


.0016216 


.211 


.0029015 


.0022697 


.172 


.0018788 


.0015387 


.212 


.0029311 


.0022901 


.173 


.0019020 


.0015558 


.213 


.0029608 


.0023106 


.174 


.0019253 


.0015730 


.214 


.0029907 


.0023311 


0.175 


0.0019487 


0.0015903 


0.215 


0.0030207 


0.0023518 


.176 


.0019724 


.0016077 


.216 


.0030509 


.0023725 


.177 


.0019961 


.0016252 


.217 


.0030814 


.0023932 


.178 


.0020201 


.0016428 


.218 


.0031119 


.0024142 


.179 


.0020442 


.0016604 


.219 


.0031427 


.0024362 


0.180 


0.0020685 


0.0016782 


0.220 


0.0031736 


0.0024562 


.181 


.0020929 


.0016960 


.221 


.0032047 


.0024774 


.183 


.0021175 


.0017139 


.222 


.0032359 


.0024986 


.183 


.0021422 


.0017319 


.223 


.0032674 


.0025199 


.184 


.0021671 


.0017500 


.224 


.0032990 


.0025412 


0.185 


0.0021922 


0.0017681 


0.225 


0.0033308 


0.0025627 


.186 


.0022174 


.0017864 


.226 


.0033627 


.0025842 


.187 


.0022428 


.0018047 


.227 


■ .0033949 


.0026058 


.188 


.0023683 


.0018-23 L 


.228 


.0034272 


.0026275 


.189 


.0022941 


.0018416 


.229 


.0034597 


.0026493 


0.190 


0.0023199 


0.0018602 


0.230 


0.0034924 ' 


0.0026711 


.191 


.0023460 


.0018789 


.231 


.0035252 


.0026931 


.192 


.0023722 


.0018976 


.232 


.0035582 


.0027151 


.193 


.0023985 


.0019165 


.233 


.0035914 


.0027371 


.194 


.0024251 


.0019354 


.234 


.0036248 


.0027593 


0.195 


0.0024518 


0.0019544 


0.235 


0.0036584 


0.0027816 


.196 


.0024786 


.0019735 


.236 


.0036921 


.0028039 


.197 


.0025056 


.0019926 


.237 


.0037260 


.0028263 


.198 


.0025328 


.0020119 


.238 


.0037601 


.0028487 


.199 


.0025602 


.0020312 


.239 


.0037944 


.0028713 


.200 


.0025877 


.0020607 


.2-10 


.0038289 


.0028939 
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f 


f 


xora 1 


< 




0.240 


0.0038289 


0.0028939 


0.270 


0.0049485 


0.0036087 




.241 


.0038635 


.0029166 


.271 


.0049888 


.0036337 




.242 


.0038983 


.0029394 


.272 


.0050292 


.0036587 




.243 


.0039333 


.0029623 


.273 


.0050699 


.0036839 




.244 


.0039686 


.0029852 


.274 


.0051107 


.0037091 




0.245 


0.0040039 


0.0030083 


0.275 


0.0051517 


0.0037344 




.246 


.0040394 


.0030314 


.276 


.0051930 


.0037598 




.247 


.0040752 


.0030545 


.277 


.0052344 


.0037852 




.248 


.0041111 


.0030778 


.278 


.0052760 


.0038107 




.249 


.0041472 


.0031011 


.279 


.0053118 


.0038363 




0.250 


0.0041835 


0.0031245 


0.280 


0.0053598 


0.0038620 




.251 


.0042199 


.0031480 


.281 


.0054020 


.0038877 




.252 


.0042566 


.0031716 


.282 


.0054444 


.0039135 




.253 


.0042934 


.0031952 


.283 


.0054870 


.0039394 




.254 


.0043305 


.0032189 


.284 


.0055298 


.0039654 




0.255 


0.0043677 


0.0032427 


0.285 


0.0055728 


0.0039914 




.256 


.0044051 


.0032666 


.286 


.0056160 


.0040175 




.257 


.0044427 


.0032905 


.287 


.0056594 


.0040437 




.258 


.0044804 


.0033146 


.288 


.0057030 


.0040700 




.259 


.0045184 


.0033387 


.289 


.0057468 


.0040963 




0.260 


0.00455 C6 


0.0033628 


0.290 


0.0057908 


0.0041227 




.'2G1 


.0045949 


.0033871 


.291 


.0058350 


.0041491 




.262 


.0046334 


.0034114 


.292 


.0058795 


.0041757 




.263 


.0046721 


.0034358 


.293 


.0059241 


.0042023 




.964 


.0047111 


.0034603 


.294 


.0059689 


.0042290 




0.265 


0.0047502 


0.0034848 


0.295 


0.0060139 


0.0042557 




.266 


.0047894 


■ .0035094 


.296 


.0060591 


.0042826 




.267 


.0048289 


.0035341 


■ .297 


.0061045 


.0043095 




.268 


.0048686 


.0035589 


.298 


.0061502 


.0043364 




.269 


.0049085 


.0035838 


.299 


.0061960 


.0043635 




.270 


.0049485 


.0036087 


.300 


.0062421 


.0043906 
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LogE„ 


Log as. 


LogE, 


Us diff. 


LogE« 


Logdiif. 


Log E,. 


Logditf. 


0.000 


0.0000000 


9.2401 


0.0000000 


9.6378 


0.0000000 


9.2398 


0.0000000 


9.6378 


.001 


.0001738 


.2403 


9.9995656 


.6381 


9.9998263 


.2395 


.0004341 


.6375 


.002 


.0003477 


.2406 


.9991309 


.6384 


.9996528 


.2392 


.0008680 


.6372 


.003 


.0005217 


.2408 


.9986959 


.6386 


.9994794 


.2389 


.0013017 


.6370 


.004 


.0006958 


.2413 


.9982607 


.6389 


.9993061 


.2386 


.0017350 


.6367 


0.005 


0.0008701 


9.2416 


9.9978262 


9.6391 


9.9991329 


9.2383 


0.0021682 


9.6365 


.006 


.0010445 


.2418 


.9973895 


.6394 


.9989598 


.2381 


.0026010 


.6362 


.007 


.0012190 


.2420 


.9969535 


.6396 


.9987869 


.2378 


.0030387 


.6360 


.008 


.0013936 


.2423 


.9965173 


.6399 


.9986141 


.2375 


.0034660 


.6337 


.009 


.0015683 


.2428 


.9960807 


.6402 


.9984414 


.2372 


.0038981 


.6354 


0.010 


0.0017432 


9.2430 


9.9956439 


9.6405 


9.9982688 


9.2369 


0.0043299 


9.6352 


.011 


.0019182 


.2433 


.9952068 


.6407 


.9980963 


.2366 


.0047615 


.6349 


.012 


.0020933 


.2435 


.9947695 


.6410 


.9979240 


.2363 


.0051928 


.6347 


.013 


.0022685 


.2438 


.9943319 


.6412 


.9977517 


.2360 


.0056239 


.6344 


.014 


.0024438 


.2443 


.9938941 


.6414 


.9975796 


.2357 


.0060547 


.6342 


0.015 


0.0026193 


9.2446 


9.9934560 


9.6417 


9.9974076 


9.2354 


0.0064853 


9.6889 


.016 


.0027949 


.2448 


.9930176 


.6420 


.9972357 


.2351 


.0069156 


.6336 


.017 


.0029706 


.2453 


.9925789 


.6423 


.9970639 


.2348 


.0073456 


.6334 


.018 


.0031465 


.2455 


.9921400 


.6425 


.9968923 


.2345 


.0077754 


.6331 


.019 


.0033225 


.2458 


.9917008 


.6423 


.9967207 


.2342 


.0082049 


.6329 


0.020 


0.0034986 


9.2460 


9.9912614 


9.6430 


9.9965493 


9.2339 


0.0086342 


9.6326 


.021 


.0036748 


.2460 


.9908217 


.6433 


.9963780 


.2336 


.0090632 


.6323 


.022 


.0038510 


.2465 


.9903817 


.6436 


.9962068 


.2383 


.0094920 


.6321 


.023 


.0040274 


.2470 


.9899415 


.6438 


.9960357 


.2330 


.0099205 


.6318 


.024 


.0042040 


.2472 


.9895010 


.6441 


.9958648 


.2328 


.0103487 


.6316 


0.025 


0.0043807 


9.2475 


9.9890602 


9.6444 


9.9956939 


9.2325 


0.0107767 


9.6313 


.026 


.0045575 


.2477 


.9886192 


.6446 


.9955232 


.2322 


.0112045 


.6311 


.027 


.0047344 


.2480 


.9881779 


.6449 


.9953526 


.2319 


.0116320 


.6808 


.028 


.0049114 


.2485 


.9877363 


.6452 


.9951821 


.2316 


.0120592 


.6306 


.029 


.0030886 


.2487 


.9872945 


.6454 


.9950117 


.2313 


.0124862 


.6303 


O.OSO 


0.0052659 


9.2490 


9.9868524 


9.6457 


9.9948414 


9.2310 


0.0129130 


9.6301 


.031 


.0054433 


.2494 


.9864100 


.6459 


.9946712 


.2307 


.0133395 


.6298 1 


.032 


.0056209 


.2497 


.9859674 


.6462 


.9945012 


.2304 


.0137657 


.6295 ! 


.033 


.0057986 


.2499 


.9855245 


.6465 


.9943313 


.2301 


.0141917 


.6293 


.034 


.0059764 


.2502 


.9850813 


.6468 


.9941615 


.2298 


.0146175 


.6290 


0.035 


0.0061543 


9.2504 


9.9846378 


9.6471 


9.9939918 


9.2295 


0.0160430 


9.6288 


.036 


.0063323 


.2509 


.9841940 


.6474 


.9938222 


.2292 


.0164683 


.6285 1 


.037 


.0065105 


.2512 


.9837499 


.6476 


.9936528 


.2290 


.0158983 


.6283 


.038 


.0066888 


.2614 


.9833056 


.6478 


.9934834 


.2287 


.0168180 


.6230 


.039 


.0068672 


.2516 


.9828610 


.6481 


.9938142 


.2284 


.0167426 


.6278 


.040 


.0070457 


.2519 


.9824161 


.6484 


.9931450 


.2281 


.0171668 


.6275 

1 
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A 
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LogdiiF. 
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Log diff. 
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Lug diff. 


Log B,.. 


Log Diff. 


0.040 


0.0070457 


9.2519 


9.98241 61 


9.6484 


9.9931450 


9.2281 


0.0171668 


9.6275 


.041 


.0072243 


.2524 


.9819709 


.6487 


.9929760 


.2278 


.0176908 


.6273 


.042 


.0074031 


.2526 


.9815255 


.6489 


.9928071 


.2275 


.0180146 


.6270 


.043 


.0075820 


.2531 


.9810798 


.6492 


.9926383 


.3272 


.0184381 


.6267 


.044 


.0077611 


.2633 


.9806339 


.6494 


. .9924696 


.2269 


.0188614 


.6266 


0.045 


0.0079403 


9.2536 


9.9801877 


9.6497 


9.9923010 


9.2266 


0-0192844 


9.6262 


.046 


.0081196 


.2538 


.9797412 


.6500 


.9931326 


.2263 


.0197072 


.6260 


.047 


.0082990 


.2543 


.9792944 


.6502 


.9919642 


.2260 


.0201297 


.6257 


.048 


.0084786 


.2546 


.9788474 


.6505 


.9917960 


.2258 


.0205520 


.6265 


.049 


.0086583 


.2548 


.9784001 


.6508 


.9916279 


.2255 


.0209740 


.6352 


0.050 


0.0088381 


9.2560 


9.9779526 


9.6511 


9.9914599 


9.2252 


0.0213958 


9.6250 


.051 


.0090180 


.2655 


.9775046 


.6514 


.9912920 


.2249 


.0218174 


.6247 


.052 


.0091981 


.2668 


.9770664 


.6516 


.9911242 


.2246 


.0222887 


.6245 


.053 


.0093783 


.2560 


.9766079 


.6519 


.9909565 


.2243 


.0226597 


.6242 


.054 


.0096686 


.2565 


.9761592 


.6521 


.9907890 


.2240 


.0230805 


.6240 


0.055 


0.0097391 


9.2667 


9.9767102 


9.6524 


9.9906215 


9.2237 


0.0235011 


9.6237 


.056 


.0099197 


.2570 


.9752609 


.6537 


.9904542 


.2235 


.0239214 


.6236 


.057 


.0101004 


.2572 


.9748113 


.6529 


.9902869 


.2232 


.0243415 


.6282 


.058 


.0102312 


.2577 


.9743615 


.6582 


.9901198 


.2229 


.0247614 


.6230 


.059 


.0104622 


.2579 


.9739114 


.6635 


.9899528 


.2226 


.0251810 


.6227 


0.060 


0.0106433 


9.2682 


9.9734611 


9.6538 


9.9897859 


9.2223 


0.0366003 


9.6225 


.061 


.0108245 


.2584 


.9730103 


.6541 


.9896191 


.2220 


.0260194 


.6222 


.062 


.0110058 


.2589 


.9725593 


.6543 


.9894626 


.2217 


.0264383 


.6220 


.063 


.0111873 


.2591 


.9721080 


.6646 


.9892859 


.2214 


.0268570 


.6217 


.064 


.0113689 


.2594 


.9716565 


.6648 


.9891195 


.2211 


.0272753 


.6215 


0.065 


0.0116606 


9.2598 


9.9712047 


9.6551 


9.9889531 


9.2208 


0.0276935 


9.6212 


.066 


.0117325 


.2601 


.9707526 


.6554 


.9887869 


.2206 


.0281114 


.6210 


.067 


.0119145 


.2603 


.9703002 


.6557 


.9886208 


.2203 


.0285291 


.6207 


.068 


.0120966 


.2606 


.9698475 


.6560 


.9884548 


.2200 


.0289465 


.6205 


.069 


■ .0122788 


.2610 


.9693945 


.6563 


.9882889 


.2197 


.0293637 


.6302 


0.070 


0.0124612 


9.3613 


9.9689413 


9.6565 


9.9881231 


9.2194 


0.0297807 


9.6200 


.071 


.0126437 


.2617 


.9684878 


.6567 


.9879574 


.2191 


.0301974 


.6197 


.072 


.0128264 


.2620 


.9680340 


.6670 


.9877918 


.2189 


.0306139 


.6195 


.073 


.0130092 


.2622 


.9675799 


.6573 


.9876263 


.2186 


. .0310301 


.6192 


.074 


.0131921 


.2625 


.9671255 


.6576 


.9874610 


.2183 


.0314461 


.6190 


0.075 


0.0133751 


9.2629 


9.9666708 


9.6578 


9.9872957 


9.3180 


0.0318618 


9.6187 


.076 


.0135583 


.2632 


.9662159 


.6581 


.9871306 


.2177 


.0332773 


.6185 


.077 


.0187416 


.2634 


.9657606 


.6584 


.9869665 


.2174 


.0326926 


.6182 


.078 


.0139250 


.2638 


.9653051 


.6587 


.9868006 


.2172 


.0831076 


.6180 


.079 


.0141086 


.2641 


.9648493 


.6590 


.9866358 


.2169 


.0335224 


.6177 


.080 


.0142923 


.2643 


.9643931 


.6692 


.9864711 


.2166 


.0339370 


.6175 
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0.080 


0.0142923 


9.2643 


9.9643931 


9.6592 


9.9864711 


9.2166 


0.0839370 


9.6175 


.081 


.0144761 


.2646 


.9639367 


.6595 


.9863065 


.2163 


.0348513 


.6172 


.082 


.0146601 


.2649 


.9634800 


.6598 


.9861420 


.2160 


.0347654 


.6170 


.083 


.0148442 


.2652 


.9630230 


.6600 


.9859776 


.2157 


.0351793 


.6167 


.084 


.0150284 


.2655 


.9625657 


.6603 


.9858133 


.2155 


.0355930 


.6165 


0.085 


0.0152128 


9.2659 


9.9621081 


9.6606 


9.9856491 


9.2152 


0.0360064 


9.6163 


.086 


.0153973 


.2662 


.9616503 


.6609 


.9864850 


.2149 


.0364196 


.6160 


.087 


.0155819 


.2665 


.9611922 


.6611 


.9863210 


.2146 


.0368325 


.6158 


.088 


.0157667 


.2668 


.9607337 


.6614 


.9851672 


.2143 


.0372452 


.6165 


.089 


.0159516 


.2671 


.9602749 


.6617 


.9849934 


:2140 


.0376577 


.6153 


0.090 


0.0161367 


9.2674 


9.9598159 


9.6620 


9.9848298 


9.2138 


0.0380699 


9.6150 


.091 


.0163218 


.2677 


.9593566 


.6623 


.9846663 


.2135 


.0384819 


.6148 


.092 


.0165071 


.2680 


.9588970 


.6625 


.9845028 


.2132 


.0388937 


.6145 


.093 


.0166925 


.2684 


.9584371 


.6628 


.9843396 


.2129 


.0393052 


.6143 


.094 


.0168781 


.2687 


.9579769 


.6631 


.9841763 


.2126 


.0397165 


.6141 


0.095 


0.0170638 


9,2690 


9.9575164 


9.6634 


9'9840132 


9.212S 


0.0401276 


9.6138 


.096 


.0172497 


.2693 


.9570556 


.6636 


.9838502 


.2121 


.0405385 


.6136 


.097 


.0174357 


.2896 


.9565945 


.6639 


.9836873 


.2118 


.0409491 


.6133 


.098 


.0176218 


.2700 


.9561331 


.6642 


.9835245 


.2115 


.0413595 


.6131 


.099 


.0178081 


.2703 


.9556714 


.6645 


.9833618 


.2112 


.0417696 


.6128 


0.100 


0.0179945 


9.2706 


9.9552095 


9.6648 


9.9831992 


9.2109 


0.0421796 


9.6126 


.101 


.0181810 


.2708 


.9547472 


.6650 


.9830367 


.2107 


.0425893 


.6123 


.102 


.0183677 


.2712 


.9542847 


.6653 


.9828743 


.2104 


.0429988 


.6121 


.103 


.0185645 


.2715 


.9538218 


.6656 


.9827)21 


.2101 


.0434080 


.6118 


.104 


.0187414 


.2718 


.9533586 


.6659 


.9825499 


.2098 


.0438170 


.6116 


0.105 
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COSSTAJfTS. 



Attractive force of the Sun, h in terms of radius, .0172021 

k in seconds, 3648".18761 

Length of the Sidereal Year (Hansen and Olufsen), 365^.2563582 
Length of the Tropical Year, 1850, 365^.2422008 

Horizontal equatorial parallax of the Sun (Engke),* 8".5776 
Constant of Aberration (Struve), 20".4451 

Time required for light to pass from the S^n to 

the Earth, 497'.827 

Eadius of Circle in Seconds of arc, 206264".806 

in Seconds of time, 13750'.987 

Sin I" 0.000004848137 

Circumference of Circle in Seconds of arc, 1296000" 

in Seconds of time, 86400' 

in terms of diameter, n 3.14159265 

General Precession (Struve) 60".2411 + 0".0002268i 

Obliquity of the ecliptic (Steuve and Pitkes), 23" 27'64".22 — 0.4646 1- 

in which t is the number of years after 1800 
Daily precession, 1850, 0".1375837 

IModulus of Common Logarithms, M 0.4342945 



8.2356814 
3.6600066 
2.6626978 
2.5625809 
0.9S33658 
LS106892 

2.6970786 
5.3144261 
4.1383339 
4.8865749 
6.1126060 
4.9365137 
0.4971499 

-.OOOOOWi' 

9.1886669 
8.6377843 



" The Constants of Psu^llax, Aben-Rtion, etc., are those used in the At 
the authority for thera may be found by reference to the volume for 1855. 
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